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Abstract—Consider a K-user interference channel under a additive white Gaussian noise symbols for users indicated b
block fading model. At any particular time, each receiver wil see  the subscripts. The transmit power constraint for each isser

a signal from most transmitters. The standard approach to seh  g(y2) < p 3 — 1 2 3. Consider two different values of the
a scenario results in each transmitter-receiver pair aChlelng a Channel matriX

rate proportional to % the single user rate. However, given two
well chosen time indices, the channel coefficients from intkering 1 -1 1 1 1 1
users can be made to exactly cancel. By adding up these two H. — 1 1 -1 H - | -1 1 1 2
signals, the receiver can see an interference-free versiasf the a— » b = )
desired transmission. Thus, each user can achieve an ergodate -1 1 1 I -1 1

proportional to 2 the single user rate. In this paper, we apply this . . A .
technique toafi2nite field interference channel to find the ergdic It is shown in [4] that taken individually either channel

capacity region. Furthermore, we find a simple description 6r Matrix Ha or Hy, by itself result§ in a sum capacity of
the achievable ergodic rate region in the Gaussian setting. log(1 4+ 3P), so that separate coding can at most achieve a

capacity2 log(1 + 3P). However, taken together, the capacity
of the parallel interference channelddog(1 + 2P) which is

The interference channel is one of the fundamental buildirghieved only by joint coding across both channel matrices.
blocks of wireless networks. FoIIowing several recent adrhe key is the complimentary nature of the two channel
vances, the capacity region of the classical two-user Gaussmatrices, i.e.(Ha + Hy) = I which allows the receivers to
interference channel is known exactly for some interestirgincel interference by simply adding the outputs of thelfsgra
special cases (e.g. very weak or strong interference), agithnnels, provided the transmitters send the same symbol ov
approximately (within one bit) for all channel conditior§.[ both channels.

There is also increasing interest in generalizations otite In this paper, we take this idea further by recognizing
user Gaussian interference channel model to morezhesers that in the ergodic setting, for a broad class of channel
and fading channels. However these generalizations tutn @istributions, the channel states can be partitioned iotths

to be far from trivial, as they bring in new fundamental issuecomplimentary pairings over which interference can benality
not encountered in the classical setting. Extensions toem@p that each user is able to achieve (slightly more than)dialf
than2 users have to deal with the possibility witerference his interference-free ergodic capacityaaty SNR. Prior work
alignment[2], [3] while extensions to fading channels arén [3] has shown that for fading channels every user is able to
faced with theinseparabilityof parallel interference channelsgchieve half the channel degrees of freedom. In other words,
[4], [5]. Interference alignment refers to the consolidatof each user achieves (slightly less than) half of his interfee-
multiple interferers into one effective entity which candepa- free capacity asymptoticallys SNR approaches infinitiyairly
rated from the desired signal in time, frequency, spacegmradi sophisticated interference alignment schemes are catetru
level dimensions. The inseparability of interference cteds to establish this achievability. However, in this work weosh
refers to the necessity for joint coding across channeéstatthat for a broad class of fading distributions, including.e.

In other words, for parallel Gaussian interference chajneRayleigh fading, alignment can be achieved quite simply and
the capacity cannot be expressed in general as the sum oftite efficiently. In particular, every user achieves (dligh
capacity of the sub-channels. more than) half of his interference-free ergodic capacity a

The following example presented in [4] to establish thany SNR. Note, however, that the stronger result is obtained
inseparability of parallel interference channels forms téle- at the cost of some loss of generality due to the assumption of
vant background for this work. Consider theuser Gaussian ergodic fading and certain restrictions on the class ofrigdi
interference channel with the channel matrix: distributions, that are not needed in [3].

The next section presents the main problem statement,
where we formulate both a finite-field and a Gaussian interfer
where y = [v1,Y2,¥3]7, x = [X1, X2, X3]Y, 2z = ence network model. In Secti¢nllll, we derive an achievable
[Z1, Z5, Z3)T are the vectors containing the received symbolscheme for the finite field model in Sectibnl 11l and in Section
the transmitted symbols and the zero mean unit variaridewe show this matches the upper bound exactly. In Section

I. INTRODUCTION

y = Hx+z (1)
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[Vl we give an achievable scheme for the Gaussian modatge enough there exist channel encoding and decoding

which we show is quite close to the outer bound for the equainctionséy, ..., x, Dy, ..., Dk such that:

SNR case for any number of users. We conclude the paper in .

Sectlorm. Rk >Rk—€7 k:1,27...,K, (6)
Pr({zbl #wl}U...U{UA}K#wK})<€. (7)

Il. PROBLEM STATEMENT o . ) o
Definition 2: The ergodic capacity regioris the closure of

We consider both a finite-field model and a Gaussian modgHe set of all achievable ergodic rate tuples.
First, we will give definitions common to both models. There
are K transmitter-receiver pairs (see Figlide 1). betlenote A. Finite Field Model
the number of channel uses. Let each messagée chosen  The channel alphabet is a finite field of sizet = F,. The

independently and uniformly from the sgt, 2, ..., 2"} for  channel coefficients for block, Ay, are drawn independently
someR; > 0. Messagew;, is only available to transmittéf.  4ng yniformly fromF, \ {0}.

Let X' be the channel input and output alphabet. Each transgemark 1: Our results can be extended to the case where
mitter has an encoding functiod, that maps the messagéne channel coefficients are sometimes zero through simple
into n channel uses: counting arguments. However, this considerably commieat
the description of the capacity region.

i {1,200 20 = X 3) The additive noise term&y(¢) are i.i.d. sequences drawn
from a distribution that takes values on uniformly on
{1,2,...,q — 1} with probability p and is zero otherwise.
7 We define the entropy af(¢) to be0 < H(Z) < log, q.
w1 —| & X é n D, >y B. Gaussian Model
Zs The channel inputs and outputs are complex numbgrs,
e * v C. Each transmitter must satisfy an average power constraint
w2 —{ & 2 O>—> Dy > w2
2
H(t) B[1Xu(t) [ H(1)] < SNR (®)
where SNR;, > 0 is the signal-to-noise ratio. The channel
ZK coefficients for each block are drawn independently accord-
wie—] e |2 é Yi [ polew, NG to a Rayleigh distributionfy, ~ CA(0,1). The noise
terms are i.i.d. sequences drawn from a Rayleigh distobuti

Zr(t) ~ CN(0,1).

Remark 2:The per-symbol power constraint eliminates the
rﬂﬁed to search for the optimal power allocation policy. Ahon
equal power allocation over channel states could certdialy

denote the channel matrix at timeand let H" denote the included as part of our scheme but for the sake of simplicey w

entire sequence of channel matrices. We assume that bel%)fB“C'tly disallow it. See [6] for a study of power allocati

each time step, all transmitters and receivers are given perfeg?r fast fading2-user interference chanr_lels. .
knowledge of the channel matrBi (t). Remark 3:We could also allow for different interference-

At time ¢, the channel output seen by receiveis given to—ln0|se ratios between each transm!tter and recelve!a[Iysg
by: written asINR,). However, the achievable rate derived in
' Section IV would still only depend on th&NR; parameters.

Fig. 1. K-user interference channel with fading.

We focus on the fast fading scenario where the chan
matrix changes at every time step. LHi(t) = {hye(t)}xe

K
Yi(t) = thg(t)xg(t) + Zi(t) 4) [1l. FINITE FIELD ACHIEVABLE SCHEME
(=1

We now develop an achievable scheme for the finite field

where Z,,(t) is additive noise. Note that addition is carrie¢ase that can approach the symmetric ergodic capacity, Firs
out over a finite field or the complex field, depending on th&e need some tools from the method of types [7]. Eét

channel model. denote the alphabet of the channel matrix so Hat) € H.
Each receiver is equipped with a decoding function: Let N(H|H") be the number of times the channel matrix
) H € 'H occurs in the sequendd™.
Dp: X" —{1,2,...,2"%} (5) Definition 3: A sequence of channel matriceH", is ¢-
typical if:

and produces an estimatig, of its desired messagey,.
Definition 1: We say that an ergodic rate tuple lN(H|H”) —PH)| <6 9)
(R1,Ra,...,Rk) is achievableif for all ¢ > 0 and n n



where P(H) is the probability of channel € H under the H", is J-typical. Since the channel coefficients are i.i.d. and
channel model. Let\? denote the set of ali-typical channel uniform, the probability of any chann&l € H is L. Since

matrix sequences. H" is ¢-typical we have that for everid € H: "
Lemma 1 (Csiszar#&ner 2.12): For any i.i.d. sequence of n(l — ) . n(l + §)
channel matriced 5, the probability of the set of ali-typical T < NHH") < T (15)
sequencesd?, is lower bounded by:
M| Throw out all but the first% blocks for each channel
P(AS)>1— 3 (10) realization. This results in at mostdapenalty in rate. Group
4nd together all time indices that have channel realizalibrand
For a proof, see [7]. call this set of indice€s;. We will encode for eac; sepa-
Lemma 2:There exists a one-to-one map,: FX*% — rately. LetRgoc = 3(log, ¢— H(Z))— 5. For the first”;;f)
FfXK such that + g(H) = I, VH wherel is the identity p|ocks for each channel realizatidh, transmitterk generates
matrix. a messageviu € I wherem = ”g};f) (logy ¢) ™! Rerock-

Proof: Let f : F; — F, be the one-to-one map such thafjsing a computation code from Lemmh 3, each transmitter

f(@) + =1 for all o € Fy. SinceF, is a finite field, f()  sends its message,s for during the first"é};f) time indices

is guaranteed to exist. Then, defipe) as follows: in 731. Receiverk makes an estimatéyy of ux where:
f(hi1)  —hi2 - —hig K
—har f(ha2) -+ —hak W = Y huWin (16)
gH) = : : N : (11) —
—h.m _h'm f(h;m) For each channel realizatidd € 7, pair up the first"é};l‘”
blocks with H with the last ”g};f) blocks with g(H) using

\vagﬁfaeg—(l”t)kfslsor: fcl)dgggle inverse dfy,. Clearly,g(H)+H = g(-) from Lemmd2. Sincg is one-to-one, this procedure pairs
: -to-one. - 321_5)
The basic idea underlying our scheme is to have eallR all of the channel blocks. During the la [H] blocks

receiver decode dinear function of transmitted messagesWith channelg(H), the transmitters use the message;,

according to the channel coefficients. The receiver therspa@"d @ computation code from Lemiiia 3. The receivers make

channel matrices according to the previous lemma and adds%rbeSt'mate"kH of vk where

the appropriate functions to recover the desired message (b vir = f(har)WeH — Z Re W or (17)

canceling out all others). We make use of computation codes +k

to recover functions of messages reliably at the receiglrs |
Lemma 3 (Nazer-Gastpar)Consider aK-user finite field

multiple-access channel with channel output:

where f(-) is the function such thaff(hge) + hre = 1.
For n large enough, the total probability of error for all
computation codes is upper boundedhyReceiverk makes

K an estimate ofwyy by simply adding up the two equations

Y(t) = Z hi X (t) + Z(t) (12) to getwiy = iyl + Viu. Adding up all the rates from each

k=1 channel realization, we get that each receiver can rectwer i
with fixed channel coefficients, € F, and iid. additve message at a rate greater thaflog, ¢ — H(Z)) — ¢ with
noise Z(t) with entropy H(Z). Each transmitter has a mes:{robability of error less than as desired. ]
sagew; € F. The maximum rateR = Zlog,q, at Theorem 2:F0rtheK—userflmte_ﬂeld mterfere_nce_channel,
which the receiver can reliably recover the linear functiony rate tuplefzi, ..., Rx), satisfying the following inequal-
u= Zszl hywy is given by: ities is achievable:

R =log,q — H(Z) (13) R+ Ry <logyq—H(Z), Vk#L. (18)
See [8] for a full proof. The construction relies on the use (ff'rSt’ we will give an equivalent description of this ratgicen

linear codes. and then show that any rate tuple can be achieved by time

We will now show that all users can achieve half the sing%ha”?g the ?-‘/’T‘met“ﬁ rate point from Theotigin 1 and a single
user rate simultaneously. USer ransmission scheme.

Theorem 1:For theK -user finite field interference channel, Lemma 4:ASS“”.‘9' WIthOUt.IOSS of gen_erahty, that the users
are labeled according to rate in descending order, saithat

the rate Wple( s, Fow, -, lsm) i acheivable where : Ry > --- > Rg. The achievable rate region from TheorEm 2
1 . . . . .
j— §(log2 g — H(Z)) (14) is equivalent to the following rate region:
Proof: F 0, chooses d using Lemmal1 Ry < log, ¢ = H(2) (19)
roof: For anye > 0, choose’ < £ and using LemmB
ye 2 g Ry < Bllogyq— H(Z)) k=2,....K

choosen large enough so tha(A}) > 1 — 5. Assume that
1

§ andn are chosen such thdf:=%) is an even integer. Now 3 = min <1 o _> (20)

. |H‘ . - 1 _ H Z ) 2
condition on the event that the sequence of channel matrices 0824 (2)



Proof: The key idea is that only one user can achieveBhrow out all but the firstn(1 — ¢)P(H,) blocks of each
rate higher thar%(log2 q— H(Z)). From [18), we must have channel realization. This results in at most penalty in rate.
that Ry + Ry <log, q — H(Z) so if Ry > 3(logyq — H(Z)) Let k], denote the elements &1.,. We define the following
all other users must satisft, <1 — R;. If Ry < 1(log,q— one-to-one mag : H — H:

H(Z)), then we have thaf, < i(log,q — H(Z)) for all

hY —hY oo —RY
other users. [ | 11 12 1K
Proof of Theoreni]2: We show that the equivalent rate ) — —ha N (% 27
region developed by Lemnid 4 is achievable by time-sharing. gH,) = : o : (27)
: . 1 A : : :
First, we consnder}%he case whely > 5(logyq — H(Z)). s R A
Leta =2(1— m). We allocatean channel uses to

the symmetric scheme from Theoré 1. For, the remainifNpte that due to the symmetry of the channel distribution
(1 — a)n channel uses, usepsthroughK are silent, and user P(g(H,)) = P(H,). Group together all time indices that
1 employs a capacity-achieving point-to-point channel codeave channel realizatiodd, and call this set of indices

This results in uset achieving its target raté;: Th,. For each channel realizatioll € 7, pair up the
first Z(1 — §)P(H,) blocks with channeH, with the last

a(logy ¢ — H(Z)) 2 ! : y
+ (1 —a)(logy,q— H(Z)) (21) %(1—¢)P(H,) blocks with channel(H,). We ensure that

2 we use the same channel inputs during time indfpm 75
=logyq = H(Z) = R —logz g = H(Z) + 281 (22) ¢, 1,2,...,2(1-6)P(H,) as we do during time index
=R (23) 4 2(1-4)P(H,) from T ). Lett; denote the first time
andt, denote the second time. We have the following channel
outputs:

Yi(t1) = her(t1) Xe(t1) + Z hie(t1)Xe(t1) + Zi(t1)

and user® through K achieving Ry where:
Ry =logyq — H(Z) — Ry (24)

If Ry < %(log, g— H(Z)), we can achieve any rate point with

C#£k
the use of the symmetric scheme from Theofém 1. = ”
YVi(t2) = haw(t2) Xi(tr) + O hue(t2) Xe(tr) + Zi(t2)
IV. GAUSSIAN ACHIEVABLE SCHEME t#£k

The scheme for the Gaussian case is quite similar to ogf, o #, has quantized channdll, and ¢, has quantized
finite field scheme. The key difference is that we need Eﬁannelg(H ) we have that thevchannel fromX1,(t1) to
y

guantize the channel alphabet so that we can deal with a finj}%l) + Yi(t2) has a signal-to-noise ratio of at least:
set of possible matrices. By decreasing the quantization bi

size, we can approach the desired rate in the limit. SNRi(2(Re(hir) — 2)? + (Im(hix) — 3)?)
Definition 4: For v > 0, let Q. (hx¢) represent the closest 24925, SNR;

point in v(Z + jZ) to hge in Euclidean distance. The-

quantizedversion of a channel matrill € CX*X is given By choosingy small enough, we can achieve:

by Hy = {Q(hke) b re- 1 .
Theorem 3:For the K-user Gaussian interference channel, Ry > sup = log (14 2|hu|*SNRy) — 3 (29)

(28)

the rate tuplg Ry, Ro, ..., Rk) is acheivable for : hyr€H,
1 . .
Ry = 5E [log (1+ 2|hy|2SNRy,) ] . (25) for eachH,. The total rate per user is given by
1
Proof: For any e > 0, chooser > 0 such that Ry = I Z PH,)Rin, (30)
P (Ure{|hre| > 7}) < §. Also, chooses < £ and using | |HWEH

Lemmall choose: large enough so thaP(A}) > 1 — &.
Let v be a small positive constant that will be chosen lat
to satisfy our rate requirement. We will throw out any block im R
with a channel coefficient with magnitude larger thanThis =0
ensures that the-quantized version of the channel is of finite 1 1A loe (1 217 [2SNRL) P(ED I — &
size. Specifically, the size of the channel alphakigis given 2/ {IFxe| > 7} log (1 + 2l «) P(H) 3
by [H| = (25)21{2. We assume that,~,d andn are chosen
so that all the appropriate ratios only result in integers.
We condition on the event that the sequence-gfuantized . ) 1 ) €
channel matricesi1?, is 6-typical. Unlike the finite field case, ~1im lim Rx = 5 Eflog (1 + 2/hp[*SNRy)] — 3 (B
the channel matrix distribution is not uniform. For Hl, € H
we have that: Thus, there existy and 7 such that we achieve?, >
1E[log (1 + 2|hyx|*SNRy)] — € with probability 1 — e.
n(1 - 6)P(H,) < N(H,|HZ) < n(1+6)P(H,) (26) .

éI'Iaking the limity — 0, we get:

Finally, takingT — oo, we get:



V. UPPERBOUNDS

10

We now briefly describe upper bounds for both the finit - = - Upper Bound .
field case and the Gaussian case. The finite field upper bot gl |——Achievable e
matches the achievable performance thus yielding the &go
capacity region. For the Gaussian case, we demonstrate -
our achievable performance is very close to the upper bou
when the transmitters have equal power constraints.

Theorem 4:For the K-user finite field interference channel,
the ergodic capacity region is:

Ergodic Rate per User

Ro+ Ry <logoq— H(Z), Vk#UL. (32)

Proof: The required upper bound follows from step:

- . ) . 0
similar to those in Appendix Il of [3]. Without loss of -10 0 10 20 30 40 50

generality, we upper bound the rates of uskerand 2. Note SNRin d&

that the capacity of the interference channel only depen'gs : .

. . 9. 2. Ergodic symmetric rate per user and upper bound for
on the noise marginals. Thus, we can assume M&@t) = the K-user Gaussian interference channel with equal transmitep
th(t)(hQQ(t))71Z2(t). Let }/Q(t) = hlg(t)(hqg(t))ilifg(t). SNR; =SNRz = --- = SNRg.

We give the receivers full access to the messages from users
3 through K as this can only increase the outerbound. From

Fano’s inequality, we have tha{ R, +R>—e¢,,) where< — 0 VI. CONCLUSIONS

asn — oo is upper bounded as follows: We developed a new communication strategy, ergodic in-
terference alignment, that codes efficiently across parall
< I(wi; YY) + I(wa; we, VoY) interference channels. With this strategy, every user & th
= T(wi; V) + I(wa; V3w, XT) channel can attain at least half the rate available to thetimein
" n n single-user setting. Moreover, we showed that for finitedfiel
= H(wi Y1) + I (wz; {ha2(t) X2(t) + Z1() }izg [wr, XT) model this achievable scheme matches the outer boundgxactl
= I(w;; Y{")+ thus yielding the ergodic capacity region. Future work will
I (ws; {h11( )X1(t) + hio(t) Xo(t) + Z1()}7 Jwy, XI)  concentrate on finding the ergodic capacity region (to wwithi
= I(wy; Vi) + I(ws; Y wr) a constant ga_lp) for the_ Gaussu’_;m model. We are also working
on a generalized version of this strategy for the case where
= I(wl’wQ’ ) the transmitters have no channel state information a paiudi
< n(logy g — H(Z)) must be informed of the channel through a low-rate feedback
link.
Similar outer bounds hold for all receiver paiks and /.
Comparing these to the achievable region in Thedrem 2 yields REFERENCES
the capacity region. B [1] R. H. Etkin, D. N. C. Tse, and H. Wang, “Gaussian interfexe channel

: : capacity to within one bit,JEEE Transactions on Information Theery
Using the results from [6], we have the following outer vol. 54, pp. 5534-5562, December 2008,

bound on the ergodic capacity region of theuser Gaussian [2] M. A. Maddah-Ali, A. S. Motahari, and A. K. Khandani, “Camunication

interference channel. over MIMO X channels: Interference alignment, decompositiand
. ] . performance analysislEEE Transactions on Information Theomol. 54,
_Th_e_orem 5.qu theK_-user Gau55|a_n mterferer!ce channel bp. 3457-3470, August 2008.
with i.i.d. Rayleigh fading, the following constraints aa® [3] V. R. Cadambe and S. A. Jafar, “Interference alignment te degrees
outer bound to the ergodic Capacity region: of freedom for the K user interference channdEEE Transactions on
Information Theoryvol. 54, pp. 3425-3441, August 2008.

4] V. Cadambe and S. A. Jafar, “Multiple access outerbourndd the
ek |2SNR), )] el p

L+ [her|*SNRy . o .
interference channels: Is separability optimal26th Annual Allerton

2 |hll|25NRl Conference on Communication, Control, and Computifidonticello,
+E [log (1 + [ "SNRy. + 1+ [hre|2SNR, vk # L IL), September 2008.

[6] D. Tuninetti, “Gaussian fading interference channéswer control,” in
. Proceedings of the 42nd Asilomar Conference on Signalde®@gsand
In Figure[2, we plot the performance of our scheme versus Computers (Monterey, CA), October 2008.
the upper bound from Theorem 5 for the eqS8&IR, equal [7] I. Csiszar and J. Kémer|nformation Theory: Coding Theorems for
rate per user case. The p|0t is valid for any number of us% Discrete Memoryless Systenisew York: Academic Press, 1982.

|

. L . . B. Nazer and M. Gastpar, “Computation over multipleesx channels,”
K. This shows that ergodic interference alignment can peVid™ |Ege Transactions on Information Theoryol. 53, pp. 3498-3516,

close-to-optimal performance for any number of users sg lon October 2007.
as they have the sant\R constraint.

inseparability of parallel interference channels,” De@0&

2
Rp+Re< E [log (1 + |hké| SNR, + [5] L. Sankar, X. Shang, E. Erkip, and H. V. Poor, “Ergodic twser



	Introduction
	Problem Statement
	Finite Field Model
	Gaussian Model

	Finite Field Achievable Scheme
	Gaussian Achievable Scheme
	Upper Bounds
	Conclusions
	References

