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Abstract

In a wireless network the set of transmitting nodes changegiéntly because of the MAC scheduler
and the traffic load. Analyzing the connectivity of such awwk using static graphs would lead to
pessimistic performance results. In this paper, we considead hoc network with half-duplex radios
that uses multihop routing and slotted ALOHA for the netwddAC contention, and introduce a
random dynamic multi-digraph to model its connectivity. Wst provide analytical results about the
degree distribution of the graph. Next, defining the patimfation time as the minimum time required
for a causal path to form between the source and destinatiothe® dynamic graph, we derive the
distributional properties of the connection delay usinghteéques from first passage percolation and
epidemic processes. We show that the delay scales linedttythe distance and provide asymptotic
results (with respect to time) for the positions of the noddéch are able to receive information from

a transmitter located at the origin. We also provide simofatesults to support the theoretical results.

I. INTRODUCTION

In a multihop ad hoc network, bits, frames or packets arestemred from a source to a
destination in a multihop fashion with the help of internadi nodes. Decoding, storing, and
relaying introduces a delay that, measured in time slotseigdly exceeds the number of hops.
For example, a five-hop route does not guarantee a delay gffivel time slots. In a general

setting, each node can connect to multiple nodes. So a lamgpber of paths may form between
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the source and the destination. Each path may have takefegediftime to form with the help
of different intermediate nodes. Consider a network in wieelth node wants to transmit to
its destination in a multihop fashion. In general in such avoek, a relay node queues the
packets from other nodes and its own packets and transreits #tcording to some scheduling
algorithm. If one introduces the concept of queues, theyaisabf the system becomes extremely
complicated because of the intricate spatial and tempapénidencies between various nodes.
In this paper we take a different approach. We are concerngdvath the physical connections
between nodes, i.e., we do not care when a nottansmits a particular packet to a nogle
(which depends on the scheduler), but we analyze when aiallysonnection (maybe over
multiple hops) is formed between the nodeand j. This delay is a lower bound on the delay
with any queueing scheduler in place.

We assume that the nodes are distributed as a Poisson poigsgr (PPP) on the plane.
In each time slot, every node decides to transmit or recedmreguALOHA. Any transmitting
node can connect to a receiving node when a modified, nossedsion of the protocol model
criterion introduced in [1] is met. Since at each time instahe transmit and receive nodes
change, the connectivity graph changes dynamically. Wé/amdhe time required for a causal
path to form between a source and a destination node. Thensystodel is made precise in
Section II.

This problem is similar in flavor to the problem of First-Pags Percolation (FPP) [2]-[4],
and the process of dynamic connectivity also resembles plesiapidemic process [5]-[7] on a
Euclidean domain. In a spatial epidemic process, an indeicidividual infects a certain (maybe
random) neighboring population, and this process consinudil the complete population is
infected or the spreading of the disease stops. In the titeracited above, the time of spread
of the epidemic is analyzed for different models of disegeead. We draw many ideas from
this theory of epidemic process and FPP. The main differbeteeen an epidemic process and
the process we consider is that the spreading (of packet@nde on a subset of the population
(due to interference) and is not independent from node tenlod8], the latency for a message
to propagate in a sensor network is analyzed using similalstorhey consider a Boolean
connectivity model with randomly weighted edges and detive properties of first-passage
paths on the weighted graph. Their model does not considerfenence and thus allows the

use of Kingman’s subadditive ergodic theorem [9] while adiogs not. Percolation in signal-to-
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interference ratio graphs was analyzed in [10] where theesi@de assumed to be full-duplex. In
practice, radios do not transmit and receive at the same(fanthe same frequency), and hence
the instantaneous network graph is always disconnectednheéctivity between nodes far apart

occurs because of the dynamic nature of the MAC protocolhis paper, we first introduce a

dynamic graph process to model and analyze connectivitytlzerd derive the properties of this

graph process for ALOHA.

In Section Il, we introduce the system model. In Section We study the connectivity
properties of the random geometric graph formed at any tmstant. In Section IV, we derive
the properties of the delay and the average number of path&ée a source and destination and
show that the delay increases linearly with increasing@®destination distance or, equivalently,
that the propagation speed is constant, i.e., the distainites darthest nodes to which the origin

can connect increases linearly with time.

Il. SYSTEM MODEL

The location of the wireless nodes (transceivers) is asduiméoe a Poisson point process
(PPP) ¢ of intensity A on the plane. We assume that time is slotted and the MAC pobtoc
used is slotted ALOHA. At every time slot each node transwith probability p. Nodes are
half-duplex, and they act as receivers if they are not tratisgn \We use an interference-based
model to decide if the communication between a transmitter @ receiver is successful in a
given time slot: A transmitting node located atcan connect to a receiver locatedqaif the
disk B(y, 8|z — y||), 5 > 0, does not contain any other transmitting nodB¢z, ) denotes a
disk of radiusr centered around and B¢(x,r) = R? \ B(z,r). § is a system parameter and
captures the resilience of the receiver against interterenhis is a variant of the protocol model
[1] that does not include the power constraint. The stan@RI model of communication can
be related to the protocol model easily when there is no tadindetailed discussion about the
protocol model can be found in [11]. We shall user — y, A) to represent a random variable
that is equal to one if a transmitter atis able to connect to a receivgrwhen the transmitting
set isA, i.e., the interfering set i\ \ {z}. We will drop A if there is no ambiguity. At any
time instantk, we denote the set of transmitters (decided by ALOHA)¢hik) and the set of
receivers byg, (k). So we havep, (k) U ¢,.(k) = ¢ and ¢,(k) N ¢.(k) = 0, where) denotes the

empty set.
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Figure 1. lllustration of a snapshot graphfor p = 0.2 (left) andp = 0.3 (right) for different realizations of. The squares
represent the transmitters and the circles the receivers.

The connectivity at time: is captured by a directed and weighted random geometrichgrap

g(k) = (¢, Ex) with vertex setp and edge set

Ek = {({L‘,y)i 1 (ZL’ - y7¢t(k)) = 171} € th(k'),y € gbr(k)} . (l)

See Figure 1 for illustration o§(0) andg(1). Each edge in this grapf(k) is associated with
a weightk that represents the time slot in which the edge was formedGl(e:, n) denote the
weighted directed multigraph (multiple edges with diffgréime stamps are allowed between

two vertices) formed between times andn > m, i.e.,

G(m,n) = (gb, 0 Ek> )

k=n

So G(m,n) is the edge-uniornof the graphsy(k), m < k < n. See Figure 2.

Definition 1: A directed pathry, ey, 21, €1, ..., e4-1, 2, between the nodes, € ¢ andz, € ¢
wheree; = (z;,z;11) denotes an edge in the multigraph is said to lmaasal pathf the weight
of the edges; are strictly increasingwith .
This means that the edge ; was formed before; for 0 < ¢ < ¢. For the rest of the paper, we
always mean causal path when speaking about a path.

We observe that the random graptk) is a snapshot of the ALOHA network at time instant
k. The random graph proce&&0, m) captures the entire connectivity history up to time The
graphg(k) has the flavor of the interference graph analyzed in [10] wiiee authors consider

only bi-directional links (full-duplex radios). They prest that such a graph percolates with
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Figure 2. lllustration ofG(0, 1), p = 0.2, § = 1.2. Dashed line represent edgesgif) (edges with weight) and solid lines
represent edges in(1) (edges with weight).

respect to the density of the nodes if the processing gaiigls énough. In the graptr(0,m)
there is a notion of time and causality, i.e., packets capggate only on a causal path.

We make the following assumption which we shall use in Sect¥. We assume that the
interference at different time instants is independémbre precisely we assume the following,
VYm #mn andV a,b,c,d € ¢,

Ellg, ((a,0)) 15, ((¢,d))] = E[1g, ((a,b))]|E[1g, ((c,d))] (2)

where the expectation is taken with respect to ALOHA and thietgrocessy. F,, is the edge
set defined in (1) andig,, ((a,b)) is the indicator function of the edge s&t,, which is equal

to 1 if and only if the edge(a, b) belongs toF,,.

Assumption (2) is true iB(b, ||a —b||) N B(d, B||c—d||) = 0 or if the node set is not random
(or if we condition on the location of the nodes) since the A&Oprotocol chooses independent
transmitter sets across time. In reality interference tsimiependent in time but almost because
of the MAC protocol.
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Ill. PROPERTIES OF THE SNAPSHOT GRAPH(k)

In this section, we will analyze the properties of the randgraph g(k). We first observe
that the graphg (k) are identically distributed for alk. So for this section we will drop the
time index unless otherwise indicateg.a planar Euclidean grapbven with straight liness
edges [12, Lemma 2]. In Figure 1, a realizationgak shown forp = 0.2 andp = 0.3. We first
characterize the distribution of the in-degree of a recanagle and the out-degree of a transmit

node.

A. Node degree distributions

Let NV,(z) denote the number of receivers a transmitter located @n connect to, i.e., the
out-degree of a transmitting node. Similarly, lét(x) denote the number of transmitters that can
connect to a receiver at, i.e., the in-degree of a receiver node. We first calculageatberage
out-degree of a transmitting node.

Proposition 1: E [N(z)] = “2472.

Proof: By stationarity of ¢, we have N;(x) < Ny (o) where £ stands for equality in
distribution. So it is sufficient to consider the out-degodea transmitter placed at the origin,

which is given by}, 1(o — z,¢;). So the average degree is

Z 1(o — z, (bt)]

$€¢r

@ \1-p) /R Ey, [1(0 — o, /)] da

E[Ni(o)] = E

= AM1-p) /R2 exp (—/\pﬂﬁQHxHQ) dx

I—p
—=p72,
p

where(a) follows from Campbell’s theorem [13] and the independence,adnd ¢,. (b) follows
from the fact thatl (o — x, ¢;) is equal to one if and only if the bal¥(x, 5||x||) does not contain
any interferers. [ |
We observe thaE[N;(z)] — oo whenp — 0. This is because the interference reduce9 as
becomes smaller. This behavior is a modelling artifacthié interference vanished, a power

constraint would have to be introduced.
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Proposition 2: The probability distribution ofV; is given by

00 _ 1\k+m i k
P =m) =3 S (20 i), ©

k=m

whereVy,(3) = [+ [ exp (—vol (UL B(z;, B|z:))) dzy - - - day.
Proof: We provide the complete characterization/gf using the Laplace transform, given

by
Ly, (s) = Elexp(—sNy)]

exp (—s Z 1(0o — =z, (bﬁ)]

TEDy

E

@ E, exp {_m _p) /R | — exp(—s1(o— z, <bt))dm}
= K, exp {—)\(1 —p)(1 — exp(—s)) /]RQ 1(o — , qbt)dw} : 4)

where(a) follows from the probability generating functional of a PHRe distribution ofl (o —
x) does not change if is scaled byy/\p and the density of, is reduced by\p. So, lettingr
denote a two dimensional Poisson point process of demsiiye have

Ly (s) = Eexp {—1?%% —ep(=s) [

R2

1(0o — =z, l/)dx] (5)

_ i<_k6;)k /Rz--~/RQE,,(1(0—>xl,u)...1(0—>xk,y))dxl...dxk

k=0
= (—a)*
= 1+; o 4Q~~~Az exp (—VOl (UleB(:l;i,ﬁﬂxiH)))dx1~~dxk (6)
By comparison of coefficients (replaee® with z), we obtain (3). [ |
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We now derive bounds on the Laplace transform\gf Let v be a PPP of unit intensity on the

plane. Define

p(:c,y){ 1 if vNnBo,(1+0)|z])=0 @

0 otherwise.

Since B(z. 8lz]) C B(o. (1 + 3)|z]), we have
10— 2,0) > pla, ). ®)
So from (5)
Lw(s) < Eyexp l—a /R ol u)dx]

If the nearest point of to the origin is at a distancgz||, the value of the integral i%f—f)m

and since the first contact distribution of the Poisson ppiotess is Rayleigh [13], we have

Ly, (s) < /000 exp [—a%} exp(—nz?)2rzdr

1

It ghe
We can now use the Chernoff bound and the above inequality tairothe following bound on
the CCDF:
eks
PN R S T A e

the right hand side is minimized for=1In((1+ &7 ')/(1 + (84 1)*p(1 — p)~')). We have

, Vs >0

k+1
2 (k+1)(1—p)
kp(B+1) <k(pﬂ(ﬁ +2>+1)>

1—p

P(N; > k) <

A lower bound onLy, (s) from (5) is obtained by using Jensen’s inequality:

—

a) 1 —
Ly, (s) > exp [——p(l — e_s)/ E,1(0 — =z, V)dx]
R2

= exp [—1 P 65)}

where(a) follows from Jensen’s inequality ar{él) follows sinceE,1(o0 — z,v) = exp(—AG7||z||?).

—
=

This is the Laplace transform of a Poisson random variabtl wiean% which implies the
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following lower bound on the probability of a transmit nodeirmy isolated:

l—p
P(N;=0) > exp <_W>
We next evaluate the in-degree distribution of a receiveen8thce the point process is stationary,
the distribution ofN,.(x) is the same for all receivers.
Proposition 3: The average in-degreB[N,(x)] of a node ing is 372. When3 > 1, N, is
distributed as a Bernoulli random variable with mezr?.
Proof: We haveN, (z) < N, (o) and hence,

E[N:(0)] = E

> 1,y —o, qzﬁt)]

yED

= Ap /Rg Eg, [1(y — 0, ¢1)] dy

= Ap/ exp (—Apm3lyll) dy
RQ

= B2

If 5 > 1, at most one transmitter can connect to any receiver)Nsas Bernoulli. Since
E [N,(z)] = 7%, we haveN,(z) ~ Bernoulli(32). ]
Observe that the in-degre®.(x) does not depend om This is because of the homogeneity of
the protocol model and the point process. Also observelthat(z)] andE[N,(x)] are spatial
averages and not time averages.

In the next subsection we characterize the length of thestigened in the grapl.

B. Edge length distribution of the graph

Each transmitter can potentially talk to many receiversthis subsection we will analyze
the length of edges formed by a typical transmitter. Sineefiocess is stationary, we can just
consider a typical transmitter at the origin and find its ebtigeyth distribution.

Definition 2: We define the average length over which a transmitter at tiggnocan com-

municate as

E[Sse Iolilo = 2,60
L= : (9)
E[S,eq, 10— 2.01)|

Observe that we are taking the average of the numerator adehominator separately.
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Proposition 4: The average length over which a transmitter can connectvendvy

1
26v/Ap

Proof: The probability that a transmitter located at origin canreut to a receiver located

at z, is given by
El(o — z,¢;) = exp (—)\pﬂﬁ2\|x|]2) (20)

By the Campbell-Mecke theorem [13], the nhumerator_ofs

M1=p) [ fllexp (~xprs?lal?) de,
R2

and the denominator is given B[V, (0)] from which the result follows. u
We observe that the average lendthis equal tol/5 times the mean distance to the nearest
neighboring transmitter. This is intuitive since the ramgéransmission is limited by the nearest
interferer. Letz,,., denote the maximum distance that a transmitter at the oggimconnect
to. We now provide bounds on the CDF ©f, ..

Proposition 5: The CDF of the maximum distance that a transmitter can conaéstounded
by

(1=p) ;0 myz) exp (—pAn(1 + )%y
- 4 <F, < 1- .
eXp( p B (& max(y) — 1 _|_ lfp(l +/6)2

Proof: The CDF is given by

P (w10~ 2,00} <4) = E q (el — 7, 60) < y)]
% g o (<=0 [ 100elit0 .00 >1))]
_E :eXp <—(1 _ p))\/B(w)c 1o — =, ¢t)dx>
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where (a) follows from the probability generating functional of th@i&son point process. A

lower bound can now be obtained by using Jensen’s inequsityhave
Fopao(y) = exp (—(1 —p)A/( o (—pm3?||z|1?) dx)
B(o,y)¢
= exp <_ (1 B p) ﬁ—Qe—)\pwﬁ2y2> )
p
An upper bound can be obtained by proceeding as in (8):

P < Bleso (<0-pr [ plroic)]

y(B+1)
= / exp (—)\p7ra2) 2pmAxdx
0

00 2
+ /( )exp (—(1 —p)AT ((ﬁf——l)Q — yQ)) exp (—)\pﬂmQ) 2pm Axdx
y(B+1

exp (—Amp(B + 1)%y?)
1+ 22(641)2

= 1—exp (—/\p7Ty2(1 + 5)2) +

exp (—Amp(B + 1)*y°)
1+ 56+ 1)

IV. THE TIME EVOLUTION GRAPH G(0,n)

In the previous section we analyzed the connectivity grapiméd at a particular time instant.
In this section we will consider the superposition of thesgpgs and study how the connectivity

evolves over time.

A. Mean node degree iG'(0,n)

Average node degre&ince each node is a transmitter with probabifitpr a receiver with
probability 1 — p, the average (averaged over time and space) node degr@@in) is given
by

npE [N,] = n(1 — p)E[N,] = n(1 — p)32.
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We will use N,(z, k) to denote the out-degree of nodeat time instantt (similarly define
N, (z, k).

Temporal correlationThe node degree¥,(z, ki) and N;(z, k2) (similarly with N,(x, k)) are
not independent for different time slats andk,. This is because of the underlying point process
¢ which is common to both the random variables. For examplesiden the probability that a

transmitter located at the origin is isolateddfl) andg(2).
P (Ni(o,1) =0, Ni(0,2) = 0)

— EJ] (- L@t — 2.6(1) (1 - Lo (@)L — 2, 6:(2)))

=
which is of the formE HmeqS f(z,¢). Such an expression can be analyzed as an infinite series
using the approach in [14]. These correlations make theysisabf the graphG(0,n) difficult.
By assumption (2) we neglect these temporal correlations.

1) Average number of paths betweeandx by timen: Add two points top, one at the origin
o and another at location. Let A(k),1 < k < n denote the adjacency matrix of the grag),
with the nodes ordered with respect to the distance fromirorithen 4;;(k) = {15, ((x;, x;))}-
We observe that;;(k),1 < k <mn, is iid overk for all i, .

Lemma 1:With the assumption (2), the average number of paths (needenedge-disjoint)
betweeno andz is given by

B[N, ()] = Z (1) (U2 exptDaols )

Proof: Let A" = [, ({ + A(z)). So the total number of edges,(x) will be the entry in

the row corresponding to the origin and the columnedh A". N, (z) = S"7_, N¥(x) where
N%(z) denote the number paths of lengthbetweeno and z by time n. We first evaluate
E[N*(x)]. From the matrixA™ and the iid property ofd(k), we have

E[N;(z)] = (Z)E[ i ﬁlEm((iUmai’me))]

xl.‘.xk,le(b\{o,x} m=0
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wherezy = o andx, = = and 27'& denotes summation over disjoint point sets. So we are not

counting loops. Using (2) and the Campbell-Mecke theorem ae h

k—1
> n
e = ()0 [ TPt € Pin - decy
(AN
() o=
k
/exp <—>\p7r52 Z s — $i+1‘|2) dry...dzg_q,
=0
which, after some manipulation, yields (11). |

We have the following observations regarding the averagebeu of paths betweem andz in
n time instants:
1) For large||z|| the main contributors ar&[N*(z)], for k large, i.e., multihop routing
becomes important dsc|| increases.
2) One can think of£[ N, (z)] as the averagpath diversitythat is offered to a packet.

B. Asymptotic analysis @ (0, n)

We first define the connection time between two nodes. £gre ¢, we denote thepath

formation timebetweenr andy as
T(xz,y) =min{k : G(0,k) has a path from: to y} .

For generaly, y € R?, defineT'(z,y) = T'(z*, y*) wherez* (resp.y*) is the point ing closest to
x (resp.y), with some fixed deterministic rule for breaking ties (nestalmost surely). Since the
point process is isotropic, it is sufficient for most casesdasider destinations along a given
direction. For notational convenience we define jof R, T'(x,y) = T(z, (y,0)).

This path formation time is the minimum time required for &ket to propagate from a source
x to its destinatiorny in an ALOHA network. In this section we show that this propimadelay
increases linearly with the source-destination distaBomilar to 7'(x, y) we define

To(z,y) = Iglin {k—n : G(n,k) has a path fromx to y} .
>n
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Let
B, = {z: 2 €R? T(o,x) <t}

denote the set of points which can be reached from the origitinte ¢. We denote the farthest

distance reached by timeas
Dy =sup {||z||: 2 € R*, T(o,z) < t}.

The evolution of the grapldéZ(0,n) is similar to the growth of an epidemic on the plane and
one can relate this problem to the theory of Markovian cdnpaacesses [7] which was used to
analyze the growth of epidemics. We now provide bounds om#ik formation time between
two points.

Direct connection By assumption (2), we have that the time taken for a direcneotion

between two points andy is a geometric random variable with parameter

n(z,y) = p(1 — p)E [exp (—Apm32[|z* — y*||*)]

where the average is with respect to the distribution|of — y*||. For most of the analysis we
assume||z — y|| to be large so that|z* — y*|| ~ ||z — y||. Henceforth we shall not distinguish
betweenr and z* .

Lemma 2:For largex € Z™, the tail probability ofT’(o, z) is bounded as
P(T(0,2) > k) < 1 (o (k +1,m)
for any 1/v/A < a < z, wherem = [x/a] and

(m+k+1)! /Ww) "
I_ k+1 = t™(1 — ) dt
1 7](07a)( + ’m) m‘(k+ 1)' o ( )

is the regularized beta function.

Proof: We imposedl /v/A < a so that|[(0,a)*|| ~ a. Let t,(a) be the time for an edge to
form betweerv and(a, 0) andt,(a) be the time required for a direct connection to form between
(a,0) and(2a, 0) after the first edge is formed. Similarly defihga) to be the time required for
a connection to form betweefik — 1)a,0) and (ka,0) after all the previous — 1 connections

are formed. See Figure 3. By assumption (2), we have< : < m, to be independent. So we
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mm.

(0.0 ‘ NN N @)

Figure 3. The node at the origin can transfer packets to a nogle, @} by using the shorter hops (indicated by dashed line)
or using longer hops (solid lines). Longer hops are difficult to formdnly few are required to reach the destination. Shorter
hops are easy to form but a higher number is required to reach thealwstin

have

T(o,x) <> ti(a) (12)
=1
Thet; are iid geometrically distributed with parametgo, ). Hence we have

P(T(o,x) > k) < P <i ti(a) > k) (13)

2 [l—n(o,a)(k + 17 m)7

—

where (a) follows from the fact that the sum of geometric random vdgaljollows a negative
binomial distribution. [ |
In the following arguments we rely on the spatial subaditivof 7'(o,z) to analyze the
asymptotic properties. Subadditivity of random variab&ea powerful tool which is often used
to prove results in percolation and geometric graph thedmg. problem of finding the minimum
delay path is similar to the problem of first-passage petiwsiaFrom the definition off (o, y),
we observe that

T(0,y) < T(0,x) + Tr(o (2, y). (14)

We also have théfr, ) (z, y) 2 T (z,y) from the way the graph process is defined. Observe that
(14) resembles the triangle inequality (speciallylif. ,)(z,y) wasT(z,y)) and thus provides
a pseudo-metric, which holds in FPP problems and is the nethst the shortest paths in FPP
are called geodesics. In the next two lemmata we show thaawleage time for a path to form
between two nodes scales linearly with the distance betwssm.

Lemma 3:The time constant defined by

ET
j= Tim 2L

T—00 x
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exists whenr € Z™.

Proof: Let y € Z*. From (14), we have
T(o,y+ ) <T(0,y) + Troy (Y, y + ). (15)

From the definition of the graphk, does not depend ot;, ¢ < k. Hence we have that
Tr (v, y + ) has the same distribution d¥y, y + ). Also from the invariance of the point
processp, we haveT (y,y + z) L T(o,z). Taking expectations of (15), we obtain

ET(0,y +2) <ET(0,y) + ET (0, 2),

and the result follows from the basic properties of subaddgequences. [ |
We do not require assumption (2) to prove Lemma 3. Consistéhttive FPP terminology we
will call i the time constant of the process. We now prove that the timstaat for the modified
protocol model is always greater than zero and finite.

Lemma 4:For the modified protocol model

By/pTA <u< ﬂﬁexp(lﬂ)
Vin(l+p(l—p) ~" = (1=p)/Pp

Proof: Upper boundTaking expectation on both sides of (12) and siti¢e) are identically

(16)

distributed for all: (we drop thei in the subscript for notational convenience), we have
X
ET(o0,2) < {—]Et(a)
a

< (f + 1) Et(a).

a
Dividing both sides byr and taking the limit we obtain

i ET (o, x) Et(a) .

T—00 X a

Assuming||(0,a)*|| ~ a, t(a) is a geometric random variable with meai —p) exp(—pAr5%a?).

So we get
- exp(pAnfa?)
ap(1—p)

The upper bound is obtained by using= 1/(3+/2pAr) for which the right hand side of the

above equation is minimized.
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Lower bound Taking large hops to reach the destination requires fewes tut the success
probability for each hop would be small and hence it takesenione to connect. On the other
hand taking smaller hops will result in a higher probabilifysuccess for each hop and result
in a smaller time of connection, but we require a large nuntibérops to get to the destination.

We will use the tradeoff between the hopping distance vetisus to show that
P(T(o,z) < cx) — 0

asx — oo for some positivec and z € Z*. This impliesET (o, z)/x > ¢ for somec > 0
and hence: > 0. For the sake of notational convenience detbe identified with[cz]. So to
evaluate the evert7'(o, z) < cx}, we consider only those paths which have a maximumuof

hops. By the union bound we have
P(T(0,x) < cx) Zpl (17)

wherep; = P(T(0,z) < cx | there is a path fromna to = with i hopg. The time to form any
single direct link between two nodesand y is a geometric random variable with parameter
n(o,y) = p(1 — p)exp(—ci|lo — y||?), wherec; = Apm32. So the times to form the hops in
a k-hop path betweem, z; zs ..., 2,1,z are a series of geometric random variablgsvith
parameters)(x;_1,x;) which are independent because they occur in different tiots,ssee (2).

Let ¢ > 0. So we have

pk<]P>Zt < cx).

=1
We also have that ify, ..., #; are independent geometric random variables with paramgter

then

Zt < a) < expléa) ( ) sz (18)
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for any ¢ > 0 (follows from Chernoff bound). So

—
N
=

a

S eXP(fcx)miZIW(%fb%)
= expleen) (LU expl-anllo - P

e — @ P + .+ e — z]?))

(a) follows from (18) and(b) follows from the fact that the minimum value f:;||* + ||zo —

—

r|?+ ...+ ||zp_1 — x|]* is 22 /k. So from (17), we have

Ccx

P(T(0,2) < cz) < ;exp(fcx) (%)kexp (—cll;)

(a) c

< crexp(&ex)exp (—?117) ,

where (a) follows by choosingé = ¢’ such thatp(1 — p)/(exp(¢’) — 1) < 1 and usingk = cx
for all the terms. The right hand side goesitif ¢ < \/c,/¢. Hence we hav&[T (o, z)/z] > ¢
which impliesy > ¢. We can choosg¢’ = (1 + ¢)In(1 + p(1 — p)) for any 1 > ¢ > 0 and we
then have the lower bound> (1 — 6)\/(1+e) . m
In the modified protocol model we are considering, we do nethany power constraint. So

any node can potentially connect to any receiver no matter fao it is but the probability
decreases exponentially with distance and hence co. This is in contrast to standard first-
passage percolation on a lattice where the probabilityridigton (CDF) on each edge should
have a mass less thaf. at zero foru < oo, where P, is the bond percolation threshold of
the lattice. If we had considered a power constraint, fomgda by putting a hard limit on the
maximum link distancel|z — y|| < R (original protocol model), then there is no guarantee that
the time constant < co. We conjecture that if? is chosen so that the disk graph formed by
placing disks of radius® around each node af percolates, i.e., foR > /1.435/) [15] then

i < oo. In deriving the lower bound we have used assumption (2).r&ctize the constants
may change but the scaling with respect to the differentmatars would remain the same.
From the lower bound op we have thaj: > 0 whenp — 0, but as noted previously, this is an

observation that is of mathematical interest only, sin@rbise-free assumption does not hold
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whenp — 0. We also observe that the lower bound on the time constargases withp. From
the upper and lower bounds we observe thaicales likesv/\.

Since we do not havé' (o, z+y) < T'(o,x)+T(0,y), Kingman’s subadditive ergodic theorem
[9] cannot be directly applied to (14). But sin@g . (x,y) 2 T(z,y), there is hope that such
a result holds. In the next lemma, we prove that this is indbedcase.

Lemma 5:Let i be the time constant of the process,

T(o,x)

— H, T =00 (19)
x

x € Z* and where the convergence isii and hence in probability.
Proof: From (14), andl’r(,q)(z, z + y) < T(o,y) and the fact thatl’rq ) (y,z + y) is

independent ofl'(o, y) (because of assumption (2)), we have

Fory(€) > (Fy x Fy)(8),

where F, is the CDF of T'(o,z). E(T(0,2)*) < oo follows from Lemma 2. So we have a
superconvolutive sequence and hence by Kesten's lemmal[[Id] [18, p. 120] hold& [ |
This result shows that with high probability, the delay need for a packet propagation scales
linearly with distance.

Next we address the maximum distance that a packet travelisnieyn.

Lemma 6: The velocity of information propagation converges, i.e.,

D,

o — M (20)
n € Z*, with probability one. Alsou, = -, € (0,00).
Proof: We have
Dupin > Dy + Do (21)

whereD,,, is the farthest distance reachedhiime steps starting from the point which achieved
D,,. We observe thaD,,, 4 D,,. Hence from (21), we have thd®, forms a subconvolutive

sequence and henceD,, forms a superconvolutive sequence. So if we si&Ww?] < oo, L?

To prove the a.e. convergence using Kesten’s lemma, we would eetasitT'(o, n) be a monotone sequence, which is not
true in our case.
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convergence follows, by Kesten’s lemma. We have

P(D; <z) = P(The origin is not able to connect (22)

to any node at distance greater than

(;) exp (_25_26—,\;;”52;32) (23)
p

where (a) follows from Proposition 5. From (23), we observe that thié paobability of D,
decays exponentially fast with and henceD; has a finite second moment. Since the sequence
D,, is also monotonic, we have convergence with probability. e also haveE[D,,|/n >
E[D;] > 0. Using Lemma 7, one can also dedyee = 1/1 and from Lemma 4, we have
H1 < o0. ]
Next we prove the convergence &/t to a fixed setB(o, n ') (shape theorem). In (19), we
considered the time required for connection betweesnd = along thee; direction. By the
isotropy of the point process, and the process, we have tharfy ey € {y € R?: ||y|| = 1},
T(o,req)/x — p, x € Z*, in L. Until now we have shown the convergenceTfo, zey)/x
when z is an integer. In the next Lemma we will prove the same restieme ¢ R2. It
follows closely the technique used in [19] to prove the shigerem for Euclidean first-passage
percolation.

Lemma 7:We havé for z € R?, limjy—o T'(0, ) /||| — g, in L2

Proof. See the Appendix. [ |

Theorem 1:(Shape theorem) Whem > 0, B,/t converges in probability td (o, z~!). More

precisely,¥o > 0, € > 0, 3t, such that

P(B(o, (i~ — €)) € % CBlo,(u~'+ ) > 14, Vt>to.

Proof: Follows from Lemma 7. The proof is similar to [19, p. 10]. [ |

V. SIMULATION RESULTS

In this section we illustrate the results using simulatiesults. For the purpose of simulation

we consider a PPP of unit density in the squarg0, 50]*>. For most of the simulations, we use

Note that we have replaced the integer index with a continuous variableathairections.
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£ = 1.2, and we average ova(0 independent realizations of the point process. In Figure 4,
ET (o, z) is plotted with respect ta for different values ofp. The time constant is plotted as
a function ofp in Figure 5. We make the following observations:

1) The time constant increases with the ALOHA parameter

2) In Figure 4, we observe th&tl'(o, z) ~ u(p)x+C(p), whereC(p) is a decreasing function
of p and u(p) is increasing. For smaller values pf the time taken for a node to become
a transmitter is large, but the probability of a successahgmission is also high because
of the low density of transmitters. This results in a lafge) and smaller(p) for small
P.

3) Figure 4 also implies that the presence of interferingngmaitters causes the delay to
increase when the packet has to be transmitted over longemdes. So when the packet
transmission distance is large, it is beneficial to decr¢lasealensity of contending trans-
mitters.

4) For eachz, there is an optimap which minimizes the delay, and the optimumis a
decreasing function aof.

For two nodes located atandx and ||z|| large, there will in general be many paths between
andz which form by timey||x||. From such an ensemble of delay-optimal paths, we will a®rsi
paths which have the minimum number of hops and call tfestest pathsin Figure 6, we show
the average hop in these paths. We observe that for a giube average hop length decreases as
the source-destination distancéncreases. This shows that for larger source-destinaigiartte,

it is beneficial to use shorter hops since they are more telatd form faster than longer hops.
Also from Figure 5, we observe that for largerit is beneficial to be less aggressive in terms

of spatial reuse and use a smalter

VI. CONCLUSIONS

Connectivity in a wireless network is dynamic and directeddose of the MAC scheduler
and the half-duplex radios. Since these properties are aquiuced in static graph models that
are usually used, we have introduced a dynamic connectivdaph and analyzed its properties
for ALOHA. We have shown that the time taken for a causal patfotm between a source and
a destination on this dynamic ALOHA graph scales linearlthviihe source-destination distance

and have derived bounds on the pre-constants. This implegsevery node can be reached in a
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A=1p=1.2

3501

3001

2501

200

ET(0,x)

1501

100+

0 5 10 15 20 25 30 35 40

Figure 4. ET(o,z) as a function ofz, for 3 = 1.2. We first observe the linear scaling Bf'(o, z) with the distancer and

that the slope increases with Also for small values of: we observe thaET (o, z) ~ p~* since for smallz the path delay
time is dominated by the MAC contention time. For small valuep,afnce the source is a transmitter, long edges form due to
the low interference.

1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 5. The time constant as a function ofp, for 5 = 1.2
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A=1, p=1.2
250

1.5F

Average hop length

051 —B—p=0.1
—©—p=0.2
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Figure 6. Average hop length in the fastest path versus the sourtieaties distance.

time that is linear with the distance. The result shows tim&t does not require full connectivity
in a single instant; hence the requirement of a giant coedecobmponent (percolation) in a
network with interference [10] is greatly relaxed. Henceg.ein a route discovery flooding
algorithm, the time to find the route scales linearly with theameter of the network. We also
showed that the nodes which are able to connect to a node atithie by a certain time are
located in a circle whose radius that scales linearly witheti(shape theorem). By simulations
we showed that it is beneficial to use higher value of the ALOEthtention parameter for
smaller source-destination distances and lower valuedigel distances, and that the average
hop length of the fastest paths first increases rapidly ken thecreases slowly as a function of
the source-destination distance. This observation pesvgbme insight how to choose the hop

length for efficient routing in ad hoc networks.

APPENDIX

In this Appendix we prove Lemma 7.
Proof: For a random variabl&’ let | X|, denote the., norm/E(X?2). We follow the idea of
the proof of Lemma 4 in [19]. Fix > 0. Pick the vectors; € {y € R? : ||y|| = 1},i € {1, ..,m},
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such that

R =J B(iuj, i)

i=1j=1
So R covers most of the region dRk? except some region near origin. For amy choose

i =1i(x),7 = j(x) such thatr € B(iu;,ei). Observe thai — oo as ||z|| — co. We also have

|z — du;|| < ei. From Lemma 5 we know that for large |T'(o, iu;) — pils < ei. So we get

T(o,2) = pllallls < | — pllellls + T (0, iu;) — piils + T (0, 2) — T(o, iu;)ls

< pei+ e+ |T(o,x) — T(o,iuj)ls (24)
We also have from (15),

T (0, z) — T(0,iu;)|

IN

T (0.2) (0, 105 |2

—

a

= [T(o, lz —iugl))|2

N

where (a) follows from the stationarity of» and the fact thal’r(, . (x, iu;) < T(o, ||z — iuj]|).

Using the notation of Lemma 2, we obtain

Llz—duy]l]
T, o —iul) < 3 i+t
=1

wheret!? "] | is the time for a direct connection betwegifw — iu||] and ||z —iu;|. Also¢;

Lllz—du,]|

are identical and, = |t;|2 < oo. Using triangle inequality we have

[l —du;ll]
T, Nz =il < D [alo+ [t 050 Lo
i=1

[ —duyl

= e —dwll] es + [ty 12
= ¢ |||z — i,

< cs€t
Substituting in (24), we have

T (0,x) — pl|x|||a < pei+ €l + cset

= ie(p+1+c5)
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Dividing both sides by = i(z) we have|T(o,z) — ullz|||2/i(x) < e(u + 1 + ¢5). Hence
T(0, ) — pllzll2/ |2 — 0. =
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COMMENTS ON REVISED VERSION

Note: Many thanks to the reviewers for their detailed comisietiey have led to a substantial improvement of the
quality of this paper. In the following, we are listing alletlieviewers concerns (in italics) and interleave our reply.

Reviewer 1 Comments:

1) I think the main goal of the paper is the computation of theagléb form a causal (directed) path between a
pair of nodes in this network model. This a first passage patiom problem, which has not been solved in the
protocol model with interferences, and which | find very liesting. Hence the second part of the paper (Sections
IV. A. and V) seems to be the core of the paper. The first partig af properties of this class of random graphs.
They are interesting on their own, but | fail to see where thelp in solving the problem stated as the goal of the
paper. The two parts appear therefore as quite unrelateds Ehreflected by the notation n which means always a
time in Sections Il, 11, IV 1 and then suddenly always a dis@of a node from the origin from Section IV.A on.
This confusion (In eq (18); is a time, in (22)n is to be “interpreted asiel whereel is the unit vector(1,0)")
leads to errors: and expression (23) is not correct. The fatt could therefore be put in appendix.

In a wireless network the set of transmitting nodes chandreest at every time instant because of the MAC
scheduler. The connectivity of a wireless network is gdhyeenalyzed as a static random geometric graph. But
such a model to analyze the network would lead to more cantgran the system. For example the power required
for percolation of the SINR graph would be much higher thanctlnnectivity on the dynamic graph. In this paper,
we consider an ad hoc network with half-duplex radios whisksumultihop routing and slotted ALOHA for the
network MAC contention. We introduce a random dynamic radilfiraph that models the connectivity of a wireless
network more appropriately. The main motivation of the papeo introduce the concept of dynamic graphs and
study their properties for the ALOHA MAC protocol. The firsan serves as a gentle introduction to the problem
we are considering and leads to a natural continuity in wtdeding the final dynamic graph. We certainly agree
that all the results are not used in the second part but wethiaglthe first part is of interest in its own right and
helps the readers understand the limitations of analyzingtaork using static graphs. We made the proofs of the
first part more clear and easier to understand. The conf@iont using: as time and space variable is taken care
in this revision, and the space variables are changedandy.

2) It is technically sound, even if some notations should beemadre consistent (for example, sometimes you
put ¢, explicitly and sometimes not, which does not add to cladtypetter defined (for examplé3(0, y)¢ is not
defined on page 8), if statements should be made rigorousiample, the statement(o — =) does not change
of x is scaled by...." at the end of p. 5 holds in distribution ¢rdynd should be made at the right place (you
explain the notationi (o — z,) on p. 6 even though it has been used already much earlier).

These mistakes are corrected in the revised version.

3) The second part of the paper is the most interesting one, hadhallenge here is the temporal correlations
between links. Even though links are not independent, | dosae why you cannot use the usual sub-additive
ergodic theorem (as exposed for example in Liggett's tektlend used for example in [8]). Essentially you do
not have indeed thal’(0,n + m) < T(0,n) + T(n,n + m) but you have something very closE(0,n + m) <
T(0,n) + Ts(n,n + m) wheres = T(0,n). Now, T'(n,n + m) and Tx(n,n + m) are identical in distribution,
and Ts(n,n 4+ m) is independent fronT'(0,n) because of assumption (3), hence shouldn’t we be able tohese t
theorem at least with assumption (3)?

Kingman’s subadditive theorem requires the stronger st@ite7 (0, n +m) < T(0,n) + T(n,n + m). Kingman’s
proof does not follow through witll"(n, m + n) replaced by another random varialflg(n, n + m) with identical
distribution. A similar scenario occurs in the spatial sptef epidemics, for example [16]. In the spread of an
epidemic, one can think df'(m,n) as the time required for a disease to spread from a individwalted atn to
one located at. Even in this case, Kestens lemma has to be used to show arstoitvergence as in our work.

January 30, 2009 DRAFT



27

4) Now, you mention in Lemma 3 that the limitexists and thaj € [0, 00) and next in Lemma 4 thai > 0.

| agree with the result of Lemma 4 that that> 0, but | do not see where you prove that< oc. Shouldn’t we
need )\ to be large enough, to ensure the existence of infinite coemoin the connectivity graph? In general,
the percolation of the underlying cumulative graph is the ¢inat takes the most work to be established: unless |
missed it somewhere, one cannot consider the result as pmiteout proving carefully the step < oo, even |
think it must be true. | guess that with this proof, and thghtliadaptation of this sub-additive lemma, all conditions
in the Liggett's sub-additive theorem are verified, and tthes results hold.

In the revised version we provide the following upper anddolwounds in Lemma 4:

/BW <u< 5%6){19(1/2) (25)
In(1+p(1 —p)) (1-p)v/p

In the modified protocol model we are considering, we do neelay power constraint. So any node can potentially
connect to any receiver no matter how far it is but the prdigldecreases exponentially with distance and hence
1 < oo. This is in contrast to standard first passage percolatioa lattice where the probability distribution (CDF)
on each edge should have a mass less fhaat zero foru < oo, where P, is the bond percolation constant of
the lattice. If we had considered a power constraint, i.@taasmitterz can connect to a receiverif the original
protocol model is satisfied i.€lx —y|| < R, then there is no guarantee that the time congtantoo. We conjecture
that if R is chosen so that the disc graph formed by placing discs afisa@l around each node af percolates,
thenp < oo.

5) Assumption (3) is central to the results, and it would be tutlflo comment more on its practical validity.

In essence assumption (3) ((2) in the revised version) espihat the interference encountered at each node is
independent across time. This statement is correct if omelitons on the underlying point procesgssince the
ALOHA protocol chooses independent sets across time. lityéaterference is not independent but almost because
of the MAC protocol. We have included the comments in thesediversion after the assumption.

6) There are some other glitches however in that part of the papleich need to be carefully proofread. For
example | don't see how taking expectations in (27) yieldssthict inequality of (28). | don’t understand the term
"conflict" in the first sentence of Proof of Lemma 4 ("The badea is to use the conflict that taking large hops
etc"). The constant is introduced twice after (29).

The strict inequality is a typo and is corrected t6™' The “conflict” sentence is removed in the revised version.

It has been replaced by the following argument; “ Taking dahgps to reach the destination requires fewer hops
but the success probability for each hop would be small amténét takes more time to connect. On the other
hand taking smaller hops will result in higher probabilitysuccess for each hop and result in a smaller time of
connection, but we require a large number of hops to get tal#stination. We will use the tradeoff between the

hopping distance versus time to show the lower bound:.oh

7) The discussion of the dependenceld, n) and of x on the probabilityp is very interesting (even if it can
be made only by simulations). Igp) a strictly increasing function for all valueg, even those very small? Why?
Can you prove it? What ifm p(p) for p — 0 ? If p is large, | understand that interferences increase delayt B
if p is very small, the picture is less clear to me. | understarat there is an optimap for 7°(0,n). It would be
good to relate this discussion with the paper by "F. Bacastllal, An aloha protocol for multihop mobile wireless
networks, IEEE Transactions on Information Theory".

From the upper and the lower bounds in (25)sé#emsthat x(p) is not a increasing function gf. But from
simulations, we observe tha{p) is increasing withp whenp is not too close to zero. The problem occurs when
is close to zero. Then the probability that a node can becotngnamitter is very small, but a node can transmitt
to a large distance and it is not clear which dominates theroth

For the model we consider, we also observe that 3v7A whenp — 0 from (25). But from a practical
perspectivep close to zero would lead us from the interference-limitegior into the noise-limited region. The
modified protocol model we are considering does not takedntmunt the noise and hence the results obtained when

January 30, 2009 DRAFT



28

p very close to zero may shift significantly from practice. he tpaper by Baccelli, the emphasis is to maximize
the distance transmitted and in our case the emphasis iscteat® the path formation time, and we do not see a
direct connection between the two.

8) The presentation of the paper should be improved. Some retidas of technical computations would be
helpful, for example from the first to the second line on topade 9; as well on top of page 11. (b) is not
explained in set of equations at bottom of page 14. The pisludsild also be made self-contained if possible (for
example, remind the reader what a regularized beta funcisoim page 12): Typos are left, which can be easily
caught by a spellchecker. The paper appears to be writtete quastily at some places (for example, there is a
Section IV A on page 11, but not Section IV B, there is a Setdah) on page 10 but no Section IV 2) ?

These problems are rectified in the revised version.

Reviewer 2 Comments:

1) 1 find that the definitions, denotations, and some intergiets are not quite in line with existing results, in
the context of communications and networking. For exanfptethe minimum delay to setup a path, this problem
has been studied by reference [1] and succeeding works bsidening link capacity, schedules, and interference.
In this paper, the problem is formulated differently. Theesfion is that the results are not consistent. Therefore,
readers may be confused about the overall problem and fisdiffis does not mean that the authors need to
follow others’ methods, but it is important to point out damities and differences because many readers may have
read Kumar’s paper and some of Dousse’s papers on similacsohe contributions of the papers are not very
clear. If we take the main contribution as stated in the asir“the delay (to form a path) scales linearly with the
distance" then it is hard to justify that this is a significamtntribution. | would expect to see more understandings
and comparison, even study methodology in this paper. Irp#peer, there are several places, that the authors use
others results, which turns out the analysis and modelsterpaper is somewhat trivial, especially for node and
edge distribution analysis.

In [1], the scheduling and the routing are fixed and the enmiph&as on understanding the scaling laws of the
throughput. In Dousse’s work on the percolation of SINR g=sapthey consider nodes which are full-duplex (i.e.,
transmit and receive at the same time) and use percolatuerants to study the connectivity of the static SIR graph.
Neither [1] nor Dousse are concerned with the path formadielay. In practice the radios are not full-duplex and
hence the instantaneous network graph is always discathdct a wireless network the set of transmitting nodes
changes almost at every time instant because of the MAC aldreth this paper, we consider an ad hoc network
with half-duplex radios which uses multihop routing andtteld ALOHA for the network MAC contention. We
introduce a random dynamic multi-digraph that models thenegtivity of a wireless network more appropriately
than a static graph. The main motivation of the paper is tméhice the concept of dynamic graphs and study their
properties for the ALOHA MAC protocol. The connectivity gita formed is dynamic because of the scheduling
and we are quantifying the minimum time required for a capsgisical path to form between a pair of nodes. In
the revised version we provide lower and upper bounds ondttefprmation time. We show that the time constant
u scales likev/A. We use tools from epidemic processes and first passagelgt@ndo study the delay.

2) The proof of the major theorem is not clear. For example, tlstrsignificant definition is in equation (17). But
the main conclusion does not follow smoothly even thoughave hemma 3 and Lemma 5 on page 13 and page
15, respectively. The paper could be better written andagmpt in this regard because this is the most important
part in the paper.

One of the major result i$im, .., T(o,z)/z = pu, i.e., linear scaling of the path formation time with respec
to distance between the nodes. Also this result holds for iy of nodes in the network. Another important
contribution of the paper is the idea that the connectivitgph in an ad hoc wireless network is dynamic in
nature and analyzing such a network using a static conrigogixaph would lead to overly pessimistic results. For
example the power that is required for a static SINR graphexcgate would be much higher than the power
required for a path to form between any pair of nodes in a tina $cales with the distance between the nodes.
In practice this delay would be a lower bound to the actuahylér which one has to include the queueing delay.
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In the revised version we have also included an upper bouddaaver bound (25) (in this document) on the time
constant (Lemma 4) rather than just showing that 1 < co. We also have added more explanation and changed
the notation so that the concepts are clearer and easiemdrstand in the revised version.

3) Why definep; (k) and ¢,.(k) in the system model? | did not find they are used later in theepaxcept in the
definition. The later notatiorV; (k) and N,.(k) seem to be as the cardinality of the above two sets. But | do not
understand why the authors define them again. If they arehesame, then what is the difference?

¢:(k) and ¢,.(k) are used later in the paper, for example in Proposition latops (6), (11).N;(x) denotes the
number of receivers that a transmitteraatan connect to andv,.(z) denotes the number of transmitters that a
receiver atz can connect to. These are not equaldg(k)| and |¢,(k)| respectively. Actuallyl¢;(k)| = co and
|¢r (k)| = oo almost surely for ALOHA parameter € (0,1).

4) It is confusing sometime, we consider the distance from tlgnoto a location z and sometime we consider
from locationz and .

The point process® is stationary and when we consider only a single transmigtegiver pair, we can assume that
the transmitter is at the origin and the receiverraivVhen we are considering a path, we sometimesaufie the
transmitter and, for the receiver. The usage depends on the context and theit¢at feasibility.

5) What isj in B(u, 8|z —y||)? | cannot find the definition, though it is used heavily in tlapegr for proofs and
explanations.

B > 0 is first introduced in Section 2: System model. We have ctatithe definition ofs in the revised version.
In the scenario without fading and when the path-loss magiven by| x| =<, 3 = (T'/* — 1) when the SINR
threshold is given byl > 1.

6) If graph G(m,n) is formed between time instant and n, is it relevant to the sequence? If not , then the
definition of "causal path" is not clear. What does not meahthé weights form a strictly increasing sequence?"
How to determine weights? Under what conditions that theghisi can form a sequence? in that regards? Timing?

Consider the (single)-snapshot graglk) = (¢, Ex) with vertex sety and edge seE), formed at time instank.
All the edges of this graph have edge weight¢the time instant in which they were formed) and are directed
Now consider the multigraplir(m,n) = (¢, Up-,, Ex) and consider any directed pathfrom z € ¢ to y € ¢ (if
it exists). Each edge in this path has a weight (the time it fuazied) and we say that the path is casual if the
edge weights are strictly increasing (in the direction & path).

By a sequence we did not mean an infinite sequence. We havfieddhe definition in the revised version in
Section 2.

7) The paper seems to implicitly refer to wireless networkserTtvhat is the relationship with transmitter and
receivers? Each node is assumed to be full duplex or not? \Wéme tcan exist multiple nodes in one location?
What kind of location /position is used in this paper? Thegratid say that Dousse’s work ignores the interference
problem and said that it will be considered in the in this pag#owever, throughout the reading, | cannot find
interference being taken into account, except in the sitraraesults (Figure 3) which | don't understand neither.

The paper deals explicitly with wireless networks.

1) The nodes (radios) are distributed spatially as a Poipsamt process on the plane with density This is
introduced in Section 2.

2) All the nodes are half-duplex. A node chooses to transritht mrobability p (ALOHA) in any time slot. If
a node is not transmitting we assume it is in receiving modhés i introduced in Section 2.

3) We use the modified protocol model to decide if a transmiter can connect to a receiver gt The
protocol model is a simple model that accounts for interfeeeand a detailed discussion about this model
can be found in [11]. For example if there is no fading and SINR) > 7" with path loss mode]|z||~
implies thatB(z, (T'/* — 1)||= — y||) does not contain any other transmitter. This is includedenti®n 2.

4) Our results about the path formation time are robust vithrhodel, i.e., the resul(o, z)/x — p still holds
true in the SIR model (physical model). We have used protovodiel since it leads to clearer analytical
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results. In [20], we have analyzed the dynamic connectigigph with the SIR model and Rayleigh fading.

Reviewer 3 Comments:

1) The main issue | have with the paper is with the model. The htbdg consider is the so-called "protocol
model," used in reference [1] (Gupta and Kumar). Howeveeytiake only one of the two conditions from [1],
namely that: "a transmitting node located atcan connect to a receiver located at y if the diBky, SB|ly — z||)
does not contain any other transmitting node." But they db aumsider the other condition, which is a power
constraint limit (in [1], ||y — z|| < R (*)).

This has several consequences. The first one is that it desathe ALOHA protocol by making possible
connections that actually are impossible. Consider théofahg set-up: on the line, putl at 0, y1 at 1, 22 at
4, y2 at 8, and ¢ = 1.5, wherexi stands for a transmitter angi for a receiver. The diskB(yl1, 1.5) is the line
segmen{—0.5, 2.5] and contains no other point. The digky2, 6) is the line segmeri2, 14] and contains no other
point. So according to the paper model, and z2 are allowed to transmit at the same time. However, receiner
is closer toz2 than its actual intended receiver2, and thusyl will receive a signal frome2 strong enough to be
decoded, and strong enough to interfere with that of x1.

This issue arises in the graph in the paper. Take for instdfigare 2: The node at (approximate) coordinates
(1,—5) can simultaneously transmit alongside the node at alfout-4), even though the transmission of the first
node would drown the signal of the second. Because there jwer constraint, an interferer can still be outside
of the diskB(y, B|ly — z||) yet still impact the communication betwegrand z.

However, imposing a condition such as (*) would significardtiter the results of the paper: For instance, the
average degree of the nodes is, in the current draft, indéeenon the density of the nodes. Imposing (*) would
make the intensity of the PPP intervene and would render ébalts in this paper moot.

1) Regarding the example provided: The example providechbyréviewer is not a valid counterexample, and
y1 is fine asy; is able to receive fromx;. The connectivity between a transmitter and a receivergusin
the protocol model depends on the ratio of the distancesdmgtwhe transmitter-receiver and the receiver-
nearest-interferer (SIR)y will not be able to decode, since B(y;, 1.5]|y1 — 22||) = [~3.5,5.5] contains
another transmitteg;. As you have indicateg; will be able to decode:; since it is closer to it than the
nearest interferet,. Also in a modified Protocol model we are inherently assunfihgie want to connect
it with the SIR model) that all the nodes transmit with equalpr. So an interferer outside of the disk
B(y, Blly — z||) cannot dramatically affect the communication betwgeand .

2) In the revised version we indicate that we are not usingettact protocol model. Using a constraint like
lly — z|| < R is essentially a power constraint. In a practical systenaasmitter chooses the power so that
it is able to combat the path loss to the receiver. So in essérecpower would be reduced with the density
of the nodes. Since the distances between the nodes saalg/\ik\, if we setR = k/+v/\ for somek > 0,
the average in-degree does not depenchon

3) We also certainly agree that neglecting noise would leadety optimistic results whep — 0. Whenp is
small the system is in the noise-limited regime, otherwise gystem is in the interference-limited regime.
Whenp is small, interference becomes very small (and since we egtecting noise) and a transmitter can
theoretically connect to a receiver very far from it. We hat®sen not to use the power constraint so that
the analysis is cleaner - well aware that any conclusions/ifar p — 0 will be modelling artifacts and
bear no relevance for practical systems.

4) If we consider the power constraint, i.dy — z|| < R, then there is no guarantee that the time constant
1< oo (> 0 will still hold). We conjecture the following:

If R is chosen so that the disc graph formed by placing discs @fisaél around each node af percolates,
i.e., R > R.(\) thenpu < cc.

2) The paper would gain in clarity by stating explicitly somes@sptions. For instance, it defines the contention
mechanism as a slotted ALOHA with parameteBut | should not be wondering if p stands for the probability
of transmitting, or of receiving. This should be spelled 6uts, but on page 9, not page 3). Also confusing is the
use of the lettery (which looks like the empty set) as a set name.
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p represents the probability of transmitting. We have cledifthe assumptions explicitly in the revised version in
Section 2.¢ is a standard symbol for representing point processes (tipyeset is denoted bf)), and that is the
reason we have used it.

3)Definition 1 is not clear at all: the weights it mentions arevae formally defined. (the sentence which mention
the weights is confusing: "Also each edge has a time stamp wigformed as its weight.") Definition 1 states the
graph is causal is the weights form a strictly increasingsatce. But that is not true! It should be the existence
of an increasing subsequence that defines causality, secedges are dynamic in the graph. Anyhow, the weights
are never properly explained and are not even included in (2)

The weight on each edge is the time at which the edge is formefinition 1 states that path is casual if the
weights form a strictly increasing sequence. By this we ntbah the weights on the edges of the path should be
increasing. We have clarified the definition in the revisetsiom in Section 2.

4)
« Replace "even" with "event" p4.
o P11: "So we are not counting loops." This sentence shoulddseqgd the previous one, maybe?
o The paper could refer some work in Delay Tolerant Networksparticular, there are some similar results
linking the delay and the distance in the area of DTNSs.

These are corrected in the revised version. We agree thanodel is slightly related to the ones used in DTNSs.
However, that line of work focuses (to the best of our knowkdon intermittent connectivity due to mobility of
node failures, for example,

1) "P. Jacquet, B. Mans, G. Rodolakis, F. Rocquencourt, andustralia, Information Propagation Speed in Delay
Tolerant Networks: Analytic Upper Bounds, Information @itye 2008. ISIT 2008. IEEE International Symposium
on." 2008."and

2) " F. De Pellegrini, D. Miorandi, I. Carreras, and |. Chlamta&A Graph-Based Model for Disconnected Ad
Hoc Networks, in INFOCOM 2007. 26th IEEE International Gaehce on Computer Communications. IEEE, pp.
373-381, 2007."

Further, we have not been able to find any work that consiaeesference, so we do not see a need to discuss the
DTN literature.

5) The simulations are nice, but do they refer to an actual sitioth of the interference environment, or are they
just a simulation of the mathematical model presented heeuld not find a description of the air interface, so

| assume it's the latter, but it would be worth to have a realOMA system being used with some more realistic
physical layer description to see how far off the model is.

The simulations are based on the modified protocol model ittt paper. In [20], we have analyzed the dynamic
connectivity graph with the SIR model and show some simutatesults. We find similar linear scaling of the time
required for a connection to form between two nodes witheespo the distance.
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