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Abstract

We provide innerbound and outerbound for the total humbedegfrees of freedom of th& user multiple
input multiple output (MIMO) Gaussian interference chdnmigth M antennas at each transmitter aNdantennas
at each receiver if the channel coefficients are time-vgrgnd drawn from a continuous distribution. The bounds
are tight when the ratid% = R is equal to an integer. For this case, we show that the totaiben of
degrees of freedom is equal tein(M, N)K if K < R andmin(M, N)RL;IK if K > R. Achievability is based on
interference alignment. We also provide examples wheneguisiterference alignment combined with zero forcing
can achieve more degrees of freedom than merely zero fofeirgpme MIMO interference channels with constant

channel coefficients.
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I. INTRODUCTION

Interference management is an important problem in wisetgstem design. Researchers have been exploring
the capacity characterization of the Gaussian interferehannel from a information theoretic perspective for more
than thirty years. Several innerbounds and outerboundsecfapacity region for the two user Gaussian interference
channel with single antenna nodes are determined [1]-H®)ever, the capacity region of the Gaussian interference
channel remains an open problem in general. Interferenmeneis with multiple-antenna nodes are studied in [11]-
[13].

A. Motivating Example

In [13], the authors study the achievable rate region of thatiple input single output (MISO) interference
channel obtained by treating interference as noise. Thegnpeterize the Pareto boundary of the MISO Gaussian
interference channel for arbitrary number of users andnewate at the transmitter as long as the number of antennas
is larger than the number of users. For 2 user case, they staivthie optimal beamforming directions are a linear
combination of maximum ratio transmission vectors and thm Zorcing vectors. However, for the case when
the number of antennas is less than that of users, the opligehforming direction is not known. Intuitively,
this is because when the number of antennas is less thanfthgers, it is not possible for each user to choose
beamforming vectors to ensure no interference is createdl ather users. The same problem is evident when
we study this channel from a degrees of freecﬂ)rmerspective. For the 2 user MISO interference channel with
2 transmit antennas and a single receive antenna, it is easget 2 degrees of freedom can be achieved if each
user chooses zero forcing beamforming vector so that nofénéace is created at the other user. This is also the
maximum number of degrees of freedom of this channel. Howéwe3 user MISO interference channel with two
antennas at each transmitter, it is not possible for eachtasghoose beamforming vectors so that no interference
is created at all other users. As a result, only 2 degreeseefirm can be achieved by zero forcing. Can we do
better than merely zero forcing? What is the total numberegfrdes of freedom of the 3 user MISO interference
channel with 2 antennas at each transmitter? In general, iwltlae total number of degrees of freedom of tke
userM x N MIMO interference channel? These are the questions thatxpi®re in this paper.

Before we answer the above questions, let us first reviewehelts on the degrees of freedom for tReuser
single input single output (SISO) Gaussian interferen@nokl. If K = 1, it is well known the degrees of freedom
for this point to point channel is 1. IK = 2, it is shown that this channel has only 1 degrees of freedath [h
other words, each user can achiévdegrees of freedom simultaneously. For> 2, it is surprising that every user
is still able to achievé degrees of freedom no matter how ladges, if the channel coefficients are time-varying or
frequency selective and drawn from a continuous distrilbufiL6]. The achievable scheme is based on interference
alignment combined with zero forcing.

For the MISO interference channel we find a similar charazéon of the degrees of freedom. For example, the
degrees of freedom for the 3 user MISO interference chanitlel2vantennas at each transmitter is only 2 which is
the same as that for the 2 user case. In other words, every:aaeachiev% degrees of freedom simultaneously.
For K > 3, every user is still able to achie\%degrees of freedom regardlessKfif the channel coefficients are

LIf the sum capacity can be expressed@s(SNR) = nlog(SNR) + o(log(SNR)) then we say that the channel hasdegrees of
freedom.



time-varying or frequency selective and drawn from a cardirs distribution. The achievable scheme is based on
interference alignment on the single input multiple outf@IMO) interference channel for simplicity. If interferea
alignment is achieved on the SIMO channel it can also be aetlien the MISO channel, due to a reciprocity
of alignment [19]. Interestingly, the interference aligemh scheme is different from all prior schemes. All prior
interference alignment schemes [16] (including the onesif® X channel [17], [18]) explicitly achieve one-to-one
alignment of signal vectors, i.e., to minimize the dimensif the space spanned by interference signal vectors, one
signal vector from an interferer and one signal vector frarather interferer are aligned along the same dimension
at the desired receivers. For example, consider 3 user Si@drence channel with 2 symbol extension or 3 user
MIMO interference channel where each node has 2 antennasi@ét to choose beamforming vecterd and

v at Transmitter 2 and 3, respectively so that they cast queitg shadow at Receiver 1, i.e.,
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whereH['2 andH['3) are2 x 2 channel matrices from Transmitter 2 and 3 to Receiver 1 gesmly. However, such
an alignment is not feasible on the SIMO channel. Notice tiha@tsolution to the condition mentioned above exists
only when the range of the two channel matrices has intéosedthe channel matrix for 2 symbol extension SIMO
channel with 2 antennas at each receiverxs2. The range of two such channel matrices has null intergeetith
probability one if the channel coefficients are drawn fromoatmuous distribution. Thus, one-to-one interference
alignment does not directly work for SIMO channel. Insteiaterference from one interferer can only be aligned
within the union of the spaces spanned by the interferencmrsefrom R other interferers wher& is the number

of antennas at each receiver.

B. Overview of Results

In this paper we study the degrees of freedom of fhaiser MIMO Gaussian interference channel with
antennas at each transmitter aNdantennas at each receiver. We provide both the innerbourtie(ebility) and
outerbound (converse) of the total number of degrees ofitneefor this channel. We show thatin(M, N)K

degrees of freedom can be achievedkif < R and min(M, N)K degrees of freedom can be achieved if

R+1
K > R whereR = L%} The total number of degrees of freedom is bounded aboveiiby)M, N)K if
K < Rand™>ULN ¢ if | > R. The bounds are tight when the raﬂﬁ% R is equal to an integer which

includes MISO and SIMO interference channel as specialscadee result indicates wheld < R every user can
achievemin(M, N) degrees of freedom which is the same as what one can achi¢iveutvinterference. When

K > R every user can achieve a fracti%% of the degrees of freedom that one can achieve in the absémadle o
interference. In other words, K < R, then there is no loss of degrees of freedom for each userintétference. If

K > R, every user only loses a fractiq@lﬁ of the degrees of freedom that can be achieved without eremte. In

the second part of this paper we study the achievable degféezdom based on interference alignment scheme for
the R + 2 user MIMO interference channel with/ antennas at each transmitter aRd/, R = 2,3, ... antennas

at each receiver and constant channel coefficients, i.ehdnabsence of time variation. We show that for this
channelRM + LWJ degrees of freedom can be achieved without symbol extengiten L%J <0

and henceM < R+ 2, RM + [RH] degrees of freedom per orthogonal dimension can be achisitedfinite
symbol extension. Since onli®M degrees of freedom can be achieved using zero forcing, tiessdts provide
interesting examples where using interference alignmemt¢rse can achieve more degrees of freedom than merely

zero forcing.



Il. SYSTEM MODEL

The K user MIMO interference channel is comprisedKftransmitters and< receivers. Each transmitter has
M antennas and each receiver Hdsantennas. The channel output at #ié receiver over the!” time slot is
characterized by the following input-output relationship

Y () = HFI )XW (1) + HFI6OXP(2) 4 -« + HFEI() XK (1) + ZIF (1)

where,k € {1,2,---,K} is the user indext € N is the time slot indexY!*l(¢) is the N x 1 output signal
vector of thek!” receiver,XU!(¢) is the M x 1 input signal vector of thg*" transmitter, H*7!(¢) is the N x M
channel matrix from transmittgr to receiverk over thet™” time slot andZ!*!(t) is N x 1 additive white Gaussian
noise (AWGN) vector at thé'" receiver. We assume all noise terms are i.i.d zero mean esngghussian with
unit variance. We assume that all channel coefficient vadwegdrawn i.i.d. from a continuous distribution and the
absolute value of all the channel coefficients is boundeddrn a non-zero minimum value and a finite maximum
value. The channel coefficient values vary at every chansel Berfect knowledge of all channel coefficients is
available to all transmitters and receivers.

Transmittersl, 2, --- , K have independent messagés, Ws, - -- , Wy intended for receivers,2,--- | K, re-
spectively. The total power across all transmitters is m&xlito be equal tp. We indicate the size of the message set
by [W;(p)|. For codewords spanning channel uses, the ratdg(p) = W are achievable if the probability
of error for all messages can be simultaneously made aibitremall by choosing an appropriately largg.
The capacity regiorC(p) of the K user MIMO interference channel is the set of all achievalie rtuples
R(p) = (Ri1(p), R2(p), -+ , R (p))-

We define the spatial degrees of freedom as:

n ' lim CE(p)
25 Tog(p)

1)

whereCx(p) is the sum capacity at SNR

[1l. OUTERBOUND ON THE DEGREES OF FREEDOM FOR THE USERMIMO INTERFERENCE CHANNEL

We provide an outerbound on the degrees of freedom forifheser MIMO Gaussian interference channel in
this section. Note that the converse holds for both timeiuagrand constant (non-zero) channel coefficients, i.e.,
time variations are not required. We present the result énfatiowing theorem:

Theorem 1: For the K user MIMO Gaussian interference channel with antennas at each transmitter aNd
antennas at each receiver, the total number of degreeseafdne is bounded above by min(M, N) if K < R

and 2SR K if K> R whereR = L%J’ e.

max (M, N)
R+1
where 1(.) is the indicator function ant represents the individual degrees of freedom achieved eyius

n=d +-+dxg <min(M,N)K 1(K < R) + K 1(K > R)

Proof:
1) K < R: Itis well known that the degrees of freedom of a single usé&vi¥ Gaussian channel with/ transmit
antennas andV receive anteanns is equal toin(M, N). Thus, for the K user MIMO Gaussian interference
channel with the same antenna deployment, the degreeseafoime cannot be more thalki min(M, N), i.en <
K min(M, N).



2) K > R: Consider theR 4 1 user MIMO interference channel with/, N antennas at the transmitter and receiver
respectively. If we allow full cooperation among transmitters and full cooperation among their correspamdi
receivers, then it is equivalent to the two user MIMO integfece channel wittRAM, M (respectively) antennas at
transmitters and® N, N antennas at their corresponding receivers. In [15], it @shthat the degrees of freedom
for a two user MIMO Gaussian interference channel wifh, /s antennas at transmittér 2 and N1, Ny antennas

at their corresponding receivers is iy + Ms, N1 + N2, max(M;,N2), max(M2,N1)}. From this result, the
degrees of freedom for the two user MIMO interference chhwiila RN, M antennas at the transmitters and
RN, N at their corresponding receivers isax(M, N). Since allowing transmitters and receivers to cooperate
does not hurt the capacity, the degrees of freedom of thénatig + 1 user interference channel is no more than
max(M, N). For K > R+ 1 user case, picking aniz + 1 users amondy users gives an outerbound:

di1+di2+"'+diR+1 SmaX(M7N) Vi1>"'7iR+1€{172>"'7K}7 il#iQ#”'#iR—i—l (2)
Adding up all such inequalities, we get the outerbound of sheser MIMO interference channel:

M, N
d1+d2+...+dK<m

ST N )

IV. INNERBOUND ON THE DEGREES OF FREEDOM FOR THE USERMIMO INTERFERENCE CHANNEL

To derive the innerbound on the degrees of freedom forRhaser MIMO Gaussian interference channel, we
first obtain the achievable degrees of freedom for Aheiser SIMO interference channel wifh antennas at each
receiver. The innerbound on the degrees of freedom ofstheser MIMO interference channel follows directly from
the results of the SIMO interference channel. The corredipgninput-output relationship of th& user SIMO
interference channel is:

YH (1) = a2 (1) + 02 ()2 (1) + - -+ hER@) 25 (1) + ZH (1)

whereY*(¢), zUl(¢), h!®l(t), ZI¥(t) represent the channel output at receivethe channel input from transmitter
j, the channel vector from transmittgrto receiverk and the AWGN vector at receivér over thet!” time slot
respectively.

We start with the problem mentioned in the introduction. e 3 user SIMO Gaussian interference channel
with 2 receive antennas, 2 degrees of freedom can be achimiegl zero forcing. From the converse result in the
last section, we cannot achieve more than 2 degrees of fre@dothis channel. Therefore, the maximum number
of degrees of freedom for this channel is 2. For the 4 user, daseconverse result indicates that this channel
cannot achieve more th@degrees of freedom. Can we achieve this outerbound? Ititeglys using interference
alignment scheme based on beamforming over multiple symkieinsions of the original channel, we are able to
approach arbitrarily close to the outerbound. Considenithe- 3(n + 1)® symbol extension of the channel for any
arbitraryn € N. Then, we effectively have au,, x u, channel with a block diagonal structure. In order for each
user to get exactl\% degrees of freedom per channel use and h@gﬁ: 2(n + 1)® degrees of freedom on the
1, Symbol extension channel, each receiver with a total.gf dimensional signal space should partition its signal
space into two disjoint subspaces, one of which %],aﬁ dimension for the desired signals and the other%’]@ﬁ
dimension for the interference signals. While such an atignt would exactly achieve the outerbound, it appears



e
| . gl 17011
| Receiver 1 N AV :

Xi11 »| Yl A B 2y, o AUV
I 2y 203, 23, |

,J -t it -t I |:|H31\7l11|

ara [ | | I

A“! | I I AV |
,4' I

| |

X2 | VI | |

/! |

I

__________________ |

AU |

3] ol o I
X —p V! H[AZ]V[1]|
Ayl :

Rl :

|

|

xX# > V[2] I

I
I

Fig. 1. Interference alignment on the 4 user interferen@ncél

to be infeasible in general. But if we allow user 4 to achiemdyc(% — €n)in, = 2n8 degrees of freedom over
2(nt1)*—2n® E4
3(n+1)° 3 (1+2)%)
exactly%un degrees of freedom simultaneously for a total(éf— €n) iy, degrees of freedom over thg, symbol
1
-+
— 0. Therefore, we can achieve arbitrarily close to the ouuemkicg Next we present a detailed

the u,, extension channel whekg, = |, then it is possible for user 1, 2, 3 to achieve

extension channel. Henc&,— 2|1

2 1
sll — arom)

description of the interference-alignment scheme for thesdr SIMO channel with 2 antennas at each receiver.

| degrees of freedom per channel use can be achieved. Asco,

In the extended channel, Transmitiel/j = 1,2, 3 sends messadé’; to Receiver; in the form of%un indepen-
dently encoded steams’, (t),m=1,2,..., %un along the same set of beamforming vectﬁ%(t), e ,\‘r[glL (1),
each of dimension, x 1, so that we have

2
gﬂ/n

XUl(t) = 3 abloell ) = VX, =123
m=1

where VI () = [¢l(1), - - ,\7[%11% (t)] is @y X 2p, matrix andXll(t) is a2, x 1 column vector. Transmitter 4
sends messad¥&, to Receiver 4 in the form o(f%—en)un independently encoded stream£§ (t),m=1,2,..., (%—
€n) i, along the beamforming vectoéz} (t),... ,\7[2] (t) so that

(2—€n)tin

(2—¢€n)tin
XUy = > ald@eile) = vE@xH(@)

m=1



where V2 (1) = [¢(¢),- - ,\‘/g_e PROIEE: VA (2 — €,)pn, matrix andXM(2) is a (2 — €,)pn x 1 column

vector. Therefore, the received signal at Receivés

YlH(t) = i A1) VI () XUl (2) + BF () VR )X B (1) + 219 (1)
j=1

whereH"(t) is the2u, x u, matrix representing the,, extension of the original channel matrix, i.e.

hlkal (p, (8 — 1) 4+ 1) 0 0
(%] _
£l (1) — 0 h™(p,(t—1)+2) ... 0
0 0 o hFl ()

where 0 is a2 x 1 vector with zero entries. SimilarlyY and Z represent thg:, symbol extension of thé&
and Z respectively. The interference alignment scheme is showiid.[1. At Receiver 1, the interference from
Transmitter 2 and Transmitter 3 cannot be aligned with edlbrdecause the subspaces spanned by the columns
of H'2 and I3 have null intersection with probability one. Thus, the iféeence vectors from Transmitter 2,
i.e. columns ofH['2 V1 and interference vectors from Transmitter 3, i.e. columh#d3 VIl together span a
%Mn dimensional subspace in tl2g,, dimensional signal space at Receiver 1. In order for Recdite get a%,un
dimensional interference-free signal space, we need ¢m dlie space spanned by the interference vectors from
Transmitter 4, i.e. the range #1[!¥ V2 within the space spanned by the interference vectors fraamshnitter 2
and 3. Note that we cannot align the interference from Trétesind within the space spanned by the interference
vectors from Transmitter 2 only or Transmitter 3 only. Besmhe subspaces spanned by the columnH!&f
andH['? or the subspaces spanned by the columnELBf and H[!3 have null intersection with probability one.
Mathematically, we have

spartBVE2)) ¢ spar [I‘{U?]\‘/[l} I‘{[l?ﬂ\‘/[l}b )

where spafA) means the space spanned by the columns of matriXhis condition can be expressed equivalently
as

o _ o - vl o
sparﬁH“‘”V[z})csparﬁ[H[H] H[lzﬂ —. )

where0 denotes au, x 24, matrix with zero entries. Note th&f 12 HI3] is a2u,, x 2u, matrix with full rank
almost surely. Therefore, the last equation is equivalent t

_ _ _ _ viil o
sparf[H!'Z A-THM V) ¢ spar D (5)
o Vi
T
whereT!! is a2, x u, matrix which can be written in a block matrix form:

(1]

o | T

!

WhereT[ll} and T[21] are ., X i, matrices. Therefore[5) can be expressed alternatively as

15712 11
e ])cspamlvo 0}]> ©




This condition can be satisfied if
TveE < v
{TEVM < v )
whereP < Q means that the set of column vectors of malPixs a subset of the set of column vectors of matrix

Q.
Similarly, at Receiver 2, the interference vectors fromnBraitter 4 are aligned within the space spanned by the
interference vectors from Transmitter 1 and 3, i.e.,

Spamﬁp‘q\_/[ﬂ) C Spar@ [E[[Ql]\_/[” ﬁ[Z?)}V[l}]) (8)

This condition can be satisfied if

TPve < v o
TEvE < Vi
where
T2
T2 — 1 _ [IjI[Ql] ﬁ[23]]—1ﬁ[24]
T2
2

At Receiver 3, the interference vectors from Transmitteretadigned within the space spanned by the interference
vectors from Transmitter 1 and 2, i.e.

sparfHBI V2 ¢ spar [I_{B”Vm I_{[?’Q}V[”]) (10)

This condition can be satisfied if

SEAVE IR vil) a
TYvE < v
where
Tl
Tl — 1 _ [IjI[Bl] IjI[32]]—leI[34]
Tl
2

Now, let us consider Receiver 4. As shown in Fig. 1, to g(s% & e, ) 1y, interference free dimensional signal space,
the dimension of the space spanned by the interferencersdtas to be less than or equal2p, — (% — €n)in-

To achieve this, we align the space spanned%))L en) iy, Vectors of the interference vectors from Transmitter 3
within the space spanned by the interference from Tranemittand 2. Sinc& ! is a p,, x %un matrix, we can
write it as VI = [V V] where Vi and VI are p,, x (2 — €x)pn @nd iy, X €541, Matrices, respectively. We
assume the space spanned by the columnﬁ[é?}\_f[u” is aligned within the space spanned by the interference

from Transmitter 1 and 2, i.e.,
sparfH*3IVI)  sparg [I_{[A‘”Vm I_{[‘Q}V[”]) (12)

From equation[{7), we have
TV < vl
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This implies that(Z — ¢,)u, columns of VI are equal to the columns arl' 2, without loss of generality, we
assume thav!! = T[11]V[2]_ Thus, [I2) can be written as

spafE4IVIL) = spaf @I TIIVE) ¢ sparf [I_{[A‘”V[” I_{[A‘Z]Vm})

IR
[43] plx7[2] [41] Fr[42) \4
= spartfIT{'VI) C sparf [l Fl*] o i |
_ RO
Sl41] (42)] a4l 2 Vv
= sparf[ @ AL AW V) C spar o o |

T4l

Note thatT¥ is a2y, x p,, matrix and can be written in a block matrix form:

!

where each bloclz[‘?} is a iy, X 1y, mMatrix. Then, the above equation can be expressed as
45712) (1]
TV Vil o
Spam [ T[24}v[2] ] ) C Spani [ 0 v[l] )
The above condition can be satisfied if
TR < Y 3
TSvE < v
Therefore, we need to desigvill and VI to satisfy conditions[{7)[{9)[ (A1) _(113). Let be a3(n + 1)% x 1
column vectorw = [1 1 ... 1]7. We need to choos2(n + 1)% column vectors foV[!l and 2n® column vectors
for V2. The sets of column vectors &f!!) and V[2l are chosen to be equal to the setd! and V12 where

i=1,2j=1,...,.4 i=1,2j=1,...,.4
vE=(( T @heN)welef,ny u {0 I @) )wisl efnt2 2041}
i=1,2j=1,...,.4 i=1,2j=1,....4

For example, whem = 1, the setV[?! consists of two elements, i.e.,

VE = {(Tliz1.2j=1..a TV )w (]‘[Z-:LQ]-:L“.A(TZ[]'])3)w}. The setV[!] consists oR2(1 +1)% = 27 column vectors

in the form{(Hizl,%:l,“”‘l(TEﬂ)O‘y] )w (Hi:LQj:L“.A(TZ[ﬂ)ﬁvw)w} whereal” takes values, 2; 5" takes values

3, 4. Note that the above construction requires the commutptiwgerty of multiplication of matrice’i‘l[j]. Therefore,

it requiresTgﬂ to be diagonal matrices. We provide the proof to show thisus tn AppendixX]l. In order for each
user to decode its desired message by zero forcing theendede, it is required that the desired signal vectors are
linearly independent of the interference vectors. We alsmwsthis is true in Appendik I.

Remark: Note that for theK user Gaussian interference channel with single antennasnddb] andM x N
user X channel [18], we need to construct two precoding matriveand V' to satisfy several such conditions
V < T,;V'. Here, we use the same precoding maWwiX! for Transmitter 1, 2, 3 so that we need to design two
precoding matriced/ ') and V2! to satisfy similar conditiond/ 2} < T; V[l Therefore, we use the same method
in [16] and [18] to desigiV!!) and V2l here.

We present the general result for the achievable degreesefdm of the SIMO Gaussian interference channel
in the following theorem.
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Theorem 2: For the K > R + 1 user SIMO Gaussian interference channel with a single aatext each
transmitter andR antennas at each receiver, a total%K degrees of freedom per orthogonal time dimension
can be achieved.

Proof: We provide the proof in AppendiX I. [ |

Next, we present the innerbound on the degrees of freedotthddl user MIMO Gaussian interference channel
in the following theorem:

Theorem 3: For the time-varyingk’ user MIMO Gaussian interference channel with channel aoeffis drawn
from a continuous distribution antl’ antennas at each transmitter aNdantennas at each receivéf,min(M, V)
degrees of freedom can be achievedkif < R and Rijrlmin(M, N)K degrees of freedom can be achieved if

K > R whereR = L%J, ie.

n=d+--+dxg >min(M,N)K 1(K < R) + %min(M,N)K (K > R)

where 1(.) is the indicator function ant represents the individual degrees of freedom achieved eyius

Proof: WhenK < R, the achievable scheme is based on beamforming and zemdofithere is a reciprocity
of such scheme discussed in [18]. It is shown that the degfdesedom is unaffected if all transmitters and receivers
are switched. For example, the degrees of freedom of tneer MISO interference channel with 2 transmit antennas
and a single receive antenna is the same as that of the 2 Ud€ Blerference channel with a single transmit
antenna and 2 receive antennas. Whén- R, the achievable scheme is based on interference alignifieete is
a reciprocity of alignment which shows that if interfererad@ggnment is feasible on the original channel then it is
also feasible on the reciprocal channel [19]. Thereforg¢hait loss of generality, we assume that the number of
transmit antennas is less than or equal to that of receivenaas, i.eM < N. As a result, we need to show that
KM degrees of freedom can be achievedsif< R and RL_;IMK degrees of freedom can be achievedift> R
whereR = L%j. The case wheti® = 1 is solved in [16]. Therefore, we only consider the cases wRken 1 here.
1) K < R: Each transmitter send¥ independent data streams along beamforming vectors. Eaeliver gets\/
interference free streams by zero forcing the interferdrm® unintended transmitters. As a result, each user can
achieveM degrees of freedom for a total &f M degrees of freedom.
2) K > R: When K = R + 1, by discarding one user, we haveRauser interference channekM degrees of
freedom can be achieved on this channel using the achiegabtme described above. WhEn> R + 1, first we
get RM antennas receive nodes by discardiig- RM antennas at each receiver. Then, suppose we view each
user with M antennas at the transmitter aRd/ antennas at the receiver &$ different users each of which has a
single transmit antenna and receive antennas. Then, instead oKauser MIMO interference channel we obtain
a KM user SIMO interference channel with antennas at each receiver. By the result of Theﬂblﬁ%KM
degrees of freedom can be achieved on this interferenceneharhus, we can also achie\féfr—lKM degrees of

freedom on the< user MIMO interference channel with time-varying channeféicients. |
Finally, we show that the innerbound and outerbound ard tidten the ratio% is equal to an integer. We

present the result in the following corollary.
Corollary 1. Forthe time-varying< user MIMO Gaussian interference channel withtransmit antennas and
receive antennas, the total number of degrees of freedogqua ®© K min(M, N) if K < R andRijrl min(M, N)K
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if K> R whenR = % is equal to an integer, i.e.

n=di 4+ +dxg =min(M,N)K 1(K < R)—I—RL;lmin(M,N)K 1(K > R)
Proof: The proof is obtained by directly verifying that the inneuino and outerbound match when the ratio
R = % is equal to an integer. WheR < R, the innerbound and outerbound always match which is
min (M, N)K. When K > R, the innerbound and outerbound match W% min(M,N)K = %ﬁ’ml{
which implies thatR min(M, N) = max(M, N). In other words, when either the number of transmit antefimas

an integer multiple of that of receive antennas or vice vettsa total number of degrees of freedom is equal to

77 min(M, N)K. |
Remark: For the K user MIMO Gaussian interference channel withh, N antennas at the transmitter and

max(M,N)
min (M,N)

min (M, N)K. This result can be extended to the same channel with canstannel coefficients.
Remark: If min(M, N) = 1, then Corollanf1l shows that the total number of degreesesdom of theK user
SIMO Gaussian interference channel withreceive antennas or th€ user MISO Gaussian interference channel

with R transmit antennas is equal 6 1(K < R) + RL_;lK 1(K > R).

the receiver respectively, il < R whereR = | | then the total number of degrees of freedom is

V. ACHIEVABLE DEGREES OFFREEDOM FOR THEMIMO INTERFERENCE CHANNEL WITH CONSTANT
CHANNEL COEFFICIENTS

Note that the converse results and the results of the adiieedagrees of freedom based on merely zero forcing
in previous sections are also applicable to the same chawitielconstant channel coefficients. The results of
the achievable degrees of freedom based on interferengenadint are obtained under the assumption that the
channel coefficients are time-varying. It is not known if tlesults can be extended to the same channel with
constant channel coefficients. Because the constructigmensioding matriced/[!l and V2 requires commutative
property of multiplication of diagonal matricéﬁl[j]. But for the MIMO scenarios, those matrices are not diagoal
and commutative property cannot be exploited. In fact, tegreles of freedom for the interference channel with
constant channel coefficients remains an open problem foe ri@an 2 users. One known scenario is the 3 user
MIMO Gaussian interference channel willi antennas at each node. In [16], it is shown that the total murab
degrees of freedom i%M. The achievable scheme is based on interference alignnmesigoal vectors. In [20],
the first known example of & user Gaussian interference channel with single antennesraad constant channel
coefficients are provided to achieve the outerbound on tlygegs of freedom. The achievable scheme is based
on interference alignment on signal levels rather thanaigectors. In this section, we will provide examples
where interference alignment combined with zero forcing aahieve more degrees of freedom than merely zero-
forcing for some MIMO Gaussian interference channels withstant channel coefficients. More general results
are provided in AppendikIl.

Example 1: Consider the 4 user MIMO Gaussian interference channél d&viantennas at each transmitter and 8
antennas at each receiver. Note that for the 3 user MIMOfermce channel with the same antenna deployment,
the total number of degrees of freedom is 8. Also, for the 4 aase, only 8 degrees of freedom can be achieved
by merely zero forcing. However, we will show that using iféeence alignment combined with zero forcing, 9
degrees of freedom can be achieved on this interferencenehaithout channel extension. In other words, the 4
user MIMO interference channel with 4, 8 antennas at eacisitnéter and receiver respectively can achieve more
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degrees of freedom than the 3 user interference channethdtsame antenna deployment. Besides, more degrees
of freedom can be achieved on this 4 user interference chdynasing interference alignment combined with
zero forcing than merely zero forcing. Next, we show thatruse, 3 can achievel;, = 2,Vi = 1, 2,3 degrees of
freedom and user 4 can achieve= 3 degrees of freedom resulting in a total of 9 degrees of freedohieved on

this channel. Transmittersends messadé#’; to Receiver; usingd; independently encoded streams along vectors

viﬂ, i.e.,
. 2 . . . .
X0 = N Vil =viIX =123
m=1
3
X = 3 oVl = viix?
m=1
where VIl = v v i = 12,3 and V4 = [v{! vI!l V). The signal at Receiverr can be written as

vl — iH[ji}V[i]Xi + 7zl
=1
In order for each receiver to decode its message by zermfpthie interference signals, the dimension of the space
spanned by the interference signal vectors has to be lesothequal to8 — d;. Since there aré — d; interference
vectors at receivef, we need to aligr{9 — d;) — (8 — d;) = 1 interference signal vector at each receiver. This can
be achieved by if one interference vector lies in the spaearspd by other interference vectors at each receiver.

Mathematically, we choose the following alignments

Ve o
sparﬁH[M]v[ﬂ) C sparf [H[12]V[2} H[l?’}V[?’]}) = spani[H[m H[ls}]—lH[M] V£4]) C spam[ 0 . })

Vi
Th]
(1] [4] 2]
iyl vl o
= Spa C spa 14
p'({T[;}V[lzq]) Pfﬁ[ 0 V[?’]]) (14)

vl o
sparfH?24v!") ¢ sparf [H[QI]VM H[23}V[3]]) = sparf[HE2U HZ)HER V) - sparﬁ[ o )

AVaE]
TI2]
(2] [4] [1]
TV vy \'% 0
= spa C spa 15
pr({T[zg}v[fq]) p'ﬁ[ 0 V[3]]) (15)

vil o
sparﬁH[gz]v?]) C spar {HB”V[” H[34}V[4]}) - sparﬁ[HB” H[34}]—1H[32} V[12}) c spar({ 0 g ]))

Vi
T3]
(31,[2] [1]
T vy A\ 0
= spa C spa 16
pm[T[;}V[lg]]) pr([ 0 V[4]]) (16)

v o
sparfH*Uv!Y) ¢ sparf {H[A‘Z]Vm H[43}V[3]]) = sparf[H!2 H) 1M I spar({ o )
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where Tl is an8 x 4 matrix which can be written in a block matrix form:

[i]
. T
Tl = i i=1,2,34 (18)
T2

WhereT[f] and T[;] are4 x 4 matrices. To satisfy the conditiors {14), (1%),1(16).] (2, let

Tl =i spaTy ') = spartvi’)
T =viT spanTviY) = sparvi’)
TV = vyt P =
T[14]V£1] _ ng} T[24}V[11} _ Vg&]

Notice oncev[‘q is chosen, all other vectors can be solved from the abovetiegsaTo solvev[4] we have
spaan ]) = sparﬁT[2 ])
Ty'vi") = sparivi’)
[4]

= Vl - e7

= sparf(T}) !

wheree is an eigenvector of matri((T[;])‘lT[;]. Note that the above construction only specifié$,vi = 1,2,3
andv%‘”,vgl] The remainingzgl] can be picked randomly according to a continuous distidousio that all columns
of VI are linearly independent.

Through interference alignment, we ensure that the intemfee vectors span a small enough signal space. We
need to verify that the desired signal vectors, i/ V] are linearly independent of interference vectors so that
each receiver can decode its message using zero forcing:eNbat the direct channel matriceE*,i = 1,2, 3,4
do not appear in the interference alignment equatidi$, undergoes an independent linear transformation by
multiplying HI. Therefore, at each receiver the desired signal vectorkraarly independent of the interference
signal vectors with probability one. As a result, useran achievel; degrees of freedom and a total of 9 degrees
of freedom can be achieved.

Example 2: Consider the 4 user MIMO Gaussian interference channél ®iaintennas at each transmitter and 4
antennas at each receiver. We show that 9 degrees of freealorbecachieved on the 2-symbol extension of the
original channel and henc%@egrees of freedom per channel use can be achieved. Sincé dagrees of freedom
can be achieved using merely zero forci%gmore degrees of freedom is achieved using interferencarabgt
scheme. Note that although we have equivalently a 4 usaféné@ce channel with x 8 channel on the 2-symbol
extension channel, we cannot use the same achievable scisechén Example 1 due to the block diagonal structure
of the extension channel matrix. Consider 2-symbol extanei the channel. The channel input-output relationship
is .

Z HVIXE 4+ ZU] vj=1,2 3,4

where the overbar notation represents the 2-symbol extensio that

X (2t)
X(2t +1)

_ [ Z(2t)
7 2
Z(2t +1)

X &
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whereX andZ are2 x 1 and4 x 1 vectors respectively, and

e H 0
0 H
whereH is the 4 x 2 channel matrix. We assigih, = ds = d3 = 2 anddy = 3 degrees of freedom to message
W1, Wy, W3, W, respectively for a total 9 degrees of freedom over the 2-gyraktension channel. Transmitter

sends messad#’; in the form ofd; independently encoded streams along the direction ve@lll@rs \75], each
of dimension4 x 1, so that we have:

where Vil and X[/ are4 x d; andd; x 1 matrices respectively. In order to gét interference free dimension at
Receiveri, we need to align 1 interference vector at each receives G&m be achieved if one interference vector
lies in the space spanned by other interference vectorscht regeiver. Mathematically, we choose the following

alignments:
[ ] Pt RviE R = ik vacl - = — 2] VB o ]
spartA29\%) ¢ sparf | AHMIVE AIIVHE ) = spar[A!!? A 1A 1Y) ¢ spar ol ) (19)
] ) TM1] L 0
[ I [F(21<7 1) F24x74]] - [3} vil o
spartH>I9\) ¢ sparf | HPIVI AR2AVHE ) = spar[AP2 AP 1A 1Y) ¢ spar ol ) (20)
) ) Tl L 0 -
gl AU 3202 ] ~(31] 5 a4l _[4] vl o
spartHBITY) ¢ sparf [ APIVI ABAVE ) = sparf[APY AP -TAPY $1Y < spar — ) (1)

T3]

4ol (9] 14316131 _ o _ v o
sparfE41v) ¢ spar[AVE GAWBIVE]) = spa(El? A4 HM ) ¢ spam[ J— ) (22)
T4]

where T is the8 x 4 matrix which can be written in a block matrix form:

[1]
, T
Tl = T[lﬂ i=1,2,3,4 (23)
2
The above equations can be satisfied if
el _ | v | | | g |
1 2 2 2

Notice that once we pICW[ I all other vectors can be solved from above equatis‘v&%.can be chosen randomly
according to a continuous distribution so that all vectoeslmearly independent with probability one. Also, since
all the vectors are chosen independently of the direct ablamatricesH (" and all entries oWV!" are not equal to
zero almost surely, the desired signal vectors are lingadgpendent of the interference vectors at each receiver.
As a result, Receiver can decode its message by zero forcing the interferencehievai; degrees of freedom
for a total of 9 degrees of freedom over the 2-symbol extenstwannel. Therefore4% degrees of freedom per
channel use can be achieved on the original channel.



15

VI. CONCLUSION

We investigate the degrees of freedom for fliaiser MIMO Gaussian interference channel with N antennas
at each transmitter and receiver, respectively. The miaivaof this work is the potential benefits of interference
alignment scheme shown recently to achieve the capacitgrtdio wireless networks within(log(SN R)). In this
work, interference alignment scheme is also found to bem@itin achieving the degrees of freedom of the
userM x N MIMO Gaussian interference channel if the raﬁ@% is equal to an integer with time-varying
channel coefficients drawn from a continuous distributife also explore the achievable degrees of freedom for
the MIMO interference channel with constant channel coeffis using interference alignment combined with zero
forcing. We provide some examples where using interferatigament can achieve more degrees of freedom than
merely zero forcing.

APPENDIX |
PROOF OFTHEOREM[Z

Proof: LetI' = KR(K — R — 1). We will develop a coding scheme based on interference rakgn to
achieve a total of R +1)R(n + 1)'' + (K — R — 1)Rn' degrees of freedom overa, = (R+1)(n + 1)* symbol
extension of the original channel. Hence, a tota!(%fl)R(’(‘gi)lr)&(ﬁ}R_”R"F

dimension can be achieved for any arbitrarg N. Taking supremum over afl proves the total number of degrees

degrees of freedom per orthogonal

of freedom is equal to}jTKl as desired. Specifically, over the extended channel, uset, 2, --- | R + 1 achieves
R(n + 1) degrees of freedom and other use= R 4 2,R + 3,--- , K achievesRn!" degrees of freedom. As
a result, uset = 1,2,--- ,R+1 achieves% degrees of freedom and usee= R +2,R+3,--- | K
achieves% degrees of freedom per channel use, i.e.
R nHt Rnt
g — R+l i=1,2,--- \R+1 di= n i=R+2,R+3,---,K  (25)

(R+1)(n+ 1)
This implies that

(R+1)(n+1)F

(R+1)R(n+1)F' +(K—R—-1)Rn" KR
(R+1)(n+ 1T  R+1

In the extended channel, the signal vector at#Heuser’s receiver can be expressed as

dy +dy + - +dg > sup (26)

K
YH(@#) = Z HF ()X V(1) 4+ ZF (1)
j=1
whereXVl(t) is ap,, x 1 column vector representing thg, symbol extension of the transmitted symhail(¢),
ie.
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Similarly, Y (t) andZ(t) represenis,, symbol extensions of th¥ (t) andZ(t) respectivelyH"1(t) is a Ry, X pin
matrix representing the,, symbol extension of the channel, i.e.

hk9 (p, (t — 1) 4 1) 0 0
o 0 h*l (e, (t—1)+2) ... 0
Al (1) = . il =) e (27)
0 0 o hFl(p,t)
where h*/] is the R x 1 channel vector. Messadgd’; (j = 1,2,--- ,R + 1) is encoded at Transmitter into

R(n + 1)!' independent streams%](t), m = 1,2,...,R(n + 1)U along the same set of vectoﬁsﬁ](t) so that

XUl (1) is
R(n+1)"

XUy = > aflovhlo = vinxbe)

m=1
where XVl(#) is a R(n 4+ 1)'' x 1 column vector andVll(¢) is a (R + 1)(n + 1)I' x R(n + 1)'' dimensional
matrix. Similarly, W; (j = R+ 2,--- ,K) is encoded at Transmittef into Rn! independent stream[rﬁ(t),
m=1,2,...,Rn" along the same set of vectovgi] (t) so that

Rnt
XUl(t) = 3 «Blywhi ) = VE ()X (1)
m=1
The received signal at thi” receiver can then be written as

Fl(t) = Ril a1 VI @)XV (1) 4 i a1 () VE )X U)(1) 4+ ZF (1)
= j=R+2

We wish to design the direction vectord!!! and V12 so that signal spaces are aligned at receivers where they
constitute interference while they are separable at recewhere they are desired. As a result, each receiver can
decode its desired signal by zero forcing the interferengeass.

First consider Receiver, Vk = 1,2,--- , R + 1. Every receiver needs R(n + 1) interference free dimension
out of the R(R + 1)(n + 1)' dimensional signal space. Thus, the dimension of the sigpate spanned by the
interference signal vectors cannot be more tRa(n+1)'. Notice that all the interference vectors from Transmitter
1,2, ,k—1,k+1,--- R+ 1 span aRk?(n + 1)' dimensional subspace in th&(R + 1)(n + 1)'" dimensional
signal space. Hence, we can align the interference sigrabrgefrom Transmittey, Vj = R+ 2, R+3,--- | K
within this R%(n + 1)' dimensional subspace. Mathematically, we have

spar B9 ) ¢ sparf[HIMIVI) AIZIYI . mkG-DIG ] gD GG ))

where spafA) represents the space spanned by the columns of mAtrikhe above equation can be expressed
equivalently as

r v 0 0 0 ]
0 vt 0 0 0
sparlLIV1V12) ¢ sparf[EL*) E2.. kD) k0l i) o 0 i o . o |)
L o 0 0 0 vl |




Notice that[H[*! HIF2 ..

surely. Thus, the above equation can be expressed equlyadesn

sparf [FLI¥! EIF . k=) RG] gk ik 2y

sparg

[ T[lkj]\—,[z] T

Tgkj]\—,[z]

T%j]\—,—[z]

The above condition can be satisfied if

TWVE <vllyvk=1,... R+1j=R+2,....Ki=1,...,R

) C spari

0 0
0 0
.. 0

vl 0
0 \7A[1]
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CHFE-D] gleG+D] L {7 READ) s a Ry, x Ry, Square matrix with full rank almost

(28)

(29)

(30)

whereP < Q means that the set of column vectors of malPixs a subset of the set of column vectors of matrix

Q.

Then consider Receivér, Vk = R+2, R+3,--- , K. To get aRn' interference free dimension signal space, the
dimension of the signal space spanned by the interferenttergecannot be more thai(R+ 1)(n +1)F — Rn!" at
each receiver. This can be achieved if all interferenceoredtom Transmittey, Vj = R+2,--- ,k—1,k+1,--- | K
and Rn!" interference vectors from Transmitt& + 1 are aligned within the signal space spanned by interference
vectors from transmittet, 2, --- ; R. We first consider aligning the interference from TranseniR + 2,--- |k —
1,k+1,---, K. Mathematically, we choose the following alignments:

Spamﬁ[kﬂ\_/[z]) C Spam {I:I[kl]\_/[l] I:I[kz]\_/[l] . I:I[kR}\_/'[lq)
vil o
v
0 o0 Vi
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Notice that[H*! H*2 ... HFH] is a Ry, x Ry, square matrix with full rank almost surely. Thus, the above
equation can be expressed equivalently as
vil o 0
I R o Vvil ... o
T 0 o -.- vi
Note thatT*7! is a Ry, x p,, matrix and can be written in a block matrix form:
T[lkj]
(4]
Tkl — Ty
"y
TE{J]

where each block[‘gkj] is au, X uy, matrix. Then,[(3ll) can be expressed as

Rkl o0 ... o
T2l o VI ... o

sparf . )Cspa| )
T%ﬂVD] 0 o ... vl

The above condition can be satisfied if

TV vl k=R+2R+3,-- K j=R+2,--- k—1,k+1,--- Ki=1--- R (32

Now consider aligningkn! interference vectors from Transmitt&+ 1 at Receivetk, Vk = R+2,R+3,--- , K.
This can be achieved if the space spannediby columns of HIF(E+DIVI is aligned within the range of
HFIVI .. }_I[’“R]\_/‘[”]. since VI is a i, x R(n + 1)T matrix, we can write it a&v[ll = [V V] where

\71[}} and\_/ﬁ] arey, x Rn'" andu, x (R(n+1)"' — Rn") matrices, respectively. We assume the space spanned by
the columns ofi*(R+1IV 1 is aligned within the space spanned by the interference ffomsmitter 1, 2, ...,
R. From equation[(30), we have

T[ll(R+2)]v[2] < v
This implies thatRn! columns of V(! are equal to the columns a2V without loss of generality, we
assume thaffq[}} = T[ll(R””V[?}. Thus, to satisfy the interference alignment requiremeatchoose the following
alignments:

sparfHF(FHIIVIY) = spagEFEDITHET2Iy2)) ¢ spar [ﬁ[kllv[ll 2 (GAvaL f{[k’R]\_/[l}b

vl o ... 0
B B B ~ B o VI ... o

N SpamH[k(RH)]T[ll(R+2)}V[2}) C spar [H[k:l] 1= 1L H[k:R]} | | ) | )
0 o ... vl

Vo 0 |
vil ...

— spar [ﬁ[ku ak2 ... IjI[kR]}_lIjI[k(R+1)]T[11(R+2)} \7[2])  spar 0 V. _ 0 )

Tlk(R+1)] 0 0 3 \_/"[1}
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Note thatT*(5+D] is a Ry, x p, matrix and can be written in a block matrix form:

k(R+1
T[l( +1)]
[k(R+1)]
Tlk(R+1)] _ T;
k(R+1
TB%( )]
where each block[‘gk(R“)] is a u, X 1, matrix. Then, the above equation can be expressed as
T[lk(R+1)]\7[2} vl o ... 0
T[2k(R+1)]\7[2} o Vi ... o
spart | yospad| . ])
Th DI o o0 ... V0

The above condition can be satisfied if
THFEIVR vl = R4 2,R+3,--- Ki=1,--- R (33)

Thus, interference alignment is ensured by choodifiy and V12 to satisfy [30), [(3R),[(33). Note that these
conditions can be expressed as

TV < v vk, j)eAdi=1,2,--- R (34)

where A = {(k,j) : (k,j) € {1,2,--- , R+ 1} x{R+2,--- ,K}}U{(k,j) : (k,j) e {R+2,--- ,K} x{R+

1,---,K}, k # j}. Therefore, there ar& R(K — R — 1) such equations. We need to chodsg: + 1)I' column
vectors forVI[!l and Rn" column vectors foVI?. Let w be ayu, x 1 column vectorw = [1 1 ... 1]7. The sets
of column vectors ofV!*l and V2 are chosen to be equal to the st and V2 respectively where

R-1 ; kj j
vl = {( 11 (Tz[kﬂ)ag ])W: az[kj}E{mn+m—|—1,mn+m—|—2,--->(m+1)”+m+1}} (35)
m=0 =1, ,R,(k,j)EA

R-1 . kj i
v = {( II (Tz[-k]])aE ])w:a,[-k]]G{mn+m+17mn+m+27-“7(m+1)"+m}} (36)
m=0 =1, ,R,(k,j)EA

Note that the above construction requires the commutatiopgoty of multiplication of matricei‘l[kﬂ. Therefore,
(k5]

it requires T, to be diagonal matrices. Next, we will show this is true. Wasirate this for the case when
k=R+2,---,Kandj =R+2,--- ,k—1,k+1,---,K. Similar arguments can be applied to other cases.

Notice that/H HI*2 ... HIF]] is a Ry, x Ry, square matrix:
[ kL k2 .. glkR] | =
W (a2 - 1) + 1) 0Rrx1 <o Omx1 oo BFRlGuG-1 41 ORx1 ~ ORrx1

ORrx1 W, (b —1) +2) ... Orx1 ORrx1 Rl (6 — 1) +2) .. ORrx1

ORrx1 ORrx1 R L e ORrx1 ORrx1 <o nlPRI



20

Then,
[ ulf(un(t— 1) + Dixr Oi1xRr O1xR T
Oi1xr ulb (b= 1) +2)1xp O1xR
O1xR O1xRr u[kl](un(tfl)Jflin)lxR
“[kz](ﬂn(t*1)+1)1xR O1xRr O1xR
Oi1xRr ulF2 (i (t = 1) + 21 - O1xR
b gl L gl , , ,
O1xR O1xR U[k2](l‘«n(t*1)+l/«n)l><l?.
“[kR](#n(t*1)+1)lxR O1xRr O1xRr
O1xR “[kR](#n(t*1)+2)lxR O1xR
L O1xR O1xR U[kR](Mn(t*1)+Hn)l><R .
whereu®(p, (t — 1) + k),¥x = 1,2,...,u, is al x R row vector and
ul (¢ = 1) + w)
_1 ulk2l (6 = 1) + w)
[ 8= 1) +r) B2 =) +5) o BB - bR [T = : k=12,...,pn.

¥R (¢~ 1) 4 5)

Recall
%]
T; .
T[kj] hlR) (o (0 = 1) + 1) - 0 0
. _ _ _ _ . _ . 0 h!®J n(t—1)+2 0
i = | 72| @k gk L glkR gkl gkl = Golt=DE2
[.kj] 0 0 RN (%) PN
T
R
Thus,Vi=1,2,--- | R
M ) M
ul¥ (g (¢ = 1) + DRI (i (2= 1) + 1) 0 - 0
[ki] _ [k4] _
ki 0 u (pn(t —1) +2)h (n(t—1)+2) T 0
T = - - | | (37)
0 0 u[ki](unt)'h[k” (1nt)

Hence, T/ are diagonal matrices with diagonal entrie& (s, (t — 1) + k)b (u, (t — 1) + k), Ve = 1, .., ftn.
Through interference alignment, we ensure that the dinoensi the interference is small enough. Now we need
to verify that the desired signal vectors are linearly iretegent of the interference vectors so that each receiver can
separate the signal and interference signals. Considezif®ecl. Since all interference vectors are aligned in the

signal space spanned by interference from transndtter- - , R+ 1, it suffices to verify that columns a1

are linearly independent of columns @2V ... HIE+DIVI] aimost surely. Notice that the direct channel
matrix HI'!) does not appear in the interference alignment equationsVaHdis chosen independently @'l
Then, the desired signaf'!! undergoes an independent linear transformation by myitiglH'!!. Thus, columns

of HMIV [ are linearly independent of columns @12 V{1 ... HI(E+DIV (] almost surely as long as all entries
of VI are not equal to zero with probability one. If there are somteies of VI! are equal to zero, then due to the
block diagonal structure dfil*!l the desired signal vectors are linearly dependent of thexference vectors. For
example, consider thre®x 3 diagonal matrixH!!, H[?/, H?l whose entries are drawn according to a continuous
distribution.v is a3 x 1 vector whose entries depend on entriedit, H*! and are non-zero with probability one.
VectorsHZlv and HBlv span a plane in the three dimensional space. Now vactondergoes a random linear
transformation by multiplyingY). The probability that vectoH!!lv lies in that plan is zero. I¥ has one zero
entry, for examplev = [1 1 0]7, thenH[!v, H?v andHPlv are two dimensional vectors in the three dimensional
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vector space. Hence they are linearly dependent. Next weverify all entries of VIl and V[2lare nonzero with
probability one through their construction from135) and)3rom [(35),[(36) and (37), it can be seen that each entry
of VI andVI? is a product of the power of some*l (i, (t — 1) + x)hl¥ (u,,(t — 1) + x). To verify each entry of
VIl andV!? is not equal to zero with probability one, we only need tofyeti*?l (1, (t — 1)+ &) hlE7) (u, (t—1)+ k)

is not equal to zero with probability one. Since each entryh®f!(p,,(t — 1) + «) is drawn from a continuous
distribution, u* (1, (t — 1) 4 x)h[* (1, (t — 1) + &) = 0 if and only if all entries ofu*(u, (t — 1) 4 ) are equal

to zero. Howevem* (u,,(t — 1) + «) is a row of the inverse of th& x R square matrix. Thus, not all entries of
ul¥! (4, (t — 1) + k) are equal to zero with probability one. As a result, all estrof VIl and V2 are not equal

to zero with probability one. To this end, we conclude thaRateiver 1 the desired signal vectors are linearly
independent with the interference signal vectors.

Similar arguments can be applied at Recei®g3, ..., K to show that the desired signal vectors are linearly
independent of the interference vectors. Thus, each mcean decode its desired streams using zero forcing. As
a result, each user can achieﬁ% degrees of freedom per channel use for a totalﬁfé{K degrees of freedom
with probability one. |

APPENDIX Il
THE ACHIEVABLE DEGREES OF FREEDOM OF THIMIMO GAUSSIAN INTERFERENCE CHANNEL WITH
CONSTANT CHANNEL COEFFICIENTS

In this appendix, we consider the achievable degrees afdmefor some MIMO Gaussian interference channels
with constant channel coefficients. Specifically, we coasitie R + 2 user MIMO Gaussian interference channel
where each transmitter hdg > 1 antennas and receiver h&d\/, R = 2,3, --- antennas. The main results of this
section are presented in the following theorems:

Theorem 4: For theR+2 user MIMO Gaussian interference channel where each trétesrhas) > 1 antennas
and each receiver ha@M, R = 2,3, ---, antennas with constant channel coefficie®8/ + L%j degrees
of freedom can be achieved without channel extension.

Proof: The achievable scheme is provided in the following part. [ |
Theorenl 4 is interesting because it shows that Mr@%j > 0 and hencel/ > R+2— £, using interference
alignment scheme combined with zero forcing can achieveerdegrees of freedom than merely zero forcing. It
also shows that th& + 2 user MIMO interference channel with/ antennas at each transmitter aRd/ antennas
at each receiver can achieve more degrees of freedomRhan user with the same antenna deployment when
M>R+2-— %. For example, ifR = 2, Theorem 4 shows that for the 4 user interference channél Wit
and2M antennas at each transmitter and receiver respect&ly;+ L%J degrees of freedom can be achieved
using interference alignment. However, ordly/ degrees of freedom can be achieved using zero forcing. Thus,
when M > 3, using interference alignment combined with zero forciag echieve more degrees of freedom than
merely zero forcing. Similarly, onl2M degrees of freedom can be achieved on the 3 user interfecdraomel
with the same antenna deployment. Hence, whén- 3 more degrees of freedom can be achieved on the 4 user
interference channel. While Theoréh 4 indicates that whén< R + 2 using interference alignment combined
with zero forcing may not achieve more degrees of freedom #exo forcing without channel extension, using
interference alignment can achieve more degrees of freéflamm allow channel extension. We present the result
in the following theorem:
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Theorem 5: For the R + 2 user MIMO interference channel where each transmitterMaél < M < R + 2)
antennas and each receiver a8/, R = 2,3,---, antennas with constant channel coefficiem®d/ + @
degrees of freedom per orthogonal dimension can be achwmbc{R“} channel extension.

Proof: The achievable scheme is provided in the following part. [ |

Theorem’ 5 shows that if we allow channel extenagﬁk— more degrees of freedom can be achieved usmg
interference alignment combined with zero forcing thaneterero forcing. For example, wheR = 2, M = 2,
more degrees of freedom can be achieved using interferdigrannt.

A. Proof of Theorem[

When L%J < 0and henceM < R+2— %, RM degrees of freedom can be achieved by zero forcing at

each receiver. When/ > R+ 2, we provide an achievable scheme based on interferenceradigt to show that the
i user can achievé; degrees of freedom whefe| 24— | < d; < M andd +- - -+dpys = RM+ | griag— -

Transmitteri sends messagé’; to Receiver; usingd; independently encoded streams along vectéf%sl e,
= Z govil =vIXi i =1... R+42

Then, the received signal is
R+2

vl — Z HUivllx ¢ 7zl
i=1
In order for each receiver to decode its desired signal miselay zero forcing the interference, the dimension of
the interference has to be less than or equakid — d;. However, there ar@%J + RM — d; interference
vectors at Receivei. Therefore, we need to aligb%j interference signal vectors at each receiver. This
can be achieved '[WJ interference vectors are aligned within the space spanyeall lother interference

vectors. First, we writeV'!d in the block matrix form:
Vil = viT vl vV

| dimensional matrices aﬁkzlgirl is anM x (d;— R| z2a%— ] ) dimensional

WhereV[f], . V[’] areM x | ey

R2+2R 1

matrix. At Receiver 1, we align the rangeHi! (F+2) ]V[R”] within the space spanned by other interference vectors:
SpamH 1(R+2)}V[R+2 ) C Spam{ [12] V[z} [ }VB] N H[l(R+1)}V[R+1}:|)
ve o 0
o VB ... 0
= Spam[H[IQ] H[13] . H[I(R-‘rl)]]—lH[l(R—‘rQH V[1R+2]) C Spam ) (38)
e : : K :
0 o ... VIEH]

Note thatT!! is a RM x M matrix and can be written in a block matrix form:

Tl —
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Then, condition[(38) can be expressed equivalently as

TVt v o ... o0
TV o VB ...
spari | yospad| )
TV o 0 ... VI
This condition can be satisfied if
T[11]V[13+2} _ V[lz}
Tg]v[lmz} _ V[ls}
T Vi v
spar T/ VI**?) = spanvi™) (39)

At Receiver 2, we align the range #1222V within the space spanned by other interference vectors:

Spar(H[z(R”)}V[lRH}) C spar [H[mvm HEIVE L. H[2(R+1)]V[R+1]b

By similar arguments used at Receiver 1, this condition causdtisfied if

T[12]V[1R+2} _ V[lu
T[22]V[1R+2} _ V[23}
Tg}—lv[lR—H} = VQR}
spaf T V™) = spafv{™) (40)
where S
Tl
T2
T = | T | = [EPRY g .. gRED) -1 gR(Re2)]
2
| T

_1]

At Receiverj, V5,2 < j < R+ 1, we align the range oHUG-DIVV™ within the space spanned by other

interference vectors:

sparfHU G-Iy =1 cspam[ﬁ[ﬂ}v[” I = (IEEIIRVAREII = (FICRR VIR VAVE SRS = (F LR ViU N I‘{[J’(R+2)]V[R+2}b
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By similar arguments used at Receiver 1, this condition casdiisfied if

1]
Vo)

-2
Vn(j_27j)

va[lj—l} _ n(j+1,5)

where
j—1 i=1,R+1,R+2,i#j
T[j] — [H[J'l} H[j(j—2)] H[j(j+1)] H[J'(R‘f‘z)}]—lH[j(j—l)} n(Z,j) — j—2 l<i<R+1,j>i+1
7 3<i<R+4+1,j<1

At ReceiverR + 2, we align the range oHI(F+21v{! within the space spanned by other interference vectors:
spar(HI*+21V1)  sparf [HIG+22 2l HIRAVE .. ge2)(elyire])

This condition can be satisfied if

Vi
3]
T[R+2]V[11} _ Vk
V%?,H]
where
TR+ — (gl(F+2)2 gl(#+2)3) o glRE2) (EHD -1 gl(R+2)1]
Notice onceV[lR”] is chosen, all other vectors can be solved from the abovetiegga To solveV[lR”}, from

(39), (40), we have
sparTH V™) = spanTh vi*+?)
= sparf(Ty;) ' T Vi) = spav*)

Hence, columns oTv[lR”} can be chosen as

R+2
V[1 +2] _ e - eLszz“;,]J] (41)
. __RM_ | i 2]y~ 1m[1] :
wheree; || gre the| o op— elgenvector§ of T, )~ T . Note that the above construction only
specifiesV[f],V[;], . ,VE,’%]. The remaining vectors oVE,’%]Jr1 can be chosen randomly according to a continuous

distribution.

Through interference alignment, we ensure that the intemfee vectors span a small enough signal space. We need
to verify that the desired signal vectors, i. L[/ VI are linearly independent of interference vectors so theh ea
receiver can decode its message using zero forcing. Ndtatettie direct channel matricd8 ;i =1,..., R+ 2
do not appear in the interference alignment equatidi$, undergoes an independent linear transformation by



25

multiplying HI”I. Therefore, the desired signal vectors are linearly inddpat of the interference signals with
probability one. As a result, usércan achievel; degrees of freedom for a total ¢tM + L%j degrees of
freedom.

B. Proof of TheoremH

We will provide an achievable scheme based on interferelgenaent to show in thé%} symbol extension

channel, usei,Vi = 1,3,...,R + 2 can achievel; (R < d; < [£F2]M) degrees of freedom and user 2 can

achlevedg (R+1<dy < (R”} ) degrees of freedom for a total &\ [£27 41 degrees of freedom. Hence,
RM + @ degrees of freedom can be achieved on the original chanrel. e extension channel, the channel

input-output relationship is
R+42

YUl = S AU 4 70
i=1

where the overbar notation represents &2 1-symbol extensions so that

((R”Wt) Z([ 521t
X £ : 74 :
X([R”l(tﬂ) 1) Z([EB21t+1) - 1)
whereX andZ are M x 1 and RM x 1 vectors respectively, and
H o --. 0
ﬁ s 0O H --. 0
0 0O --- H

whereH is the RM x M channel matrix.
In the extension channel, Transmitiesends messad#’; to Receiver; usingd; independently encoded streams

along vectors‘/gﬂ,--- v([il], i.e,

where VIl and X[ are M[£2] x d; andd; x 1 matrices respectively. In order for each receiver to dedtsle
desired signal streams by zero forcing the interference,dimension of the space spanned by the interference
vectors has to be less than or equam{{%l — d;. However, there aréﬂM{%l —d; + 1 interference vectors

at Receiveri. Therefore, we need to align 1 interference signal vectazaah receiver. This can be achieved if
one interference vector is aligned within the space spatwyeall other interference vectors. Mathematically, we
choose the following interference alignment equations:

At Receiver 1:

Sparﬁﬁ[lz <2 ]) C Sparﬁ{ (13] V[g} ﬁ[14]V[4] . Ijl[l(R"'l)}\_/[R‘i‘lq)

= spar[@Y AM .. AVEOIEIAGR) Cspar| T )

T
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This can be achieved if

-3
o
Sl
T = (42)
i ‘_’[1R+1] |

At Receiverj, Vj 2 < j < R+ 1:

spamﬁ[j(j+1)]‘—,[1j+1}) C spart [ﬁ[jl}\‘/[l] . JUG-DINL- UGN L I_{[J'(R+2>]\‘/[R+2}b
= sparf[@VY ... AUG-DI GOGH) L gUE) - REGH)] Gl

Tl
B \7[1] 0] 0] 0 0 T
0 vzl 0 0 0
spa o o ... v[j:—ll 0
P m 0 0o .- vli+2] ) )
Lo 6 6o g
This condition can be satisfied if
SR i

Vin(1.4)

=[j-1]

Vin(i—1,)

VU+H

T[j]‘—,[ljﬂ} _ n(j+2.5) (43)

=[4]
Vin(i.g)

—[R+2]

L Vn(r+2.4) |
where
j-1 i=1,2,j>1i
n(i,j) = j i>3,j<i—1

At ReceiverR + 2:

Spafﬁﬁ[(R“)”\‘f[l”) C spar [ﬁ[(R+2>2}\7[2} HI(R+2)3157B] ... I—{[(R+2)(R+1)1V[R+1]b

vl o ... 0

7B
. span[ED2 {23 | FUEEDFED ) Cgpag| 0V 0

TIR+2]

0 0 .. VIB+H]]



27

This can be achieved if

Vv
TR+l = R (44)

Note that once we pick‘/[f], all other vectors can be solved from [44),1(48).] (4@%2.} can be chosen randomly
according to a continuous distribution as long as no entn‘/[l%fis equal to zero. Note that the above construction

only specifies\‘f[f],--- ,vg,\ﬁ =12,...,R+2and v%hl. The remaining\‘/gﬂ,--- ,v{j},w =13,....,.R+2
and ‘_’%}w"” 7‘_’52] can be chosen randomly from a continuous distribution. &ialt the vectors are chosen

independently of the direct channel matricB§l and all entries ofVll are not equal to zero almost surely,
the desired signal vectors are linearly independent of niterference vectors at each receiver. As a result, each
receiver can decode its message by zero forcing the inéexderto achievel; degrees of freedom for a total of
RM[EE2] + 1 degrees of freedom on the21-symbol extension channel. Therefol@) + —+»~ degrees of

[

freedom per channel use can be achieved on the original ehann
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