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Abstract

We consider a discrete time stochastic queueing systemeveneontroller makes a 2-stage decision every slot. The
decision at the first stage reveals a hidden source of rangissnmith a control-dependent (but unknown) probability
distribution. The decision at the second stage incurs alyemactor that depends on this revealed randomness.
The goal is to stabilize all queues and minimize a convextfanoof the time average penalty vector subject to an
additional set of time average penalty constraints. Thingefits a wide class of stochastic optimization problems.
This includes problems of opportunistic scheduling in Wss networks, where a 2-stage decision about channel
measurement and packet transmission must be made evernyisiout knowledge of the underlying transmission
success probabilities. We develop a simple max-weightrihgo that learns efficient behavior by averaging functiena
of previous outcomes. The algorithm yields performancéaha be pushed arbitrarily close to optimal, with a tradeoff

in convergence time and delay.

Index Terms

Opportunistic scheduling, stochastic optimization, dyiacontrol, queueing analysis

I. INTRODUCTION

We consider a stochastic queueing system that operatesdnetd time with unit timeslots € {0,1,2,...}.
Every slott, a controller makes a 2-stage control decision that afigetsie dynamics and incurs a random penalty
vector. Specifically, the controller first chooses an actidt) from a finite set of K “stage-1" control actions,
given by an action sekl = {1,..., K'}. After the actionk(t) € K is chosen, a random vectar(t) is revealed,

which represents a collection of system parameters for¢s(gtich as channel states for a wireless system). The
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random vectorsv(t) are conditionally i.i.d. with distribution functioi}, (w) over all slots for whichk(t) = k,
where Fy(w) is defined:
Fr(w)2Prlw(t) <w| k(t) =k forke Kk (1)

where vector inequality is taken entrywise. However, thgritiution functionsFi(w) are unknown. Based on
knowledge of the revealed(¢) vector, the controller makes an additional decisidt), wherel(t) is chosen from
some abstract (possibly infinite) sét This decision affects the service rates and arrival psEesf the queues
on slott, and additionally incurs ad/-dimensionalpenalty vectorr(t) = (x1(t),...,znm(t)), where each entry

m € {1,..., M} is a function ofI(¢t), k(t), andw(t) according to known functions,, (k(t),w(t), I(t)):

>

T (t) = & (k(t), w(t), I(t)) for m € {1,..., M} @)

The penalties can be either positive, zero, or negativeafhagpenalties can be used to repregentardy. Let
T be thetime average penalty vectahat results from the control actions made over time (assgrtemporarily
that this time average is well defined). The goal is to develagpntrol policy that minimizes a convex function
f(x) of the time average penalty vector, subject to queue stahbilid to an additional set d¥ linear constraints
of the typeh,, (%) < b, forn € {1,..., N}, where the constants, are given and the functioris,(z) are linear
overz € RM ! This objective is similar to the objectives treated in [1] [2] for stochastic network optimization

problems, and the problem can be addressed using the teelsniiven there in the following special cases:

« (Special Case 1) There is no “stage-1" control actign), so that the revealed randomnes§&) does not
depend on any control decision.

« (Special Case 2) The distribution functioh(w) are known.

An example of Special Case 1 is the problem of minimizing tiaverage power expenditure in a multi-user
wireless downlink (or uplink) with random time-varying cireel states that are known at the beginning of every
slot. Simple max-weight transmission policies are knowrsdtve such problems, even without knowledge of the
probability distributions for the channels or packet ai$v[4]. An example of Special Case 2 is the same system
with the additional assumption that there is a cost to mé&agwhannels at the beginning of each slot. In this
example, we have the option of either measuring the charfaets thus having the hidden random channel states
revealed to us) or transmitting blindly. Such a problem éated in [5], and a related problem with partial channel
measurement is treated in [6]. Both [5] and [6] solve the pwbvia max-weight algorithms that include an
expectation with respect to the known joint channel staséribution. While it is reasonable to estimate the joint
channel state distribution when channels are indepenaeiibawhen the number of channél$ is small (and the
number of possible states per channel is also small), sughat®n becomes intractable in cases when channels
are correlated and there are, saf24 possible states per channel (and hence thera@@¢" probabilities to be

estimated in the joint channel state distribution).

For simplicity we treat the case of linear, () functions here, although the analysis can be extended ab ¢oewvex (possibly non-linear)
hn () functions, as considered in [1] for the case without “stageohtrol decisions. See also Remark 1 in Section |I-D for @hfer discussion.
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Another important example is that of dynamic packet routing transmission scheduling in a multi-commaodity,
multi-hop network with probabilistic channel errors andltiakeceiver diversity. The Diversity Backpressure Rogti
(DIVBAR) algorithm of [7] reduces this problem to a 2-stagextrweight problem where each node decides which
of the K commodities to transmit at the first stage. After transroissthe random vector of neighbor successes
is revealed, and the “stage-2" packet forwarding decisomade. If there is a single commoditi (= 1), the
problem of maximizing throughput reduces to a problem withstage-1" decisions, while if there is more than
one commodity the solution given in [7] requires knowledd@ehe joint transmission success probabilities for all
neighboring nodes. It is of considerable interest to deaigrodified algorithm that does not require such probability
information.

In this paper, we provide a framework for solving such protdewithout having a-priori knowledge of the
underlying probability distributions. For simplicity, wiecus primarily on 1-hop networks, although the techniques
extend to multi-hop networks using the techniques of [1] Blrr approach uses the observation that, rather than
requiring an estimate of the full probability distributirell that is needed is an estimate of a set of expetiaxt
weight functionalghat depend on these distributions. These can be efficiestijnated using penalties incurred
on previous transmissions to learn optimal behavior.

Related stochastic network optimization problems (withiba 2-stage decision and learning component) appear in
[9]1[1] [3] [2]. Work in [9] considers optimization of a utily function of time average throughputin an opportunistic
scheduling scenario but without queues or stability camsts. Work in [1] [3] treats joint queue stability and
performance optimization using Lyapunov optimizationd amork in [2] treats similar problems in a fluid limit
sense using primal-dual methods. Sequential channel myaieichniques via dynamic programming are treated
in [10] [11] [12]. General methods for Q-learning, based @praximate dynamic programming, are presented
in [13]. Our approach is different and is based on simplerplyev optimization techniques, which, due to the
special structure of the problem, provide strong (polyradjribounds on convergence even for high dimensional
state spaces. Simple methods of pursuit learning and reertent learning, which try to converge to the repeated
selection of an optimal single index that provides a maxinmean reward (without a-priori knowledge of the
average rewards for each index), are considered in [14] pptlea to wireless rate selection in [15]. Our stage-1
decision options can be viewed as a finite set of indices, andéour problem is related to [14] [15]. However, our
2-stage problem structure and the underlying stochastu@g; convex cost optimization, and multi-dimensional
inequality constraints, make our problem much more comptexther, the optimal policy may (and typically does)

result in a probabilistic mixture of many different actiorodes, rather than a single fixed action.

II. THE MAX WEIGHT LEARNING PROBLEM

Consider a collection of. discrete time queueQ(¢) = (Q1(t), ..., QL (t)) with dynamic equation:

Qu(t +1) = max[Qu(t) — m(t),0] + Ai(t) 3)
where A;(t) is the amount of new arrivals to quelien slot¢, andy,(t) is the queué server rate on slat These

quantities are possibly affected by the two-stage contolsion at slot. Specifically, lethC2{1, ..., K} represent
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the set of stage-1 decision options, andiéf) represent the stage-1 decision made by the controller atttirior
t € {0,1,2,...}. Recall that the corresponding random veetdt) that is revealed is conditionally i.i.d. over all
slots for whichk(t) = k, with distribution functionFy (w) given by (1). TheF(w) distributions are unknown to
the controller. LetZ be the (possibly infinite) set of stage-2 control actiong] &t I(¢t) € Z denote the stage-2
control action at time.

The arrival and service vectord(t) = (A1 (¢),..., Ar(t)) and u(t) = (u1(t),...,pr(t)) are determined by
k(t), w(t), I(t) according to (known) functiong; (k(t),w(t), I(t)) and i(k(t),w(t), I(t)):2

Ait) = a(k(t),w(t), (1))
p(t) = k), w(t), I(t))

Likewise, the penalty vectar(t) = (z1(t),...,xam(t)) is determined by the (known) penalty functiong (t) =
T (k(t),w(t), I(t)) for eachm € {1,..., M }. The penalties are (possibly negative) real numbers, andsseme
that the penalty functions are bounded by finite constafft¢ andz™a* for all m € {1,..., M}, so that:

T < p (1) < 2™ for all ¢
Likewise, the queue arrivals and service rates are bounsiddllaws:

0 < Aj(t) < A forall ¢

0 < pu(t) < p*e® forall ¢

Aside from this boundedness, the functiohg-), /i;(-), and Z,,(-) are otherwise arbitrary (possibly nonlinear,

non-convex, and discontinuous). Define the time averagaltyem(t), averaged over the firstslots, as follows:

1 t—1
w(1)25 Y E{a(r)
=0

Let f(x) be a convex and continuous function overc RM (possibly negative, non-monotonic, and non-
differentiable). Leth,,(x) for n € {1,..., N} be a collection of linear functions overc R*. Note that since the

x(t) penalties are bounded, the valuesfdf(¢)) andh,(x(t)) are also bounded. The goal is to design a control

2The analysis is the same & (-), f(-), &(-) outcomes are random but i.i.d. givésit), w(t), I(t), with known meansi; (-), f1;(-), Z(-)
that are used in the decision making part of the algorithm.
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policy that makes 2-stage decisions over time so as to shivédollowing problen?

Minimize: limsup,_, . f(Z(t)) 4
Subject to: limsup,_, . hn(E(t)) < b, forne {1,...,N} (5)
Stability of all queues):(t),...,QL(t) (6)

In cases when the time average penalty vector convergesie saluez, thelim sup is equal to the regular limit
and the above problem can be more simply stated as minimfzi@mgy subject toh,,(€) < b, foralln € {1,..., N}
and to stability of all queues. The following notion of questability is used:

Definition 1: A discrete time queue istrongly stableif:
1 t—1
lim sup - ;E{IQ(T)I} < oo
We shall use the termstability throughout to refer to strong stability. The definition abases the absolute value

of queue size because we shall soon introduce additiortalaviqgueues that can take negative values.

A. Auxiliary Variables for Nonlinear Cost Functions

It is useful to write the cost functiofi(x) as a sum of linear (or affine) and non-linear components. ifsgely,
define M as the set of all indices: € {1,..., M} for which there are penalty variables, () that participate in

a non-linear componentf f(x). Then we can writef(x) as follows:
(@) =Uz) + [(&)

wherel(x) is a linear (or affine) functionz = (z,,)|,,c i iS @ “sub-vector” ofz that contains only entries,,
for m € M, and f(:f:) are convex functions (and typically non-linear). Such aodegosition is always possible,
and in principle we can choose the trivial decompositioh= {1,..., M}, [(z) = 0, & = x, which does not
attempt to exploit linearity even if it exists in the cost &tion. However, it is useful to separate out the linear
components, because we shall require anriliary variable v, (¢) for each penaltyz,,(t) that participates in a
non-linear component of a cost function, while no such aamil variable is required for penalties that do not
participate in any non-linear componefits.

For eachm € M, let v,,(t) be a new variable that can be chosen as desired on each timesibject only to
the constraint that:

2T g < () < 2™ 4+ o for all m e M @)

3While we assume the objective functigifa) is a general convex (possibly non-linear) function, forlisity we assume the cost functions
hn(x) are linear (see Remark 1 in Section II-D for extensions to-liverar h., () functions). Example linear constraints for a wireless esyst
are average power constraintat each node, wherk,, (x) is a linear function that sums the relevant components ofpthealty vectorz(t)
that correspond to instantaneous power expenditure at npdadb,, represents the average power constraint of noeda typical non-linear
objective for networks is the maximization of a concaveitytifunction g(x) of the time average throughput, wheyéx) selects only those
entriesz,, that correspond to throughput, affde) = —g(x).

4While it is possible to always define one auxiliary variablr penalty, exploiting linearity and reducing the numberokiliary variables
can be more direct and may lead to faster convergence times.
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for some positive valug > 0 (to be chosen later). Ley(t) = (v,,(t)) |,,cx; b€ @ vector ofy,,(t) components

for m € M. Define the time averagg(t) as follows:

t—1
(121 S E(4(r)
=0
Then it is not difficult to show that the problem (4)-(6) is @guent to the following:

Minimize: lim sup,_, . [z(m(t)) + FF(1)) @)
Subject to: limsup,_, ., hn(Z(t)) < b, forne{1,...,N} )
limy— o0 [T () — 7,,(t)] = 0 for m € M (10)
Stability of all queues):(t),...,QL(t) (12)

Indeed, the equality constraint (10) indicates that theliauy variable~,, (¢) can be used as a proxy foy, (¢) for

all m € M, so that the above problem is equivalent to (4)-(6). Thissisful for stochastic optimization because
~vm (t) can be chosen deterministically as any real number thafigsti(7), whereas the penalty, (t) has random
outcomes. These auxiliary variables are similar to thosediced in [3] [1] for optimizing a convex and non-linear
function of a time average penalty in a stochastic netwotkiclvis a more general (and more complex) problem
than that of optimizing a time average of a non-linear pgnalnction. In the special case when the objective
function f(z) is itself linear (so thatf(x) = 0 and f(x) = I(z)), then no auxiliary variables are needed, the set

M is empty, and the constraints (10) are irrelevant.

B. Virtual Queues for Time Average Inequalities and Eqieslit

To satisfy the time average inequality constraints in (9% @efine onevirtual queueU,,(t) for eachn ¢

{1,..., N}, with dynamic queueing equation:
Un(t+1) = max [U,(t) + hp(x(t)) — by, 0] (12)

This can be viewed as a discrete time queueing system witingtaat “service rated,, and with arrivalsh,, (x(t)),
although we note in this case that the “arrivals” and/or teervice rate” can potentially be negative on a given
slot ¢. The intuition is that stabilizing this virtual queue erssithat the time average “arrival rate” is less than
or equal tob,,. This is similar to the virtual queues used for average pawastraints in [4] and average penalty
constraints in [1].

To satisfy the time average equality constraints in (10)jnmeduce ageneralized virtual queug,,,(t) for each
m € M, with dynamic equation:

Zm(t+1) = Zn(t) — Y (t) + 2m (t) (13)

This has a different structure because it enforces an eéguanstraint, and it can be either positive or negative.
The following lemma shows that stabilizing the quelggt) and Z,,(t) ensures that the corresponding inequality

and equality constraints are satisifed.
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Lemma 1:(Queue Stability Lemma) If the queu®s (¢) and Z,,,(t) satisfy the following (for alln € {1,..., N}

andm e M):
i B0y B0 »

t—oo t t—oo
Then all inequality constraints (9) and (10) are satisfiadther, the condition (14) holds whenever the queues are
strongly stable.
Proof: Omitted for brevity (see [4] for a related proof). O

C. Lyapunov Functions

Define ®(t)£[Q(t); U(t); Z(t)] as the vector of all actual and virtual queue backlogs. Thbilsta the queues,
we define the following Lyapunov function:
al L1
Z t5 D ()’

1 L
t))é5 doQut) +
=1 mem

Note that this Lyapunov function grows large when the alisokale of queue size is large, and hence keeping this

l\3|’—‘

function small also maintains stable queues. Defineothe-step conditional Lyapunov dridis follows?
AO®)ZE{L(O(t + 1)) — L(O()) | ©(1)} (15)

Let V' be a non-negative parameter used to control the proximitgusfalgorithm to the optimal solution of
(8)-(11). Using the framework of [1], we consider a controlipy that observes the queue backl&é) and takes

control actions on each slatthat minimize a bound on the following “drift plus penaltyXgession:

A©(®) +E{Vi(@(t) + V(1) | ©®)

Computing the Lyapunov drifA(®(¢)) by squaring the queueing update equations (12), (13), (8)taking
conditional expectations leads to the following lemma.

Lemma 2:(The RH S(-) Bound) For a general control policy we have:
A©(®) +E{Vi@(t) + V(1) | ©(1)} < B

E{Vi@(t) + Vi) en}

—ZU JE by — hu(x(1)) | ©(1))

- Z Zun()E {3m(t) = 2 (1) | ©(2))

mem

L
=Y QIOE{m(t) - At) | ©(1)} (16)
=1

SStrictly speaking, notation should &(®(t), t), as the drift may be non-stationary. However, we use the Isimptation A(©(t)) as a

formal representation of the right hand side of (15).
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where B is a finite constant that satisfies the following for @élind all possible control actions that can be taken

on slott:

B > ZE{ )2 ©(t)}
+ZE{% —xn(t)?] ©(1)}

meM

+ZE{M 1O}

Such a constanB exists because of the boundedness assumptions of theypandltost functions, and an explicit
bound can be determined by considering the maximum squaleéssattained by the penalties and costs.
Proof: The proof is a straightforward drift computation (see, fgample, [1]), and is omitted for brevity. [
The next section analyzes the performance of policies thabse control actions every slot to (approximately)

minimize the right hand side of the drift expression (16).

D. The Performance Theorem

Define f* as the optimal solution for the problem (4)-(6) (i.e., ithetinfimum cost over all policies that satisfy
the constraints). Define a valdesuch tha) < 6 < 1, and consider the class of restricted policies that havéaan
exploration eventindependently with probability every slot. If a given slot is an exploration event, the stage-1
decisionk(t) is chosen independently and uniformly ovdr, ..., K} (regardless of the state of the system at this
time). We say that the slot is agxploration event of typé if the exploration event leads to the random choice
of option k. Hence, exploration events of tygeoccur independently with probabilit§y/ K every slot. We note
that the stage-2 decisiaf(¢) and the auxiliary variables(¢) can be chosen arbitrarily on every slot, regardless of
whether or not the slot is an exploration event.

If # > 0, the exploration events ensure that each stage-1 conttiohog tested infinitely often. Defing; as the
optimal solution of (4)-(6) subject to the additional caastt that such random exploration events are imposed. It
shall be convenient to define optimality in terms gf. It is clear thatf; = f*, and intuitively one expects that
fz — f*asf — 0.5 Further, in systems where the optinyal can be achieved by a policy that chooses each stage-1
control option a positive fraction of time, it can be showattthere exists a positive val& such thatf* = f;
whenever) < 6 < §*. We now assume the following properties hold concerninticstary and randomized control
policies with random exploration events of probability

Assumption 1 (Feasibility)There is a stationary and randomized policy that chooseagest control action
k*(t) € K according to a fixed probability distribution such that eapltion is chosen with probability at lea®t K

(revealing a corresponding random vecisi(¢)), and chooses a stage-2 control actidiit) € Z as a potentially

63pecifically, it can be shown thafy — f* wheneveremqae > 0, Whereemay is defined in Assumption 2.
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randomized function ofv*(t), such that:

WE{z*(ON + f(v) = f; (17)
by, — hn(E{z*(t)}) >0 forall n e {1,...,N} (18)
E{u;t)} —E{A4A;@t)} >0 forallle{1,...,L} (19)

wherez*(t), p*(t), A*(t) are the penalty, service rate, and arrival vectors corredipg to the stationary and

randomized policy, defined by:

z*(t) = &(k7(1),w" (1), I°(1))
wi(t) = pk (), (1), (1))
AT(t) = a(k (), w (1), I"(1))

and wherey* is a vector with component§y,)|,.. v such thaty: 2E {z, ()} for all m € M. Note that
™ < x, () < 2ot always, and sa < 4f < 2% for all m € M. Thus, each componenf, satisfies
the required auxiliary variable constraint (7).

This assumption states that the problem is feasible, artdtthaoptimalf; value can be achieved by a particular
stationary and randomized policy that meets the time aeepenalty constraints and ensures the time average
service rate is greater than or equal to the time averageahbrdte in all queue$.The next assumption states that
the constraints are not only feasible, but have a usefuks&ss property.

Assumption 2 (Slackness of ConstrainiBjere is a value,,.. > 0 together with a stationary and randomized
policy that makes stage-1 and stage-2 control decistd(ts € K and I’(t) € Z such that each stage-1 option is
chosen with probability at leagt/ K, and:

b — hn(E{2'(1)}) > emas forallne {1,...,N} (20)
E{ut)} —E{A}(t)} > €mae forallie{1,...,L} (21)

wherez’(t), p'(t), A'(t) are the penalty, service rate, and arrival vectors corredipg to the decisions’(¢) and

I'(t).

Now defineRHS(t, ©(t), k(t), I(t),~(t)) as the right hand side of the drift bound (16) with a given gustate
©(t) and control actiong(¢t), I(t), v(t) at timet. Given a particular queue sta@(t), define themax-weight
control decisiong™* (¢), I"™™(t), v™"(t) as the ones that minimize the following conditional expgataover all

alternative feasible control actions that can be made antgsubject to thed exploration probability}

E{RHS(t,©(t), k(t), I(t),~()) | ©(t)} (22)

7See [4] for a proof that optimality can be defined over thesclafsstationary, randomized policies for minimum power peats.

8For simplicity, we implicitly assume that the infimum of (2&yer all feasible control actions is achieved by a particsket of decisions,
called the max-weight decisions. Else, the results can beveeed by defining the max-weight decisions according tequance of policies

that converge to the infimum.
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10

Note that thek™™(t) decisions are still determined randomly in the case of exmpilan events of probability, but
are chosen to maximize the above expression whenever thentstot does not have an exploration event.

The auxiliary vectory(t) appears in separable terms on the right hand side of (16)s@tfk policyy™>(t) can
be determined separately from thi&* (¢t) andI™* (t) decisions. It is computed by first observing the queue basklo

Zn(t) on each slot, and choosingy™" (t) as the solution to the following deterministic convex opsation:

Minimize: V) = X mext Zm () vm(t) (23)

Subject to: 27" — g < 4, (t) < 2% 4 o for all m e M (24)

If the non-linear functiorjf('y) is separable in the vector (as is the case in many network optimization probjems
the above optimization amounts to separately findigff’ (t) (for eachm € M) as the minimum of a convex
single-variable function over the closed interval defingd®4).

While the4™*(¢) can thus be computed, it is more challenging to determinestiige-1 and stage-2 decisions
that minimize the right hand side of (16), as this would regkinowledge of the probability distributiorns, (w).
We thus seek aapproximationto the k™ (¢) and I"* (¢) policies. Suppose the following additional assumption
holds concerning such an approximation.

Assumption 3 (Approximate Schedulingyery slott the queue backlog®(¢) are observed and control decisions
k(t) € K (subject to exploration events with probabil#y, I(¢t) € Z, and~(¢) satisfying (7) are made to ensure

the following:

E{RHS(t,O(t), k(t), [(t),7(1))} < E{RHS(t, (), k™" (), I"™"(t),y™"(t))}

+C+V€V
N L

+Y E{U.}ew + Y E{|Zn()} ez + Y E{Qu(1)} eq (25)
n=1 meMmM =1

whereC, ey, €y, €z, € are non-negative constants (independert) of he expectation on the left hand side is with
respect to the current queue st@ét) and the actual decisiorigt), I(t), v(t) implemented, while the expectation
on the right is with respect to the current queue s&fe) and the (possibly not implemented) max-weight decisions
k™ (), I™™(t), v™(t) that minimize the right hand side of (16).

We note that the structure of the approximation bound in (8Rypical for algorithms that attempt to select
a control action based on imperfect knowledge of the prdibaldistributions of the resultinge(t), u(t), A(t)
vectors, as the resulting approximations are typicallypproonal to theV constant and thé/,(¢), | Z,,(t)|, and
Q. (t) queue sizes on the right hand side of (16). In the case of giarflementation of the max-weight policy
Em™e(t), Im(t), y™* (t), we haveey = ey =€z =€eg =0 andC = 0.

Theorem 1:(Performance Theorem) Suppose Assumptions 1 and 2 holdthahé control algorithm is imple-
mented that satisfies Assumption 3 with fixed control paransét > 0 ando > 0. Supposeq, ¢z, ey are small

enough andr is chosen large enough to satisfy the following:

€U < €maz €2 <O , €Q < €mazx (26)
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11

Then all time average constraints (9)-(11) hold. In patéicuall queues are strongly stable and satisfy fortall

t—1 N L
IS SR+ S B Zam + S E{Qi)} ] <
=1

¢ 7=0 | n=1 mEM
B+C+V(a E{L(©(0
+C+ (d.ff+fdf.f+€V)+ {L(©(0))} 27)
€approz Eapprozt
whereegppro, IS defined:
Eappromé min[emam — €U, €max — €Q,0 — EZ]
and wherél 45y and fdiff are finite bounds that satisfy:
Uz1) — U(z2) < laiff for any x1, =, in the setx™ < ¢ < x™®
Fv1) = f(v2) < faigs for any~,,v, in the setz™" —o <y < 2™ + o
Further, the time average cost satisfles:
limsup f(Z(t)) < fg +ev +0+ (B+C)/V (28)

t—o0
where we recall thaf (z) = I(x) + f(z) and f; is the optimal solution of (8)-(11) subject to exploratiorests

with probability , and wherej is defined:

02 (laifs + fairs) max { vz G—Q]
€maz O  €max

Theorem 1 states that, under the given approximation agsemspthe algorithm stabilizes all queues and yields
a time average cost that is within, + ¢ + O(1/V) of the optimal valuef;. Hence, this bound can be made
arbitrarily close tof; + ey + 6 by choosingV” suitably large, at the cost of a linear increase in averagaigu
congestion withl. Further, we note that the terms and § tend to zero as the error values, ey, €z, €
tend to zero. In the special case when the exact max-weidityge implemented every slot (so that every stot
the controller makes decisio$™ (¢), I"™* (¢t), ™ (t) that minimize the right hand side of (16)), then we have
C=0andey = ey =€z = €g = = 0. In this case, we can also choa%e= 0 so that performance is within
O(1/V) of the optimal valuef*. This special case is similar to the stochastic networknoigttion result of [1],
with the exception that [1] assumes the convex cost funcfign) is non-decreasing in each entry of (using
auxiliary variables with “one-sided” virtual queues tha¢ always non-negative), whereas here we treat a possibly
non-monotonic cost function via (possibly negative) \attqueuesz,, (t).

Proof: (Theorem 1) See Appendix A. O

The following related theorem uses a variablg) parameter and allows for the uncertainty to tend to zeroewhil

achieving the exact penaltfj. Its proof follows as a simple consequence of the proof ofofée 1.

9The expression (28) holds for all(without thelim sup) in the special case whe®(0) = 0 and f(x) is linear so thatf(x) = I(x). The
rate at which the limit converges in the general (non-lipease is proportional to the rate at which the time averageaations ofy,, (t)
converge to the time average expectationscgf(t) for eachm € M, which is roughly the average 0%, (t)|/t. This is highlighted in the
proof of the theorem, see inequality (38).
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Theorem 2:(Variable V (t) parameter) Suppose Assumptions 1 and 2 hold.d.eand 3, be values such that
0 < B1 < B2 < 1. Assume that after some finite timg, we use aV (t) parameter that increases with time, so
that V(t) = (t — to + 1)P2V, for all t > to and for some constarit; > 0. Assume the queue states at tite
are arbitrary but finite, and assume we make control deasigh), I(t), v(¢) such that the following holds for all

t > to (which is a modification of Assumption 3):
E{RHS(t,0(t),k(t),1(t),v(t))} < E{RHS(, O(t), k™" (), 1™ (), ™" (1))}

FO@) + V(t)ev ()

N L
+Y E{U.}ew®) + Y E{|Zn(®)]}ez(t) + Y E{Qu(1)} eq(t)
n=1 =1

mem
whereC(t), ey (t), eu(t), ez(t), eg(t) are deterministic functions of time such that:

lim €,(t) =0

t—oo

wherex € {V,U, Z,Q}, and where:
C(t) < O((t — to + 1)) for ¢ > tg

Then the time average constraints (9)-(10) hold, and allgs€),(¢) aremean rate stablein the sense that:

lim w:o forallle{1,...,L}

t—00 t

Further, the time average cost converges to the optimakvgiu

lim f(@(t) = f§

Proof: See Appendix B. O

This method of using an increasifg(t) parameter can be viewed as a stochastic analogue of classishing
step-size methods for static optimization problems [16¢ Wéte thaiC(¢) is assumed to increase at a rate slower
than that ofV (¢), while thee,(t) functions can converge to zero with any rate. Note that measm stability is a
weak form of stability, and doesot imply that average queue sizes and delays are finite. Intiguitally average
congestion and delay areecessarilyinfinite when exact cost optimization is achieved [17] [18].

Remark 1:The results of Theorems 1 and 2 can be generalized to allow:ifi#) functions to be convex
(possibly non-linear) by using one auxiliary variablg (¢) for each penalty:,,(t), in which case the constraints

(10) can be enforced by modifying the virtual quediggt) in (12) to U, (t) with dynamics:
Upn(t +1) = max[Uy, (£) + hp(v(t)) = by, 0]

This has the disadvantage of creating more virtual queues far each penaltyn € M rather than one for each
penaltym € M), but has the advantage of allowing for non-linéarz) functions. It has the additional advantage
of removing the uncertair:(t) penalties from the drift terms corresponding to the queﬁ]@&t). This ensures
ey = 0 whenever the auxiliary variables are chosen according ¢ontlax-weight ruley™* (¢) (which, due to

separability, does not require knowledge of figw) distributions). Similarly, one can also use auxiliary aates
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in the cost functionf(v(¢)) (as a proxy for thef(xz(t)) values), so thaty, = 0. With these modifications, alll
uncertainty is isolated tez andeg.

Remark 2:Theorems 1 and 2 can be used for any form of approximate sthgdincluding cases when
the optimal I(¢) decision involves a complex combinatorial choice that caly e approximated (or when the
optimization for the auxiliary variabley(t) is approximate). This is related to similar approximateesitiing
results developed for systems without stage-1 decisiofiH ifr] [19] [20]. However, our main interest is when the
approximation is due to the uncertainty in the probabilistibutions Fy, (w), and max-weight learning algorithms

for this context are developed in the next section.

Il. ESTIMATING THE MAX-WEIGHT FUNCTIONAL

Theorem 1 suggests that our control policy should make iesisor k(¢), 1(t), v(t) every slot in an effort to
minimize the right hand side of (16). The optimal auxiliagriable decisionsy™* (¢) for this goal have already
been established and are given by the solution of (23)-({Rdde that these decisions do not require knowledge of
the Fy,(w) distribution. Likewise, the optimal™* (¢) decision does not require knowledge of g w) distribution.
Specifically, given a collection of observed queue backl®gs) and an observed outcom€t) (which is the result
of the stage-1 decisioh(t) that is chosen)/™%(t) is defined as the optimal solution to the following (breaking

ties arbitrarily):

Minimize: VI(E(k(t), w(t), 1)) + S0 Un () hn (2(k(t), w(t), I(1))) +
> et Zm(Om (k(£),w(8), (1)) = iy Qu() [ (k(1), w (1), 1(8)) — aa(k(t), w (1), I(£))] (29)
Subject to: It)eT

The complexity of making thes&™*(¢) decisions depends on the physical structure of the netwidri.decisions

are often trivial when the sef contains only a finite (and small) number of control optiossch as when the

decisions are to remain idle or serve a single queue), inlwtidse the function (29) is simply compared on each

of the different choices id. For multi-hop networks with combinatorial resource adittion constraints, the choice

of I™¥(t) might be difficult, although constant-factor approximasare often possible (see [1] [7] [19] [20]).
The optimalk™ (¢) decisions can be defined in terms of & (¢) decisions as follows: On each slot™"(t)

is chosen ag;, according an independent typeexploration event, with probability/ K. If no exploration event

occurs on slot (which happens with probability— 0), the queue backlog®(¢) are observed ankd™* (t) is chosen

as the value: € {1, ..., K} with the lowest value ot (¢) (breaking ties arbitrarily), wherey(¢) is defined:
ev(028 { g V(1. (1), ©(0)] | K) = 1, 0(0)} (30)

wherew(t) is the random outcome that results from the stage-1 chidice= k, and the functiorty (I, w, ®) is
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defined for a particular stage-2 decisibnoutcomew, and queue stat® = [Q; U; Z], as follows:
N
n=1

+ Y Zmdm(k,w, 1)
mGM

L
= " Quliu(k,w, I) — a(k,w, I)] (31)
=1
Thus, e (t) is the expected value of the expression (29) over the disioib 7 (w) for the w(t) random variable
that arises from choosing(t) = k, assuming that the optimal stage-2 decisiét’(¢) is then made. However,
computation of the exaet (¢) values would typically require full knowledge of the prolap distributions Fj, (w)
(and the computation may be difficult even if these distidng are fully known). Rather than using the exact

conditional expectations, we consider two forms of est@nat

A. Estimating thes;(t) value — Approach 1

Define an integelV that represents moving average window sizEor each stage-1 optione {1,..., K} and
each timet, definewgk) t),... ,wg;) (t) as the actuals(7) outcomes observed over the 138t type+ exploration

events that took place before timeDefine the estimaté(t) as follows:

n(1)2 o er;gg Vil w® (1), ©(1)]
In the case when there have not yet b&Erprevious typek exploration events by timg the estimaté (¢) is taken
with respect to the (fewer thdi) events, and is set to zero if no such events have occurrededtimatesy (¢) can
be viewed as empirical averages of the function (31), udiegcurrent queue backlo@(t) = [Q(t); U (t); Z(t)]
but using the outcomes’gf)(t) observed on previous type-exploration events and the corresponding optimal
stage-2 decisions.

Note that one might definé,(¢) according to an average over the pHstslots on which stage-1 decisignhas
been made, rather than over the pHsttype+ exploration events. The reason we have used explorationtseve
is to overcome the subtle “inspection paradox” issues wrealin sampling the previous(7) outcomes. Indeed,
even thoughw(7) is generated in an i.i.d. way every slot in whiélfr) = & is chosen, the distribution of the
last-seen outcome that corresponds to a particular decisiomay beskewedn favor of creating larger penalties.
This is because our algorithm may choose to avoid decisidar a longer period of time if this last outcome
was non-favorable. Sampling at random typexploration events ensures that our samples indeed formi.dn i
sequence. An additional difficulty remains: Even thougrsmeample{wl(f)(t)} form an i.i.d. sequence, they are
not independent of the queue valu€gt), as these prior outcomes have influenced the current quates siVe
overcome this difficulty in Section 1lI-D via a delayed-q@eanalysis.

This form of estimation does not require knowledge of figw) distributions. However, evaluation @f.(¢)

requiresiW computations of the type (29) on each slpticcording to the value of each particuiaif) (t) vector.
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This can be difficult in the case whdaiy is large, and hence the next subsection describes a sectimatem

approach that uses only one such computation per slot.

B. Estimating thee(¢) value — Approach 2

Again let W be an integer moving average window size. For each stagesibiolet € {1,..., K}, define
wgk) (t),... ,wg;) (t) the same as in Approach 1. Further def'@é{“) (t),..., @E,’;) (t) as the correspondingueue

backlogsat the latesfV type+ exploration events before time Define an estimaté(t) as follows:

W

Ault) 25 3 in i W (1), 00 (1)]

The ¢k (t) estimate is adjusted appropriately if fewer tHahtype+ exploration events have occurred (being set to
zero initially). This approach is different from Approachirithat the current queue backlogs are not used. Hence,
this is simply an empirical average over the pdstsamples of the actual cost achieved in 1ff&”(7) computation
(29) at those particular sample times Because/™*(7) (and its corresponding cost) was already computed on
slot 7 in order to make the stage-2 control decision, we can simplge the same value, without requiring any

additional computation of problems of type (29).

C. The Max-Weight Learning Algorithm

Let # be a given exploration probability (so that< 6 < 1 and exploration events of typ& occur with
probabilityd/K). Let o > 0 be a given parameter, and [€{¢) be a given (non-negative) control function of siot
(possibly a constant function). L&' (¢) be a (possibly constant) function such thi(¢) > 1 for all ¢, and define

WOéW(O). Define the actual window size used at sidfor either Approach 1 or Approach 2) as follows:
W ()2 min[W (t), Wiana(t)]

whereW,..,.4(t) is the minimum number exploration events that have occuise@ny type (minimized over the
typesk € {1,..., K}), including thel¥, events that take place at initialization as described heldws, there are
always at least¥ (t) type+ exploration events by timeé The Max-Weight Learning Algorithnis as follows.

« (Initialization) For a given integei/, > 0, let ®(—KW;) = 0, and run the system over slots =
{-WoK,-WoK + 1,...,—1}, choosing each stage-1 decision optibre {1,...,K} in a fixed round-
robin order (and choosing™¥(t) according to (29) andy™*(¢) according to (23)-(24)). This ensures that
we haveW, independent samples by tinfle and creates a possibly non-zero initial queue s&(e). Next
perform the following sequence of actions for each s$lot 0.

« (Stage-1 Decisions) Independently with probability decide to have an exploration event. If there is an
exploration event, choosk(t) uniformly over all options{1, ..., K}. If there is no exploration event, then
under Approach 1 we observe current queue backi®gs and computes,(t) for eachk € {1,...,K}

(using window sizé¥ (¢)). We then choosé(t) as the indext € {1, ..., K} that minimizesé,(t) (breaking
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ties arbitrarily). Under Approach 2, if there is no explévatevent we choos&(t) to minimize é(t) (using
window sizeW (t)).

« (Stage-2 Decisions) Observe the queue backl®gs) and the outcomev(t) that resulted from the stage-
1 decision. Then choos&™(t) € Z according to (29). Choose auxiliary variable§* (¢) according to
(23)-(24).

« (Past Value Storage) For Approach 1, store the resulti(ig vector in memory as appropriate. For Approach
2, store the resulting cost from (29) in memory as approgriat

« (Queue Updates) Update virtual quedé&gt) according to (12) and,,(¢) according to (13). Also allow the

actual system queu€$; (¢) to proceed according to (3).

Remark 3:For some systems, we may not require an exploration eveegftin of the/{' stage-1 decision options.
For example, in arl-queue downlink where the decisions are to either measuohahnels, blindly transmit over
one of theL channels, or remain idle (as in [5]), there dfe= L + 2 stage-1 options. However, the “idle” choice
does not require any exploration events, as it clearly meucost o). Further, the information gained by randomly
choosing to blindly transmit over a given channel can als@aieed by measuring all channels, as the outcome
of the channel measurement can be used to determine if a toindmission would have been successful. It is
therefore more efficient to modify the algorithm by considgronly one type of exploration eventhe one that
randomly chooses to measure all channels. Similarly, in BAR-like situations where thd{ decisions involve
sending a packet of one of the various commodities (as in fAP success/failure event observed after sending
any particular packet does not depend on the packet comynaxit hence can be used to update the max-weight

estimates for each commodity.

D. Analysis of the Max-Weight Learning Algorithm

For brevity, we analyze only Approach'2.Let ™" (t) denote the (ideal) max-weight stage-1 decision on slot
t, and letk(t) denote the Approach 2 decision. Recall that Approach 2 ades the (idealy*(¢) and~y™>(t)
decisions. Our goal is to compute paramet€rsy, ey, €z, eg for (25) that can be plugged into Theorem 1.
Theorem 3:(Performance Under Approach 2 — Fixed Window) Suppose thg-Waight Learning Algorithm
with Approach 2 is implemented using an exploration prolitgb > 0. Suppose we use a fixed integer window
sizeW = W, > 0 (so thatW(t) = W for all ¢, and our initialization take$V samples from each exploration
type before time)). Suppose thal’(t) is held constant, so thaf(t) = V for someV > 0. Then condition (25)
of Assumption 3 holds with:
WK?(1+6) Kygi s
9 o vVTawTau=4Q= i
wherec andy;:¢} are constants that are independent of queue backlog aridif, 6 (and depend on the maximum

O:

and minimum penalties and maximum queue changes that cam ooone slot).

10Bounds on the performance of Approach 1 can be obtainedasiyiln practice, Approach 1 would typically have supemarformance
because it uses current queue backlogs.
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Proof: See Appendix C. O

It follows that if the fixed window sizéV is chosen to be suitably large, then #e, ey, €z, e constants will
be small enough to satisfy the conditionts < €maz, €z < 0, €9 < €maz required for Theorem 1, and hence the
result of Theorem 1 holds for this max-weight learning aildpon.

Theorem 4:(Performance Under Approach 2 — Varialié(t) andV (t)) Suppose that we use the Max-Weight
Learning algorithm (with Approach 2) using an exploratiowlgability # > 0 and a variabld/(¢) and W (¢) with

initialization parameteiV, = 1, and with:
V(t)=(t+1)2Vy , W(t) =min[(t +1)"", Wyana(t)]

where 5; and 3, are constants such that< 5, < B2 < 1, V, is a positive constant, and where we recall
that W,..,4(t) is the minimum number exploration events of typehat have occurred, minimized over &le
{1,..., K}. Then the time average constraints (9)-(10) hold, all ga€pgt) are mean rate stableand the time
average cost converges to the optimal vafije
lim f(@(1) = f§
Proof: The proof combines results from the proofs of Theorems 3 grah@ is given in Appendix E. O

IV. CONCLUSION

This work extends the important max-weight framework farchkastic network optimization to a context with
2-stage decisions and unknown distributions that govegrsthchastics at the first stage. This is useful in a variety
of contexts, including transmission scheduling in wirslegtworks in unknown environments and with unknown
channels. The learning algorithms developed here are asedtimates of expected max-weight functionals, and
are much more efficient than algorithms that would attemedon the complete probability distributions associated
with the system. Our analysis provides explicit bounds @ndéviation from optimality in terms of the sample size
W and the control parametéf. The W and V' parameters also affect an explicit tradeoff in average estign
and delay. A modified algorithm with time-varying’(¢) and V (¢) parameters was shown to converge to exact
optimal performance while keeping all queues mean-ratdestat the cost of incurring a possibly infinite average

congestion and delay.

APPENDIXA — PROOF OFTHEOREM 1

Proof: (Theorem 1 — The Queue Stability Inequality (27)) Writing thrift inequality (16) using the&? H.S(-)

function yields:

E {Vl(w(t)) +VI(v(t)] G(t)} +A((O() <E{RHS(t,0(1),k(1),1(t), ()| ©()}
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Taking expectations of both sides with respect to the qutate distribution for®@(¢) and using the law of iterated

expectations yields:

IN

VE {l(fc(t)) + f(’r(t))} +E{L(O(+1))} -E{L(O())} E{RHS(t,©(t), k(t), I(t),7(t))}

IN

E{RHS(t, ©(t), k™ (t), ™ (8), ™" (t))}

+C+Vey +ez Y E{|Zm(t)]}
mGM

N L
+eu Y E{UL(1)} + e Y E{Qu(t)} (32)
n=1 =1

E{RHS(1,0(0), K'(1), I'(t).+' (1))}

IN

+C+Vey +ez Y E{|Zm(t)]}
mGM

N L
+eu Y E{UL(1)} +eo Yy E{Qu(t)} (33)
n=1 =1

where (32) holds by Assumption 3, and (33) holds because tivewmeight policy minimizes the expectation of
RHS(-) over all alternative decisions for slet The decisions:’(t), I'(t), 4'(¢t) can be chosen as any feasible
control decisions for slot (where a feasible control decision féf(¢t) must also respect the random exploration
events of probabilityd). Suppose that’(¢) and I’(¢) are the decisions given in Assumption 2, so that properties

(20) and (21) hold. Choose auxiliary decision variabe§) = (v,,(t)),,c o as follows:

,@%_{Eh%m}+a it Zn(t) > 0

(34)
E{z, ()} —o if Zm(t) <0

Note that thesey,, (¢) decisions satisfy the required constraints (7). That isabse for eachn € M we have

zmm < E{a! ()} <27 and therefore:

xzm — o <E{z,, )} -0 <E{zl,(t)} +o <" +o
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Using thesey,, (t) decisions and the definition @@H S(-) in the inequality (33) yields?
VE {U((t) + F(/(t) } + E{L(O(t + 1)} ~E{LO(t)} < B+C+Vey
+E{Vi(@'(£) + V(v'®)}
= > E{Zu@[E {7, ()} — 27, ()]}

mem

= > E{lZu(t)llo —ez]}

meM

—ZE{U )[on — hn(a'(2)) — €vl}

- ZE{@ Aj(t) — eql} (35)

Note that because the policiés(t) and I’( ) are stationary, randomized, and independent of the quetiddopa

vector@®(t), and because the functiong (x) are linear or affine, we have:

E{Un(0)hn(2' ()} = BAUn()} hn(E{2'(1)})
E{Zm()a, ()} = E{Zn()}E {2, (1)}
E{Qu®)[m@) — A®)} = E{Qu)}E{m(t) — A1)}
Using these identities together with properties (20)-@ftgctly in the right hand side of (35) and rearranging terms

yields:

E{L(O(+1)} -E{L(O@F)} < B+C+ V[ldsz + faigs + €v]

—(€maz — € ZE{U
—(0—¢€z) Z E{|Zm(t)[}

mEM
~(Emaz — ZE {Qi1) (36)
where we have used the following fact:

E{I(@' (1) — U@(t)} < las » E{F() = F ()} < faiss
The inequality (36) holds for all slotse {0,1,2,...}. Summing the telescoping series ovee {0,1,...,t—1}
(as in [1]) and dividing byt yields:
E{L(©@)} —E{L(©(0))}

t

——Z €maz — €U ZIE{U )} + (0 —€z) Y EB{Zn(7)]} + (€mas — €@ Z]E{Ql

mem

<B4 C +Vilaigs + fais +ev]

URecall thatRH S(-) is defined as the right hand side of (16).
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Using non-negativity of the Lyapunov functiah(-) in the above inequality proves (27). Taking tliexsup of

(27) ast — oo proves that the queues;(t), Z,,(t), U,(t) are strongly stable (for all € {1,...,L}, m € M,

n € {1,...,N}). Hence (by Lemma 1), the inequality constraints (9)-(I¥) satisfied. O
Proof: (Theorem 1 — The Utility Inequality (28)) Recall that the dquality (33) holds for any alternative set

of feasible control decisions”(¢), I"(t), 4" (t). Re-writing (33) using this notation and using the defimitiof

RHS(-) yields:

VE{U(a(t) + F(v() } +E{L(O(t + 1)} ~E{LO(1)} < B+C+Vey+ez Y E{Zn(0)]}
mEM

+E{Vi@@"(t) + V(y"®) }
N
— S AU () (b — ha(@”()) — e0)}
n=1
= > E{ZaO(ri(t) - 211(1))}

meM
L
=D E{QuO (] (t) = A (t) — @)}
=1
Let a be a probability (to be chosen later), and define joint cdretetions (£ (t); I”(t); " (t)) as follows:

(k”(t);[”(t);'y”(t)) _ { (k/(t)QII(t)Q'YI(t)) Wlth prob. «
(k*(t); I*(t); ™) with prob.1 — «

wherek’(t), I'(t) are as defined in Assumption 2 (and satisfy (20)-(21)), e/, (t) are as defined in (34),
andI*(t), k*(t), v* are as defined in Assumption 1 (and satisfy properties (19)}(Note that the:” (¢) decision
defined here still has random exploration events with pridibal®, as bothk’(¢t) andk*(¢t) have such events. Also
note thaty!’ (t) satisfies (7) because botf), (t) and~;, satisfy (7). Further, we have:

E{z"(t)} = oE{z'(t)}+ (1 - a)E{z"()}

E{y"()} = oE{y' ()} +(1—a)y"
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It follows from properties (20)-(21) and (17)-(19) (togethwith linearity ofi(x) and h,(x) and the fact that

the randomized” (¢t) and I (¢) choices are independent of queue backlog) that:
VE {U(@(1) + (y(t) } +E{L(O(t + 1)} ~E{LO®)} < B+C+Vey

+(1—aVIE{z"(0)}) + (1 - )V f(v7)

+aVIE (@' (1)}) +aVE{F(v/(1) |
N

= Y E{Ua()} (@€mar — e0)

= Y E{lZu(®)l} (a0 — e2)

memM
L
S E{Qi(1)} (a€mas — <o)
=1

Now choosex as follows:

€U €z €Q
Q = max y Ty ——
Emam g Emam

This is a valid probability because we have assumeddhat €paz, €2 < 0, € < €maz. The above inequality

reduces to:
VE{U(2(t)) + f(v(£) } + E{L(O(t + 1))} ~ E{L(O(¢))} <
B+C+Vey +Vfy+aV(laiss + fairy) (37)
The above inequality holds for all Taking a telescoping series overe {0,1,...,¢t — 1} yields:
: ZE {ita(m) + Fiv(r)} + EEOON_ELOON oo\ 4 gy + gy + 25E

Therefore, using2a(lgiff + fdiff), non-negativity ofL(-), and Jensen’s inequality with convexity bfc) and

f(x), we have:
B+C  E{L(©(0))}

(@) + FFE) < fi+ev+o+——+ 7

However, we have:

FEW®) = f (@) - Mv||E(t) -1

wherev is the magnitude of the largest left or right partial defivatof the f(-) function and)/ is the cardinality
of M.*2 Combining the above two inequalities and using the fact fffat)21(x) + f(&) yields:

B+C n E{L(©(0))}
V Vit

F@(1) = Mv||Z(t) =FO)I| < f5 +ev +6+ (38)

Because the equality constraints (10) hold, we have|{&t) — 7(¢)|| — 0. Taking thelim sup of (38) ast — oo
thus yields (28), completing the proof. O

12| eft and right partial derivatives exist and are finite foy aonvex function that is defined over the full spaRé? .
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Note that in the special case when there are no auxilianabbes (so thayf (x) is linear andf(x) = i(x)), and
when all queues are initially empty, the inequality (38)uegs to the following cost guarantee that holds for all
time ¢:

f@@) < fg+ev+0+(B+C)/V

APPENDIX B — PROOF OF THEVARIABLE V' (t) THEOREM (THEOREM 2)

Proof: (Mean Rate Stability of all Queues) Assume without loss afegelity thatey (t) < emaz, €z(t) < o,
€q(t) < €maq for all t > t, (else, choose a timg for which this holds). Then, on a single slotwe can apply the
result from the proof of Theorem 1 with 2V (¢) ande,2¢,(t) (for z € {V, U, Z,Q}). Thus, for any timet > t,

we have from (36):
E{L(O(t + 1))} —E{L(®(1))} < B+ C(t) + V()laiss + faigs + ev(t)]

where we have neglected the three non-positive terms orighehand side of (36). Summing the above inequality
overt € {tg,...,t — 1} yields:

E{L(©)} —E{L(O())} _ B+ o(t*+1)
t—to = t—to

where we have used the fact tha},_, C(r) < O(t"*1) and Y1~} V(r) < O(t7*1). BecauseL(©(t)) is a

sum of squared queue lengths (for all queues), the aboveatiggimplies that for any queu@;(t):

E{Qut)} _ 5 00"  E{L(O(W))}
t—ty t—to t—to

Dividing the above inequality by — ¢, taking square roots, and using the fact tfiafQ;(¢)?} > E{Q(t)}?
yields:

E{Qu1) _ \/ B O@%+)  E{L(®())

t—to (t—to)  (t—to)? (t —to)?
Becauses; + 1 < 2, the right hand side above convergesit@s¢ — oo. This holds for all queue®);(¢), and
hence all these queues arean rate stableSimilarly, it holds for all queue,,(t) andU,,(t) (for m € M and
n € {1,...,N}), and so all these queues are mean rate stable. It followebyna 1 that all inequality constraints
(9)-(10) are satisfied. O
Proof: (Cost Optimality) Again assume (without loss of generalibatey (t) < €maz, €2(t) < 0, €g(t) < €maz
for all t > ty,. We thus have from (37) that:

. E{L(®(t+1)) — L(O(t))} < B+ C(t)

o) <@ " ev(t)+ fi + at)lairsr — fairs)

E{i@®) + flv®) }

wherea(t) is defined:

a(t)2 max | LW 20 colt)

emaz o emaz
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and satisfiesy(t) — 0 ast — oo. The above holds for all > ¢;. Summing overr € {to,...,t — 1} yields:

] 1 1 E{L(©(t)} E{L(®(t))}
;toxa{um(ﬂnf(v(ﬂ)}+T§HE{L<@<T>>}[V(T_l)_V(TJ+ ot - el <

(t— to)f; + i [LC” T ev(r) + a(r)lasgs — Foigs)

T=tg V(T)
Using non-negativity ofL(-) and the fact thatv— (1) is non-decreasing), and dividing
by (t — tp) yields:
e ; E{L(O(t)} _ .
=P {ie) +Fae) | - 7Sy < 9+ v (39)

where¥(t) is defined:

t—
C(r -
= to Z [B T )+ a(r)(lairs — faifs)

Note thatC(7)/V(r) — 0 asT — oo, and hencel(t) is the time average of a function that converge$.téVe

thus have¥ (t) — 0 ast — 0. By Jensen’s inequality applied to the left hand side of (@8)have:
_ E{L(©())}

(t —to)V (to)
whereZ(t) and¥(t¢) are time average expectations over the interval {to,...,t — 1}. Because we already know

< fo +9(t)

Zm(t) is mean rate stable for ath € M, we have that|¥(t) — Z(t)|| — 0 ast — oo (by Lemma 1), and hence,
as in the proof of Theorem 1 (usinf(xz) = () + f(&)):
limsup f(Z(t)) < f;
t—o0

Becausef; is defined as the infimum cost subject to queue staBfity,can be shown that thém inf cannot be

lower thanf;, and so the limit off (Z(t)) exists and is equal to thiém sup, proving the result. O

APPENDIXC — PROOF OFTHEOREM 3

To prove Theorem 3, fix time and define2(©(¢)) as follows:

QO (1)2E { RHS(t, ©(1), k(1) I (£),y™(1)) | (1)}

—E{RHS(t, ©(t), k™ (1), I (t),y™" (1)) | ©(1)}
Now note that because these right-hand sides differ onlgrim$ comprising the,(t) expression, we have:

AO(1)) = E {ej)(1)] ©(t) } — minfex (1)

where the expectation on the right hand side is over the randecisionk(t) = argmingcx [é(t)], Which is

based on the empirical averagg(t) formed by the pastV random samples. It uses the fact that given a particular

131t can be shown that the infimum cost subjectstmng stabilityis the same as the infimum cost subjeciiean rate stability
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(possibly sub-optimal) decisid%(t) € K, the resulting expected max-weight functional (using tkeecebut unknown

distribution functionFy, ,, (w)) is ej,). Now for eachk € K, definedy (t)2éx(t) — ex(t).We thus have:
E{ek L] O )} - E{é,;(t)(t) — 5 (1) G)(t)}
B {éi 0] 0} + = {maxt-a.(0] | 0(0)}

IN

— e {mipfa]| ) | + £ {a-a.0] 00}
— £ {miplen) + 0,01 00} + & {manl-au(0)] | 00}

IN

(e (1) +E{max[5k< )+ a0 € |

kel kex

IN

minfe(t —|—ZE{maX 65 (t), 0] + max[—dx(t),0] | ©(t)}

= gélnek +ZE{|5k ) e)}

It follows that:

©(1) < Y E{[5i(t)| ©(1)}
k=1

Therefore, by iterated expectations we have:

E{QO())} < ZIE{Mk (40)

Note thatE {Q2(©(t))} corresponds to the desired inequality (25), and hence ficesfto boundt {|d(¢)|}. To
this end, for eactk € {1, ..., K}, defineTy(t) as the number of timeslots that passed afterlifih-latest typek
exploration event. Thus, all sampleéf) (t) occur on typek explorations events, and are on or after titmeTy(t).
Define ©(t)2O(t — Ty (t)). We have:

o) = 1e(t) — er(t)] < [E(t) — & ()] + 167 (1) — e ()] + e (1) — ex(t))] (41)

wheree?“’(t) ande " (t) are defined using queue lengths from firevioustime t — Tj(¢) as follows:

w
ety & % > min[Yi(1,w (P (1), O(t - Ty(t)))]
w=1

T AR {%1 [Yi(I,w(t), ©(t = Ti(t)))] | ©(t = Ti(t)), k(t) = ’f}

where the expectation in the definition ef ““(¢) is with respect to the independent outcomét) that has
distribution F, (w). Comparing the definition o#]"“"(¢) to the definition ofe,(¢) in (30), it is clear that they
are different only in that they use different queue statésilaly, é(t) and e} “"(¢) differ only in that they use
different queue states). Because the maximum change ineggiza on any single slot is bounded, we have the

following lemma.
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Lemma 3:For anyk € {1,..., K}, any timet, and regardless of queue backl@jt), we have:
E{len(t) — e (O] + e (1) —ex (D)} < dE{Ti(1)} (42)

whered; is a constant that is proportional to the maximum changeyrgaeue over a single slot, and is independent
of the current queue sizes and Ibf and K.

Proof: DefineIka)(t) as follows:

(k) ()2 i (k) _
I, (t)_argrlnel%l {Yk(l,ww ,O(t Tk(t)))}

We have:
1 w
5 - ; (k) (k)
ex(t) Ww§:1rp€1g [Yk(l s wy, (1), O (t))}

Yi(I$) (8), wi (1), ©5 (1))

IA
Sl
M=

g
)[

Vi (I8 (), w ) (1), ©(t — Th(t))) + 1 Tr(t)

IA
==
M=

=1
) + e Ty(t)

s 8

= éﬁ’”
wherec; is a constant that is proportional to the maximum change pigaieue value over one slot. With an almost

identical argument, it can be shown th&t“"(¢) < e, (t) + c2T%(t), wherec, is a constant that is proportional to

the maximum change of any queue value over one slot. Thus:
() — & (t)] < max[ey, o] T (#)

Therefore:
E {|ex(t) — & (t)[} < max[er, 2] E{Ti(t)}

Similarly, we can show:

E{lex(t) — e " (O} < ;E{Ti(1)}

Defining di 2 max|c1, c2] + c3 proves the lemma. O
_ _prev

It now suffices to bound {|&7"“"(¢t) — e} “"(t)|}. For a givenk € {1,..., K} and a given collection of queue

states®(t — Ty (t)) at timet — T (t), define the following functiort (w):

Y (w)&min [Vi.(1, w, O - Tii(1)))] (43)

Note thate} " (t) is simply an empirical average of the functidf{w) over W i.i.d. sampleso't” (¢) (which have
distribution F;; (w)). Note that these values are aisdependent of the queue sta#gt¢ — Tx(t)), as these samples
are taken on or after time— Tj(¢). Further, the value} " (¢) is simply an expected value of the random variable
Y (w) over all outcomesv that take place with distributio) (w). Hence we have reduced the problem to a

pure “Law of Large Numbers” problem of bounding the exped#fitrence between the exact mean of a random
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variable and its empirical average ovéf i.i.d. samples. Because the queue backi®ds— T (t)) are considered

constant inY (w), we can writeY (w) in terms of component random variables as follows (using)(31

Y(w) =
N L

min VYV(w)—i—z:lUn(t—Tk( )Yy (w %Z (t = Th(t))Yz.m(w Z (t — Th(t)) You(w)| (44)
n= me =1

whereYy (w), Yy n(w), Yz, (w), Yo, (w) are random variables defined as (from (31)):

YWw) = U@k w 1)) (45)
Yun(w) & ho(@(k,w,1})) (46)
Vzm(w) = &m(kw, 1) (47)
Youlw) = juk,w, 1) —a(kw, I3) (48)

where I}, is the stage-2 control action that achieves th in (44). Now defineYv, Yy, Yzm, Yg. as
the expectations of the random variables in (45)-(48) oher random variablev that has distributionfy, (w),
and defmeY(W) Y[%), YZ(tVn), Y(W) as the correspondingmpirical average®ver the i.i.d. samples;w) (for

w € {1,...,W}). We thus have:
N

&) — et () = VI = Yy) + ZUn (t— TS — Yun)
+ 3 Za(t = Tu)(Y5) =V izm) + Z Qut — T (V) —Yau)
meM =1
and hence:
PV (1) — 2TV (1) < V|Y ~-Yvy|+ Z Un(t — |Y(}/X) — Yyl
+ 3 1 Zn(t = TRV =Y zml| + Z@(WSP ~Yaul (49)
meM =1

We now use the following basic lemma concerning the expediféefence between an empirical average and its
exact mean:
Lemma 4:Let {Y,,}5>_, be an i.i.d. sequence of random variables with a generaltison with finite support,

so that there are finite constants;, andy.,... such that:
Ymin < Yoo < Ymae forallw e {1,2,...}

Defineydifféymam — ymin. DefineY as the expectation df;, and definet W) as the empirical average ovBr
samplesy )21 S y,,. Then:

E{|Y< Y|} gj/ﬁ

Proof: The proof is straightforward and is given in Appendix D fomgaleteness. O
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Because all penalties and cost functions are upper and Ibawended, the random variables in (45)-(48) have
finite support, and we defingj;$ as the maximum difference in the maximum and minimum possiblues over
all of the random variables. Using Lemma 4 in (49) yields:

max

E {2 (t) — el (t)] | ©(t — Tu(t)), Tu(t)} < y‘“ff

V+ZU

max

ydsz

L
Z | Zon (t = Ti(£)| + Y Qut — Tk(t»]

=1

max

ydsz

IN

L
V+ZU . |zm<t>|+Z@z<t>]
=1

mem
—l—dng(t)

whered, is a constant that depends on the maximum change in queufarka given slot. Taking expectations

of the above and using the law of iterated expectations yield

max L
E{|&)(t) — el (1)} < ;’f;%E{HZU + > |Zm(t)|+§czl(t)}+d2E{Tk(t)}

n=1 memM
Using the above inequality with (42), (41) in (40) yields:

max

L K
E{Q(O(t)} < I;yj%’E{WZU + 3 1 Z(1)] +Z@<t>} +e) E{TL(1)} (50)
=1

n=1 memM k=1

wherec is a constant that depends on the maximum possible changeeirecbacklogs over one slot. The random
variableT}(t) can be viewed as a sum 8 geometric random variables (each with md&yy), with the possible
exception wher is small and some of the past samples occur during the initialization times {—-W K, —-W K+

1,...,—1}. Therefore, for allt and allk we have:

E{Ty(t)} < WK/ + WK

Then inequality (50) satisfies the condition (25) from Assgtion 3 with:

Kyiifs
S CLAWEK?/0+ WK?
NI WK/ ]

GVZGUZGZZGQ:

This completes the proof of Theorem 3.

APPENDIXD — PROOF OFLEMMA 4

Proof: We have:

E{ly®™ —?|}2 <E{y®™ -7} -

=%
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whereo? is the variance ob;. It suffices to bound? in terms of the constant,in, Ymaz, andya;rs. We have:
o2 =Var(Y1) = Var(Y1 — Ymin)
= E{( = ymin)’} = (¥ = Ymin)”
< E{(Ymaz = Ymin) (Y1 = Ymin)} = (¥ = Ymin)? (51)
= (Y = Ymin) Ymaz — Ymin — (Y = Ymin))

= (? - ymzn)(ymam - Y) (52)

where (51) holds becaudg — y.,:;» > 0. To compute the final bound on the expression in (52), notegtha, <
Y < Ymaz, and the maximum of the functiofi(x) = (z — Ymin) Ymaz — ) Over the intervaly,,in < = < Ymas

is equal t0(Ymaz — Ymin)? /4. Thus,0? < y7, ., /4. -

APPENDIXE — PROOF OFTHEOREM 4

The proof of Theorem 3 can be followed in the same way, withetkkeeption that the fixed valué is replaced
by the random valu&V (¢) (which may be correlated with queue states). Thereforeatpg the proof in Appendix
C, the result of (50) translates to:

Kypss (V43 Unt) + 3, 1 Zm(®)] + 3, Qult) =
E{QO1)} < ;ffIE{ = i }-FC;E{Tk(t)}

Each termE {T%(t)} can be bounded b’ (t)K /6 + W, K. The final term can thus be bounded as follows:

K
S E{TL()} < W()K2/0 + WoK?
k=1

whereW (£)2(t + 1)°1. Define Cy (t)2W (t)K2/0 + Wy K2
It is not difficult to show thatV,...q(t) satisfies:

Wrand(t) 0

li = — with bability 1
im 7 With probability

t—o0 t
However, W (t) increases sub-linearly with Therefore, becausd’ ()2 min[W (t), Wyana(t)], we have:

Jim P () # W(0)] =0

Furthermore, becaud®’,.,,4(t) is simply the min ofK" delayed renewal processB5 (), ..., Wk (¢) (each having

i.i.d. geometric inter-arrival times with meaii/6), we have by the union bound:
Pr{W(t) # W(t)] = Pr [min[Wi(t),..., Wi(t)] < (t+1)"] < KPr [Wi(t) < (t +1)%]
It follows that:

lim tPr[W(t) # W (t)] =0

t—o0
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Therefore:

BYaijr g ) V3, Un(t) + 30 [ Zn(0)] + 30, Qult)
2 40)

Kyafs E{VJrZU )+ 3 1Za )+ Y Qut) | W(t) = W(t)} PrW(t) = W(t)]
m l

i

Ky’ﬂ;:a;l)
+5”E&+ZU +mew§]mmww¢<ﬁﬂwm¢wm
m l
where we have used the fact tH&t(¢) > 1 always. Adding the (non-negative) conditional expectatim complete
the first term on the right hand side yields:

KYiiirg ) VA X0 Un) + 30 2] +35,Qut) | _
2 W (t) B

max

Ky‘“ffE{VjL Up( Zm ()| + Q(t)}
SRl g g o

max

+K%HE{V+§yz )+ L 1Za0]+ 30| W) # 1 (ﬁpﬂ (1) # W ()]

Kydzjf E{V—FZU +Z|Zm(t)|+ZQl(t)}
2\/ m l

YT pofi (1) 2 W (1)

wherec is a constant that is proportional to the maximum change yngaieue over one slot. Becausz@r[W(t) #+
W (t)] — 0 ast — oo, there exists a timé, such that for allt > t, we have:

KyT%%cot R
—HLI Py (e) £ W(H) < 1

We can now defin€'(t)2C; (¢) + 1 for use in Theorem 2 (note that(t) < O((t — to + 1)"1)). Further define:

Kymam
ex(t)2—2IL

20/ W (t)

for x € {V,U, Z,Q}. This satisfies the assumptions of Theorem 2, proving thdtres
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