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Abstract—Wireless networks are fundamentally limited by A. The role of the geometry and the SINR

self-interference. Since the interference at a receiver dically . . .
depends on the locations of the interfering transmitters, rath- The interference is governed by a number of stochastic

ematical techniques are needed to explicitly model the netwk ~Processes, most notably the random node distributienthe
geometry. As a consequencestochastic geometry and the theory network geometry.
of random geometric graphs have emerged as essential tools inthe  Consider the SINR expression for a receiver placed at the

analysis and design of large wireless systems. In the last chle, origin o in the 2 or 3-dimensional Euclidean space:
these techniques — including point process theory, percdian

theory, and probabilistic combinatorics — have led to impotant

results and insights such as the connectivity, capacity, ahother SINR = W1’ where [ = Z Bihil([|:l) , 1)
fundamental limits of wireless networks, and the coverage fo €T
sensor networks. where S, W, and I are the desired, noise, and interference

. TEiS tutgrialf atrtt1icle gtiVeﬁ an OVerVieW_dOf the (rjnelxthefmatlical powers, respectively. The summation fbiis taken over the
ackgroun 0 ese techniques roviaes modadeils f1or large : : : : :
Wirelgss networks, and presen?s soﬁ1epof the important reslslthatg set. of all l_nterferlng trans.mltteﬂs’, P; is the transmit p°".Ver'
were derived in the last decade. It also serves as an introdtion /i 1S @ fading random variable, arfds the path loss function,
to the field for the other papers in this special issue. assumed to depend only on the distafizg| of the interferer
situated at positiom; € R<. In a large system, the unknowns
are 7, h;, and z;, and perhapsP;. In an average sense,
the impact of the fading is small, but the locations of the
. INTRODUCTION interfering nodes greatly influence the SINR levels. So, in
essence, it is theetwork geometrnor, more precisely, the

Emerging classes of large wireless systems such as intgrference geometythat determines the distribution of the
hoc and sensor networks and cellular networks with mupterference and the SINR and, in turn, the performanceef th
tihop coverage extensions have been the subject of inteR§&work. The geometry itself is a function of the underlying
investigation over the last decade. In the process, researc node distribution (and mobility pattern for mobile netwsyk
have realized that the classical methods for communicatiBRd the channel access scheme. N
system and network analysis are insufficient to analyzeethes The node distribution is captured by a stochagimint
new types of networks. There are two main reasons: R§oC€ss The most prominent example is certainly the ho-
The performance-limiting metric is the signal-to-integiece- Mogeneous (or stationary) Poisson point process (PPP), for
and-noise-ratio (SINR) instead of the just the SNR as which a host of results have been derived in the last decade.
point-to-point systems or networks without spatial rec&ee It nice analytical properties, most notably the independe
interference is a function of theetwork geometrgind the path Petween the nodes’ positions, permit closed-form expoessi
loss and fading characteristics. 2) The amount of uncytail? Many cases. However, it is exactly this independence
present in the network. Due to the distributed nature of tiREOPerty that makes this model unsuitable for networks eher
system, it is impossible for the terminals to know the lamasi COordinated node placement or movement is needed for the
and channels of all but perhaps few nodes. Therefore theré@plication. Efforts have been undertaken to extend re ot

a need for probabilistic models to describe the uncertainyy the homogeneous PPP to other point process models, ingludin
methods to derive performance metrics of interest. clustered and so-called hardcore models where a minimum

The two main tools that have proved most helpful a@ode separation is enforced, but they are still in theirrinja

stochastic geometry [1] and random geometric graphs [2].

Stochastic geometry provides the mathematical framevinark t B. History and recent successes

permits averaging over all realizations of the network vehos Although there has been peaking interest in recent years

nodes are placed according to some distribution. Rand@fthe use of stochastic geometry and random graph theory to

geometric graphs capture the distance-dependence and ggixcribe wireless networks, some of the underlying apjiesic

domness in the connectivity of the nodes. go back 100 years, or more. Wireless network performance
This paper provides an introduction to stochastic geomeigy mostly interference-limited, and a large number of users

and random geometric graphs and discusses recent restlts¢bntribute to the interference in vastly varying magnitjdes

were enabled by these theories. described by the interference function stated in (1), wisca



shot noise proces# general, a shot noise process is describ&l Paper overview and organization

as The goal of this paper is to provide a primer on stochastic

7 2 geometry and random graphs, and to bring some of the main
(z) = Z 9(z — @), () tools and results as they apply to wireless networks togethe
e in a single summary article. Igl, we provide an overview of

where{z;} is a stationary Poisson process Brand ¢(x) is the key mathematical tools, including point processesjoan

the impulse response. f is two-dimensional it can represent?eort'_1etrIC grrz]a_p?]s_, atrr:d iercolanotr_lt. §'.“’ the_ |n|terferer;\<l:ve K
coordinates on the plane. Typically, in wireless netwarks) unction — which 1S the Key quantity in a wireless networ
follows a power law of the forni || z||~*, henceforth denoted ~ is characterized and it is shown that outage probability is

as ((x), in which casel(z) is the aggregate interferencenatural metric in a spatially stochastic wireless netwafle

received at point.. The shot noise process has been studiélaen move on to other important perfprmance metrics, such as
e connectivity of the network and its coveragesli/, and

at least dating to Campbell in 1909 [3], who characterized i . . o
e data-carrying capacity and area spectral efficiencyhef t

mean and variance, more fully by Schottky in 1918 [4], whil . g o
Rice performed extensive investigations on the distrdnutf hetwork in§V. We conclude by providing some additional ap-

I(x) from 1940 through 1970 [5]. Power law shot noise plications of these results, including epidemic modelseless

most relevant here — was considered by Lowen and TeichSRCUNY: _and transmission protoco_l deS|gn._
1990 [6]. e will refer throughout the introduction to other

. . . ers in the special issue, noting how they tie in
Stochastic geometry combines the shot noise process i P g y

stochastic point processes, that is, the values;aire drawn
from a statistical distribution, most commonly the homoge-
neous PPP as just discussed. Stochastic geometry in ifs ear

NOTATION AND SYMBOLS

form has been used as a tool for characterizing interferenge Sy[':]bo' 32“22{?2/‘3; p'anat,'ﬁn

in wireless networks at least as early as 1978 [7], and was zZ, N integers, positive integers

further advanced by Sousa and Silvester in the early 1990s ;"' fea) numbers, pasitive real numbers
[8]-[10]. By the early 90’s, two useful mathematics textsave ne) £ 1;.50) () (unit step function)
available to researchers: Stoyan et al.’s stochastic gepme #d L ggp;ﬁgm"yf gﬂensmns of the network
first edition in 1987 [1] and Kingman’s Poisson Process [11] P(A) probability of eventA

In the late 1990’s, llow and Hatzinakos [12] characterized E(X) expectation of random variabl&

Lx(s) = E(e™*¥) | Laplace transform of random variab/

the impact of random channel effects — fading, shadowing, - Lebesgue measure

path loss, and combos thereof — on the aggregate co-channel o origin in R .

: ; ; : B a Borel subset oR or R
mt_erference, while Ba_ccelh et al. al_so began developoajst Br:r) ball of radiusr centered at:
primarily based on Poisson Voronoi tesselations and Delaun ca L 7d/2 )D(1 + d/2)
triangulations for the optimization of hierarchical netk® (volume of thed-dim. unit ball)

- . « path loss exponent
[13], [14] and of mobility management in cellular networks| ry (z) = P(X < =) | distribution of random variables (cdf)

[15]. For a survey on this line on thought, see the forthcgmin| @ = {x} CR? point process

A counting measure and density fér
book chapter by S. Zuer [16]- Pe, Ac critical problability, density for percolation
In the past ten years, stochastic geometry and associated ho, (power) fading random variabléi(h) =1)

K . T eR SIR or SINR threshold for successful communicatipn
techniques have been applied and adapted to cellular system ¢ ¢ (0, 1) target outage probability for transmission capacity
[17]-[20], ultrawideband [21], cognitive radio [22], feattells ¢: RV; Rt Eihsotroplic) large-scale path loss function

ermal noise

[23], relay networks [24], and many other types of wireless
systems. However, perhaps the largest impact has come in the
area of ad hoc networks, which are fully distributed and in I

! o , X . MATHEMATICAL PRELIMINARIES
which all participating nodes — both transmitters and nesrsi Stochasti i ich b h of lied b
— are randomly located. In such networks, it is impossibey, _ Stochastic geometry [1] is a rich branch of applied proba-

with unlimited overhead to control the SINRs of all userse dLPIIIty Wh"_:h 5_‘"OWS one to study _rar_ldo_m phenomena on the
to the coupling of interference: if one user raises its pow lane or in h_|gher dimensions. It IS _|ntr|n_5|cally relatexthe

it causes an interference increase to all other commun'g:atF eory of point processes [25].' Initially its developmer&sw
pairs. Therefore, the geometry is of utmost importanceesinc stimulated by applications to biology, astronomy and miaker

is the first-order determinant of the SINR and hence capacf}?ences' Nowadays, It is glso used in image analysis and in
and reliability. the context of communication networks.

Considerable efforts have been undertaken in the past
decade to better understand the properties of distribut®d Point processes
wireless networks in the context of their geometry, resglti  The most basic object studied in classical stochastic geome
in many new tools that researchers can use to charactetizeare multidimensional point processes. A point proc&$) (
their performance and predict the relative performance ifa measurable mappirgfrom some probability space to the
communication protocols. This paper attempts to distilt ogpace of point measures (a point measure is a measure which
many of these contributions. is locally finite and which takes only integer values) on some



spaceE. Each such measure can be represented as a disciétis is the basis of a large number of formulas like e.g. those

sum of Dirac measures ofi: on the Laplace transform of the shot noise (see below). Other
o — 5 appealing features of PPPs are their invariance by a large
- Z Xi- number of key operations. In particular,

o The superposition of two or more independent PPPs
(which is defined as the sum of the associated point
measures) is again a PPP; this can be extended to
denumerable sums under some conditions.

The independent thinning of a PPP is again a PPP;
this can be extended to the case of location-dependent
thinning, where a point is retained or not depending on
its location.

The point process obtained by displacing paolfitinde-
pendently of everything else according to some Markov
« A PP can be simple or not. It is simple if the multiplicity kernel K (X;,-) that defines the distribution of the dis-

of a point is 1 at most. _ _ placed position of the poink; yields another PPP; this
« A PP can be Poisson or not. The popularity of the Poisson  resylt is often referred to as the displacement theorem.

]E)Oim procke_?s éfPPPLsée?s_tfrom th? har.]di'hcofml?matiorl]ﬁleach case, the intensity of the resulting PPP can be autain
srl?l;gi\z:vt(i)(;nl ofers. A definition 1s given In e Tollowing i, ¢josed form from that of the initial PPP and the involved

: . . . . transformationsd.g, the thinning probability or the kernd{).
« A PP can bestationaryor not. Stationarity holds if the If p(z,-) is the probability density pertaining to the Markov

law of the point process is |nv§r|ant ?V translatlc.)n.- kernel applied to a PPP of intensitfz) on R?, the displaced
— The homogeneous PPP is stationary. This is thgints form a PPP of intensity
simplest point process in a sense.
— The framework for non-stationary PPPs is quite N(y) = Ma)p(a, y)dz .

handy, although a bit more technical than that of the Rd

homogeneous case. In particular, if \(z) is constant\ and p(z,y) is a function
— There is a general and comprehensive computatioral, — ;- only, then X (y) = A for all y.
framework for stationary point processes which are A striking property of PPPs is Slivnyak’s theorem which
not Poisson. This is Palm calculus (see below).  states that the law &b — &, conditional on the fact thab has
« A point process can bisotropic or not. Isotropy holds if a point atz is the same as the law @f. In mathematical terms,
the law of the PP is invariant to rotation. The homogehe reduced Palm probabilit#*' of a PPP is the distribution
neous PPP is isotropic. If a PP is isotropic and stationany, this Poisson point process itself. This is usually expedsas
it is called motion-invariant P = P, for all pointsz € ®. This means that the properties
« A PP can be marked or not; typically the marks arseen from a point € R¢ are the same whether we condition
independent of the PP and i.i.d. There are much mos@ having a pointz € ® or not — if the point atz is not
general marks of a PP like the Voronoi cells of the pointsonsidered. For example, we have for the mean number of
or the universal marks of a point (see below). Generpbints within distance: of x:
marks require the handling of Palm calculus in one way
or another. E®(B(;r)\{2}) = E(@(B(z;n)\{z}) | = € ®) = A(B(x;7)).
1) Poisson point processeset A be a locally finite mea-

. . : . whereb(z, r) is the ball of radiug- centered atr.
sure on some metric spadée A point processe® is Poisson ; . .
on E if 2) Stationary point processesThe theory of stationary

L point processes is based on the concept of marks and on the
- For all disjoint subsetsd;,---, A, of £, the random \atthes definition of Palm probability [25] and [26].
variables®(4;) are independent; . Roughly speaking, a mark of some point of a stationary
« For all setsA of E, the random variable®(4) are pint process is a quantity that “follows this point” when
Poisson. the collection of points is transported by a global transtat
A key property states that conditionally on the fact thajperation. For instance, the local configuration of neigkbo
®(A) = n, thesen points are independently located4n This  of point X, which is defined as the collection of points in a
leads to an explicit representation of the Laplace funetioh  ball of radiusR centered atX is a mark of this point. IfR
®. If E =R, this Laplace functional is defined for generajs infinity, this mark is the universal mark of, namely 'the

The random variable§X;}, which take their values i are
the points of®. Most often, the spacé’ is the Euclidean
spaceR? of dimensiond > 1. In some cases, it is important to
be in a position to consider point processes on more general
topological spaces (see below). Th#ensity measure\ of
® is defined asA(B) = E®(B) for Borel B, where ®(B)
denotes the number of points N B.

Here are a few basic dichotomies concerning point processes
on some Euclidean spad:

point processe® by point process seen frod".
Lo(f)2E . f(m)cp(dz)} _® { ~ Sea F(X) The Palm probabilityP° of a stationary point process is
¢ € = ’ the law of this universal mark, which can be shown to be the

wheref is a non-negative function dR?. In the Poisson case same for all points. It can be understood as the law of thetpoin
"process given that it has a point at the origin. As defined here

Lo(f) = e Jra(1=e777) A(d) (3) PV is a probability on the space of point measures.



Campbell's formula for stationary point processes, whgh i « Volume fraction: in the homogeneous case, what is the
a direct consequence of the last definition, states that when fraction of a big ball which is covered by grains? This can

denoting by® — x the global translation of all points @f by be derived using the analysis of coverage and an ergodic
the vectorz, then theorem.
« Contact distribution: given that a location is not covered,
E Z f(X,®— X)] :/ f(z,)MdzP°(de), (4) what is the radius of the bigest ball (resp. length of the
Xed N JRE longest segment of orientatiéf) centered at this location

where A is the space of simple point sequences, for all that does not intersect any grain of the Boolean model?
positive functionsf(x, ¢) of 2 € R? and ¢ a point measure These questions extend to many other models, either with non
onRZ. Here\ is the intensity of®, that is the mean numberPoisson germs, or with Poisson germs but grains that are not
of points per unit space. The last formula is the key todi.d. An interesting example considered in [30] is that whe
for computing the mean values of sums on the points ofthe grains are SINR cells, namely the region of the space
stationary point process. Applied to PPPs, they are péatigu around a transmitter where the SINR w.r.t. this transmitter
simple. Let® be a stationary PPP of intensityon R?. Then exceeds a given threshold. Here the interference is the field

for non-negativef, created by the other points of the Poisson point process.
2) The disk graph:Assume that the compact sets of the
E (Z f(X)) =) f(x)dz (5) last subsection are all balls of radiug2. We define the disk
Xco Rd graph of a Poisson poiidt process of intensity with ranger,

denoted ag7y , as the graph with nodes the points®fand
with edges betweeX andY if the two grains touchi.e., if
var <Z f(X)> =\ [ fa)de. (6) ||X —Y]| <. This is the most basic random geometric graph
Xed R and a central object of random graph theory. The following
Important examples of stationary point processes that le@destions are of particular interest within this setting:

and

to nice computational results include « Does this random graph has an infinite component? This
« point processes with repulsioe,g, Matérn hard core is of course equivalent foE to have an infinite compo-
point processes or determinantal point processes; nent. This property is referred to as percolation. A stigkin
« point processes with attractiorg, Neyman-Scott cluster fact is that there is a deterministit < r* < oo such
processes, permanental point processes [27] or Hawkes that whenr < r*, there is no such infinite component
point processes [28]. with probability 1 {.e,, there is no percolation for all
For more on this, see [25] and [1]. realizations of ®), whereas whenr > r*, there is

an infinite component with probability 1i.¢., there is
percolation for all realizations ob). This will be proven
in §IV-C.

« In case of percolation, what is the fraction of nodes
included in the infinite component? In case of no per-

B. Boolean models and random geometric graphs

1) The germ—grain modelThe most celebrated model of
stochastic geometry is the Boolean or germ-grain modes. It i

directly relatec_i to random ge_ometnc graphs. It is also achas colation, what is the typical size of a component?
model of continuum percolation.

In the simplest setting, the Boolean model is based onl§e main tool for addressing these continuum percolation
Poisson point process, the points of which{X;}, are also guestions is a reduction to discrete bond or site percolatio
’ ) K2 )
calledgermsand on an independent sequence of i.i.d. compdd®’ more on the matter, see [31] and [32].
sets{ K} called thegrains Formally, the Boolean model is

== U(Xi 1K) C. Voronoi tessellation
i By definition, a tessellation is a collection of open, pagwvi
whereX; + K; = {X; +y, y € K;}. disjoint polyhedra (polygons in the caseRf) whose closures

There is a beautiful representation fas a Poisson point cover the space, and which is locally finite (i.e., the number
process on the space obsed setof R?. This set, endowed Of polyhedra intersecting any given compact set is finite).
with a proper topology, can be made a metric space and onéiven a simple point measure (or point sequengen R
can in fact define Poisson point processes on this space []d & pointz € R?, we define thevoronoi cellC.(¢) of the

The Poisson set of germs and the independence of @@iNtz € R w.rt. ¢ to be the set
grains make the Boolean model analytically tractable. It is d .
often considered as the null hypothesis in stochastic gggme Co(9) ={y €R%: Jly — 2] < zieg}i#m ly =i} (@)

modeling.
. . . B d '
Among the key results on this model, let us quote Given a simple point process = >, J,, on R?, we define
. . Lo ._the Voronoi tessellatioror mosaicgenerated byd to be the
« Coverage: the simplest coverage question is the dIStrrxlfarked oint DrOCEss
bution of the number of grains that intersect a given P P
compact set, for instance a given location of the space. V= Z‘S(%C (@)—ay) -
7

This distribution is Poisson.



The Delaunay triangulationgenerated by a simple pointwith the impulse response of the shot noise process. We would
measurep is a graph with the set of vertices and edges like to calculate the Laplace transform
connecting eacly € ¢ to any of its Voronoi neighbors.

The Delaunay triangulation of a Poisson point processis an £, (s) 2 E[e %] = E |exp | —s Z o
object of central importance in communications. In a regula s
periodic (say hexagonal or triangular) grid it is obviousito gf the interference. This is a Laplace functional wifh—
patterns of points like a realization of a PPP, which is ofte‘sng(r) = sh,r=%, S0 we have from (3)

define the neighbors of a given vertex. However, for irregul

used to model set of nodes in mobile ad hoc networks, this r B OO]E L emsh

notion is much less evident. The Delaunay triangulatioersff 1(s) = expy — 0 n[l—e JA(r)dr

some purely geometric definition of neighborhood in such

patterns. = exp ( — peaBIROIT(1 — 5)55) ; (8)

For quantitative properties of Poisson-Voronoi tesselat . .q 5 a d/a. Note that this expression is only valid for
(mean cell size, mean number of sides of the cell, et 1. So:

and Poisson—-Delaunay graphs (mean degree, mean length of .

a typical edge, mean size of a typical triangle) seeg, o Fora <d, we have[ =ooa.s. Thisis a consequence of
[33]. In [13], [14], [34] Voronoi tessellation-based mosiaif the cumulated interference from the many far transmitters
cellular access network were considered to derive closad-f whose signal powers do not decay fast enough to keep
expressions for the mean number of users in a cell, the mean the interference power finite. For a finite network, the

length of connections, and the total power received at tise ba  Interference would be finite.
station. o Fora > d we havel < co a.s. butE(I) = co due to the

singularity of the path loss law at the origin. Even if we

consider only the nearest interfer&(/) is infinite. If a
Ill. I NTERFERENCECHARACTERIZATION AND OUTAGE y EJ)

_ } ) _ bounded path loss law is used, all moments exist.
In this section we apply some of the techniques mtroduc?rglj

. . the important case of Rayleigh fading[h°] = T'(1 + 4),
above to study the_ _mterferer?ce n large ad hoc networks anSj, using the properties of the gamma function, we obtain the
the outage probability of a given link.

closed-form result

—oxp = eyt
A. Interference Lils) = eXp( pieas sin(mi)) '

What_ can be said of the tqtal interference power measuredSO the interference hasstable distributiorwith character-
at a pointz in the network, given by - ) : 5 .
istic exponent and dispersiopcgE[R°]T'(1—-4). Sinced < 1,
I(z) 2 Z |z —yl)), I does not have any finite moments.
yED, A closed-form expressions for the interference distrituti

where ®; is a point process of transmitters (assumed to l%nly_emgts fors = 1/2; this is th.e Inverse Gaussian or Levy
interferers) onR2? &, is typically a subset of a larger pointd'smpuuon’ as h"’_ls b_een estabhs_hed in [37].

processd since it constitutes the nodes selected by the MAC 95'”9 the d|str|but!on_ of .the d|stancgs to theth near_est
scheme to transmit concurrently. For example, if nodes in”&'ghb‘” [38], the dlstrlbutlons.of the mterfergnce (woitit
PPP of intensityl transmit independently and randomly Withfaqmg) fror.n. Fhen—th nearest neighbor are easily found. The
probability p (slotted ALOHA), &, is a PPP with intensity. ta|I_probab|I|t|es _do not depend on the presence or type of
In this case of a uniform PPP, due to Slivnyak’s result (ségdmg and are given by

§l1-Al), I(x) does not depend og; in particular, it does not
matter whether is part of the underlying point procedsor

not (as_l_ong as its co_ntributior_w t6 is not considered i®;  This means thafi(I?) exists forp < nd. For example, if
is conditioned on having a point aj. In most other cases, jterference-canceling techniques are used and thedénéerte
however, it does, since the interference seen by a typidat Poyom thek nearest interferers can be cancelled, we rieeda
of the point process differs from the interference seen at giyyo-dimensional networks to have a finite second moment.
arbitrary point of the plane. If the non-singular path loss modglz) = (1 + [|z|)~°

As mentioned in Section I-B, researchers have found @ sed, the tail probability of the interference reflecte th
analogy toshot noise processds analyze the_ dlstrl_bgtlo_nal tail probability of the fading process: If the fading has an
properties off () [S], [35], [36]. Here we are using this insightexponential or power-law tail, so does the interferences Th

to derive the Laplace transform of the interference. holds for general motion-invariant processes [39].
Let ® £ {r; = ||z;||} be the distances of the points of

a d-dimensional uniform PPP of intensity. Then ® is an

inhomogeneous PPP with intensity functidfr) = pcqdrd=—1, B. Outage

wherec, = |b(o,1)] is the volume of thel-dimensional unit  An outageof a wireless link is said to occur when a packet
ball. Considering the interference as a shot noise pro@ss (ransmission fails. In many situations, it is justified tauate
we can identify the path loss laé(r) = h,r~® for i.i.d. b the outage event to the event tS#iR < 7" for some threshold

1
P(I, > x) ~ H()\cd)”af"‘;, T — 00.



T that depends on the physical layer parameters such as rate IV. PERCOLATION AND CONNECTIVITY
of transmission, modulation, and coding. The complemgntaA
probability is the success probability £ P(SINR > T)). '

In the case where the desired sigfab subject to Rayleigh ~ Percolation theory was originally introduced to model the

fading, we obtain for the outage over a link of distance porosity of materials. It has since then developed into el\iv
branch of probability. More recently, percolation modedsé

been used to model the connectivity of wireless multi-hop
networks.

_ i ) The main property of percolation models is that they exhibit
The first term only depends on the noise (or SNR), while thenhase transitiorin their connectivity behavior: depending on

second only depends on the interference (or SIR). Focusifine (continuous) parameters, the components of the model
on this interference term we notice that this is the Laplacge eijther all finite gub-critical case) or one giant component
transform of the interference evaluatedsat 7. So, in ad-  5rms Guper-criticalcase). In the context of networking, such
dim. interference-limited network whose nodes are distel 5 {ransition affects the performance of the system greatly:
as a uniform PPP of intensity with ALOHA channel access \yihout a giant component, the network would be completely
with probability p, the outage probability is given by (8),fragmented and unusable. It is therefore of prime impoganc
replacings by 7' to characterize the conditions under which the network is

super-critical. In this section, we cover some basics of per
(10)  colation theory, starting with the simplest models and proo

techniques, and then moving on to models that are more
Here we have used the fact that ALOHA channel acceg3ropriate for wireless networks.

performs independent thinning of the PPP, which results in Percolation theory deals mostly with models of infinite size

a P_PP of Iowe_zr intensity. The in_terferers’ char_mels may %e start with these classical models and briefly addrese finit
subject to a different type of fading (or no fading), all thaﬁetworks

matters isE[h%].
The elegant equivalence of Laplace transforms and success _ _ S _
probabilities has been pointed out in [40]-[42], and in [42B. Discrete percolation: Bond percolation in infinite |aits

several generalizations can be found. The bond the percolation model is defined as follows:

consider the infinite square lattig® and connect each pair

of nearest neighbors independently with probabilityThen

define the component (@tuster) of the originC' as the set of
The transmission success probability in the previous subselements ofZ? that are connected to the origin by a sequence

tion is derived assuming that the desired transmitter tmétss of adjacent edges. We define thercolation probabilityas

while the received listens. To optimize the network paramset

such as the ALOHA transmit probabilify the unconditioned 0(p) := P(#C = o0).

success probabilities must be considered. In the case Ofhg central result of percolation theory is the following:
ALOHA and half-duplex transceivers, thepatial throughput

IS p.(l — p)ps(p). Finding the optimuny means finding the Theorem 1 (Broadbent and Hammersley [44])There
optimum trade-off between spatial reuse (a largeresults .
exists a numbef < p. < 1 such thatd(p) = 0 for p < p.

in a higher density of concurrent transmissions) and smc%snde( ) > 0 for p >
probabilities (a largep results in higher interference and thus a p P = Pe-

lower success probability). In [42], a related metric, spatial In the particular case of bond percolation @, the exact

density of successp, is optimized in function op. In Some \51ye ofp, is known to bel /2 [45]. Other specific cases and
cases, the optimal value, which is known in closed form, doﬁ?operties oB(p) can be found in [32]. To prove Theorem 1,
not depend on the intensity of the underlying point process.\ye need first to observe thétp) is an increasing function.
The same framework can also be used to find the optimyfithough this is a very intuitive property, its proof is na s
value for the SINR threshold that maximizes tharea spec- tyjyial (see,e.g, [31, Ch. 2.2] for a general method). It is then
tral efficiency A larger T' permits higher transmission ratesenough to prove that there exists some probabijlity> 0
(or spectral efficiencies if normalized by the bandwidth} by ch thatd(p,) = 0 and some probability, < 1 such that
results in lower success probabilities (see further dsions f(p2) > 0. The following two sections are devoted to finding
in Section V-B). Similarly, theprobabilistic progressusually , and p,.
defined as the product of distance times success probabﬁjitn) Absence of percolation for small values;of We start
can be maximized by finding the optimum link distance fom the observation that if the origin belongs to an infinite
Choosing a larger may increase the progress but comegyster, then for any integer, one can find in the lattice a

with the disadvantage of a lower success probability [48]. Le|f-avoiding path of length starting at the origin. Thus we
[42], an expression for progress based on extremal shoé ngis,e

is derived.Add Baccelli et al. reference in this issue if
accepted. 0(p) < P(3 a path of lengthn starting ato) vn. (11)

Introduction

Trew

ps =P(S>T(W+1)) =exp ( ) E(e~Tm"Ty. (9)

Ps = €Xp ( — \pegrBR°IT(1 — §)T5)

C. Throughput



C. Continuum percolation: The random geometric graph

The basic random geometric graph or disk gr&pf)., as
defined in Section 11-B2 was first introduced by Gilbert [48].
It relies on two assumptions: First, the nodes’ locatioiofes
a two-dimensional Poisson point process. Second, each node
can communicate directly to any other node within a radius
around him. The latter assumption comes from the following
Fig. 1. A realization of the bond percolation model @# (plain lines) and model: ass_um? that_ nodes emit with a certain pO\EETI’
its dual (dotted lines). and that this signal is attenuated over distance accoraing t

a deterministic decreasing functiofid). Assume also that

receivers can successfully receive data if the signal isatl
If all direct neighbors ofZ? were connected by an edge, the3 times stronger than the ambient noise, which has pdWer
numberk(n) of such path would be bounded from abovedsy Then the transmission radius is defined by

( J o—O

37~1, Since edges are present with probabitifyeach of these Pe(d)
x paths exists with probability™. Using the union bound, we r 2 max{d: —— > 3}. (12)
find that W

. . . Similarly to in the discrete model, we denote By\,r)
P(there exists a path of length starting ato) < 4p(3p)"~".  the probability that a node located at the origin belongsrto a

If p < 1/3, this quantity tends to zero when increases infinite cluster. Due to its simplicity, the grapH, , can be

oo o . escaled while keeping its connectivity properties. Irajéfeall
ZO ;h?;g(ll) impliesd(p) = 0. So we have established that:;listances are divided by, the underlying PPP is transformed

into another Poisson process with intensity\. Thus, the

2) Existence of an infinite cluster for sufficiently large o .
i ; . . raphG,:, ./, has the same connectivity properties@sg,
p: Our proof relies on the classical Peierls argument [4 nd wevha\'/ev ’

Consider the dual lattice &2, which consists of vertices that (-2 _ o\
are shifted by half a unit in both directions, as depicted in (YA /) =0\ 7).
Figure 1. An edge is placed between two direct neighbors ofas in the bond percolation model, we briefly explain a way
the dual lattice if it does not intersect an edge of the diregd show that a phase transition occursd.,..
lattice. o _ o 1) Absence of an infinite cluster for small values)of
The key observation is that if a component is finite in thggnsider a node placed at the origin. We populate the €&t
original lattice, it is necessarily surrounded by a cirénithe  of the nodes connected tostep by step: at step zero, we set
dual lattice. To prove that a vertex (e.g. the origin) be®fm ¢ — {,}. Then at each step, we add@all nodes that share
an infinite cluster with positive probability, it is thus &/@h  an edge with an element 6f. As each node has in average of
to show that the probability that a circuit surrounds theiori ) .2 edges, this process can be compared to a Galton-Watson
in the dual lattice is less than one. Let us estimate the numbgscess where each individual gives birthxter? children in
o(n) of possible circuits of lengthn that surround the origin: ayerage. The difference is that in our process, the number of
it is easy to see that it is bounded by nodes added at each step might be smaller, as some nodes
o(n) < (n—1)- 32(n—1) sharing edges with elements 6fmight be already irC. It is
- known that if the average number of children per individual
Therefore, the probability that there exists a circuit athe in a Galton-Watson process is smaller than one, the process

origin with all edges closed upper bounded by stops after a finite number of steps. As our process grows more
o slowly, it certainly stops in this case too. Therefore weéehav
P(closed circuif < Z(l —p)?a(n) that if A < 1/(wr?), the cluster of the origin is finite a.s.
=2 2) Existence of a giant cluster for larga: We use a
9(1 — p)4 mapping onto a b_ond percolation model: We _divide the plane
= W into squares of size = r/2v/2 as shown in Figure 2. Each

square corresponds to a potential edge of the lattice, which
One can verify that whep > 1 — 1/(2/3) ~ 0.71, the is added if at least one point of the Poisson process falls
above sum converges to a number smaller than one. Asnt this square. Thus, each edge is present with probabilit
consequence, the origin belongs to an infinite cluster with= 1 — exp(—\c?), independently of the other edges. As
positive probability. a consequence, ik > log2/c?, the edge percolation model

Note that since the existence of an infinite cluster does nmintains an infinite cluster a.s.

depend on the state of a finite number of edges, we can usdloreover, if two edges are adjacent, then by construction
Kolmogorov’s zero-one law to conclude that the probabilittwo points of the Poisson process are located in squares that
that such a cluster exists is either zero or one ésge[47]). If share at least at one corner. Therefore, the distance hetwee
it was zero, then the origin would belong to an infinite clustehem is less thar2\/2c = r, and they are connected in
also with probability zero. Therefore, whened¢p) > 0, then G, .. Accordingly, an infinite collection of connected edges
an infinite cluster exists with probability one. corresponds to an infinite set of connected pointsGiQ,..



On the left hand side, the division of the plane intoiags. On

Fig. 2.
the right hand side, each square is assigned to an edge ofdapleocolation
model (bold lines).

We can thus conclude that ¥ > log2/c?, G, contains an
infinite cluster a.s.

The exact value of the critical densiky(r) or critical radius
r<(A\) is unknown. ForA = 1, the boundsl.1979 < r. <
1.1988 were established with9.99% confidence in [49].

3) Generalization to the Boolean modegilbert's random

geometric graph is a particular case of the Boolean model (s
Section 1I-B). Let us consider a Boolean model of arbitrary
dimensiond where grains are balls whose radius is now
random. It turns out that for a suitable radius distributior]
a phase transition is observed at some critical germ densH1
Denoting by R the (random) radius of a ball, one can sho
[31] that whenever the dimension of the modét greater than

one andE(R*) < oo, there exists a critical value of below

which the union of the ball& has only finite components and

above which a giant component forms.

D. Other models

for adding edges between nodes.
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Fig. 3. Evaluation of the function™(\) by simulation.

probabilities to connect successfully. The original mockh

be obtained by setting(z)
transition as in the Boolean model can be observed at some

Critical density of nodes [51].

3) Signal-to-interference ratio graph (STIRG) moddihe
onnectivity criterion in (12) compares the received signa

= u(r — x). A similar phase

ambient noise only. However, if several nodes are uiag t
me channel, interferences degrade the received signals.
the so-called STIRG model [52], the SNR threshold is remlace
by an SINR threshold as in (9) so that the nodesr; € ®
are connected by an edge if

Pe(||zi — x4)

>T,

W+~ (max{I(z:); I(z;)} — Pe(||lz:i — 2;)))

. ) . . . wherel(z;) = >, ca\ (4, PElzi—zx]). This condition en-

In this section, we briefly describe other percolation mede$ures that the two nodes have sufficient SINR for exchanging
that are relevant to communication networks. In all of thengata in both directions despite the interference of all ttheno
the location of the nodes is modeled by a Poisson point psoc@®des. The factoy < 1 serves as a weight for the interference
of density A over R?. They differ only by the criterion used term and models the gain of the spread spectrum scheme (if

any).

1) Nearest-neighbors networksn this model, each node This model differs from the others by the fact that if has
connects to its: nearest neighbors. This model is for examplgore degrees of freedom. Clearly, when= 0, the model is
suitable for a dense wireless network where nodes use powguivalent to Gilbert's model and it percolates above aairert
critical node density\*. It has been shown in [52] in the
bounded attenuation case and in [53] in the general case that

An important property of this model is that the value ofyhenever\ > \*, there exists*(\) > 0 such that for any, <
A does not affect the connectivity of the model (it is called«()) the model still percolates. In other words, whenever the
scale-freemodel). Therefore, its only relevant parameter ifode density is super-critical, the model can tolerate tairer
amount of interference before the giant component disappea
which a giant component forms, and below which only finitgigure 3 illustrates the parameter domain where percalatio
clusters are observed. In two dimensions, the criticalevddu gccurs for bounded attenuation functiohs

control algorithm in order to be connected only to thefiirst
neighbors.

k. One can show that there exists a critical valuekofor

conjectured to bé& = 3 [50].

2) Random connection modeThis model is another gen-

eralization of Gilberts model. For each pair of nodes, wE- Connectivity in finite networks

consider the distance between them. Then we add an edge In finite networks, there is of course no infinite cluster,

between them with probability(z), whereg is a function and therefore no percolatiostricto sensu However, if one

considers a sufficiently large network, one expects to aeser
This model takes some randomness of the wireless chanasimilar phenomenon: if the density of nodes is large enpugh

into account: depending on the distance, nodes have differa component that contains a large fraction of the nodes

from R* to [0, 1] such that;~ zg(z)dx < oo.



should emerge. The following theorem follows from [54] andode: to nodej, which is also dependent on the signals being
confirms this intuition in the case of Gilbert’s disk graph. generated by the remaining — 1 transmitting nodes in the
network. These can either interfere with the communication
Theorem 2 Consider the restriction of a Boolean model to detween: and j, or be cooperative and aid communication
square of sizg/n x v/n, whose connectivity graph is denotetetweeni and j. Clearly, due to the many possible ways
by G, -(n). Denote byC\ .. (n, n) the event that there exists inof interaction, the capacity region of an ad hoc network is
G,r(n) a component that contains at leagt vertices. Then difficult to characterize. Even for very small valuesmfsuch

we have asn = 3, the capacity region cannot be fully determined.
if Therefore, intermediate descriptive theories that fatirslof
I 1 i <O\ ore _ _ .
S P(Cxr(n; 1)) = 0 if n>0(\r) the strict information-theoretic standard are neededpasted

out in more detail in [57].
As a consequence of the above theorem, sificer) is

never equal to one, there is always a non-vanishing fraction ) _

of disconnected nodes in the network. However, if one legs tA- Capacity scaling laws

connectivity range increase withs, the fraction of connected  One attempt to simplify the problem came in 2000 by Gupta
nodes can be made to converge to one. If the connectivitpd Kumar [58]. Their approach was to introduce two main
range of the nodes is a functiaiin) of the number of nodes, simplifications: on the one hand, they proposed to study the
the condition forasymptotic connectivityi.e. the condition case in which all the nodes in the network are required to
under which the probability that all nodes are connectedgertransmit at the same bit-rate. This implies that the whole

to one when the: increases) is given by capacity region reduces to a single scalar quantity. Onttier o
hand, they proposed to compute only gealing limit i.e. the
r(n) =1/ logn + ¢(n), order of growth of such scalar quantity as the number of nodes
™ in the network increases. In addition, Gupta and Kumar's

wherec(n) is any function such thdtm,, ., ¢(n) = co. This scaling law was also derived under some assumptions on the
result can be deduced from [54] and has been published inptsysics of propagationi.€., channel gains that decay as a
explicit form in [55]. power law of the distance between transmitters and resiver
Nearest-neighbor model:A similar result on asymptotic and on some restrictions on the cooperation strategy eragloy
connectivity has been derived for the nearest-neighbodeino by the nodesi(e., multi-hop operation and pairwise coding and
The rate at which the number of neighbdranust increase decoding at each hop). Their main result was the so called
with n is [56]: square-root law, namely, as increases the per-node bit-rate
decreases ak/\/n.
0.3043logn < k(n) < 0.5139logn.. Due to theii\r/e_strictive model, the result of Gupta and Ku-
In summary, tools from percolation theory and random geiar cannot be considered an unsurpassable bound in the stric
ometric graphs have enabled analytical studies of the eaenn#formation-theoretic sense. It does not allow sophistida
tivity properties of large ad hoc networks. While connetgiv network coding strategies but only point-to-point trarssion
is a fundamental prerequisite for network operation, itsdlo@cross multiple hops, and it relies on a specific physical
not guarantee any network throughput or capacity. The stupgopagation model in which a signal received at distapee
of the capacity of wireless networks is the topic of the nettom the transmitter is given by(z) = ||z||~®. Under this

section. model, at each hop the collective interference amplitude ca
be approximated as Gaussian and added to the noiseltérm
V. CAPACITY AND SCALING LAWS in (13). In this way, any point-to-point link in the network
: - ) 9
The capacity of a communication system is the maximuffPM @n arbitrary chosen origin to pointe R can support

data-rate in bits per second that can be reliably trangferr ate of Phat(||z])

from transmitter to receiver. In the strict informatioretiretic log, (14+ —"—"—].
- . . W+ I(x)

sense, this is an unsurpassable upper bound that, in @actic _ o _

only be approached. In a single Tx-Rx link of unit bandwidt®ince there is no a priori reason to operate the network in

subject to AWGN, the capacity in bits per channel use (i.&. multi-hop fashion and treat the interference tef(n) as

bps/Hz) is given by the Shannon-Hartley formula: pure noise, the square root law of Gupta and Kumar can
g in principle be surpassed. One can, for example, envisage a
log, (1 + —) , (13) network strategy in which groups of nodes help each other,

w rather than interfere, by coherently summing their sigrls

where, as before§ = P¢(r) and W are the received power the receiver.

and Gaussian thermal noise at the receiver, respectively. Perhaps the main contribution of Gupta and Kumar has
The situation becomes more complex in an ad hoc netwdsken to show that such a simple geometric interference-

with n TX-Rx pairs, where the capacity is much more difficulbased model can lead to meaningful insights on the capac-

to define and compute. The most general (and natural) desciip limitations of wireless networks operated with current

tion is given by the so callechpacity regionwhich is ann xn  multi-hop technologies. Furthermore, their paper shovined t

matrix C' where thec;; entry corresponds to the capacity fronstochastic geometry tools such as random Voronoi tesiseltat
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and random geometric graphs can be used to analyze dfidreedom limitation that is independent of empirical Ipat
performance of network operation protocols. loss models and stochastic fading models. In other words,

Gupta and Kumar's work sparked an enormous interestbchastic fading assumptions such as in [69], and [70] are
in the field. On one side, under the same restrictive modepen to debate, as they can lead to non-physical results.
simpler strategies achieving the same square root law havdut does this lead to the conclusion that the sophisticated
been proposed [59], [60]. The work in [60] is particularly}cooperative strategies described in [69] and [70] do nat lea
relevant in the context of this paper, as it showed a conmectito any improvement over multi-hop operation? The general
between protocol design and percolation theory. In thaepapanswer is no. Recall that scaling results are only up to order
the flow of information through the network is compared tand pre-constants can make a huge difference in practice.
the number of disjoint paths crossing the network from sid&ophisticated cooperative communication schemes could be
to side in an underlying percolation model. It is shown timat iextremely beneficial in networks of any fixed size and improve
a network of area proportional to the number of nogleshe upon multi-hop operation. The precise characterizatiotiisf
number of disjoint paths crossing the network area from sidlprovement, however, remains unknown while it is only
to side in the underlying percolation model grows wifm. known that this improvement vanishes agrows.

Hence, roughly speaking, the amount of information that can
flow across the network is only of the order g%, and since
n nodes must share this flow, th¢./n bound follows.

On the other side, researchers were interested in disemyeri Although scaling laws have provided significant insight on
whether the square root law could hold in a more geneffie large-scale performance of ad hoc networks, a finer view
context. Hence, they started to seek bounds on the capa&ftyhroughput limits is needed for understanding how défer
scaling that were independent on the network operatiot- str§echnologies and protocols affect the baseline performafc
egy. This more general approach led to considerable succélistributed wireless networks. It is the need to move beyond
Starting with the work of Xie and Kumar [61linformation- Scaling laws that allows stochastic geometry, and in paletic
theoretic scaling laws, independent of any strategy used fée techniques for characterizing interference and outdge
communication, have been established by many authors [6Zection IlI, to shine. Many, even most, communication desig
[67]. These arise from the application of the informationG oices will have a significant effect on the achievable SINR
theoretic cut-set bound [68, Ch. 15] which allows to boun@nd hence rate, while not affecting the scaling law. In this s
the total information flow across any network cut, allowin§On. We see how stochastic geometry can be used to determine
arbitrary cooperation among the nodes. Among these workde transmission capacity (the area spectral efficiencjestb
a short information-theoretic derivation of the squaretiaw 0 @n outage constraint), in a specific ad hoc network design.
relying on geometric elements of spatial point processes isThe transmission capacity, first proposed in [72], is the
given in [64]. It is important to notice, that while essefifia Maximum number of bits per second sent by all users in the
confirming the square root law in a more general context, Atwork per unit area, subject to a constraint on outagegprob
the results above still depend on the assumptions made onRH&Y relative to a SINR threshold. Formally, the transais
electromagnetic propagation process. capacityc(A) = Ac(1 — ¢€) transmissions/area, where is

Indeed, more striking results appear in [69], and [70]he maximum density of transmissions supported such that
These papers show that a much higher per-node bit-rate tHaalNR < T'] <, for an SINR targef”. Adding the per-user
©(1/,/n) can be achieved in wireless networks by changirdfta rate (which would be abolig, (1 +7) bps/Hz) would
the assumptions on the physical propagation process. Th@&e€ the area spectral efficiency.
authors introduce the presence of an additional sourcenef ra There are some shortcomings of this metric, namely that as
domness by adding fading. Under some stochastic assuraptiffifined it is inherently single-hop (non end-to-end), pnessi
on the fading process and when the path loss expoaenf common SINR target and outage probability (conceptually
is sufficiently small, these authors describe node coopelie the packet error rate), and is more the description of
tion strategies based on space-time codes which can achi@véiven technology (through its achieved SINR) than of
an almost constant per-node bit rate: a great improvemé@ghnology-independent fundamental limits. Nevertrelets
compared to Gupta and Kumar's original bound! Hence, tt{9€s capture key aspects of capacity — “good” communication
main message of the above papers is that there is a gairf@ghniques should allow a higher transmission capacityd- an
be expected when adopting more Comp]ex node Cooperatm{nbinEd with a homogeneous Poisson distribution for the
strategies than simple multi-hop operation. interfering nodes, yields superior analytical tractapiio other

A recent additional effort has been made in [71], whicRetwork throughput metrics. We now provide the simplest
recognizes that the strong dependence of informationrétieo baseline model for transmission capacity. The key aspédcts o
results on heuristic physical propagation models is somvehé1e model are as follows, with generalizations noted.
undesirable for a theory that seeks the fundamental linfits 0 « Fixed transmit distance. Variable transmit distances
communication. They showed that the square root law also cause a fixed loss factor @fR?]/(E[R])? if the transmit
arises from physical limitations dictated by Maxwell's [gins distanceR is a random variable [73].
of wave propagation, in conjunction to the information- « Single transmit and receive antennas. Multiple antennas
theoretic cut-set bound. This result shows that the origina can obviously increase the transmission capacity [43],
prediction of Gupta and Kumar is also due to a degrees- [74].

B. Transmission capacity and area spectral efficiency
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« Homogeneous PPP for interferers, which implies afhe ratio PH
ALOHA-type transmission scheme. Generalizations are c ey MR (17)
nontrivial, but one to clustered PPP’s has been undertaken cbs
[75], and exclusion regions are considered in [76].  strongly implies that frequency-hopping is a superior fain
« Interference is treated as noise, although it can in pringipread spectrum in an ad hoc network, for example by a factor
ple be cancelled or suppressed by an appropriate recei@&n/M whena = 4. In principle, any modulation technique,
to get higher capacity [77], [78]. multiple access or even scheduling protocol can be analyzed
The key to transmission capacity is outage probability,smg the transmission capacity metric to predict relag@ms.

which for the case of Rayleigh fading can be exactly deriveéi Th di d
as in (10). Setting this equal to the outage probabilitydbeg e_ road forwar )
and inverting, the transmission capacity in the simple ¢gase Scaling laws on transport capacity and exact results on

(two-dimensional networks, thermal noise neglected) transmission capacity both provide important views inte th
network capabilities, but both presently fall short of pobrg
_ (A=l —¢ _ € 2 a complete metric for achievable network throughput. Feutur
CO(E) - 272 - 2712 + 6(6 )7 (14) . . iy s
C(a)r2T?/« C(a)r2T?/ research should attempt to bridge this gap, by utilizingtsas-

tic geometry to quantify end-to-end achievable rates, tisc
hat the transport capacity effectively iaclude references
emultihop transmission capacity papers.For example,
X each hop in the network can be considered to have some
putage), path loss exponast and target SIRF (nq|se can be outage probability (based on the number of active tranensitt
included at_ the expe_nse of.more bulky expressions). . .and other parameters), and an aggregation of such stachasti
If there is no fading — just large-scale path loss — it ifyks comprises an end-to-end connection in the networty wi
possible to get tight bounds but not an exact solution. If o aggregate outage probability and achievable data rate

this case, bounds on the transmission capacity are as Bllow Apother promising related approach is the increasing pop-
where we have included the noise poweand transmit power jarity of erasure channels and erasure networks to model th

where C(a) = 7'+2/®/sin(2r/a). This simple expression
shows precisely how the number of supportable users in
network depends on outage probability (about linearly)dar

p for SNR = p/n performance of links that are occasionally in outage [7H. A
though this has never been done, one can envision combining
(o —1)e < 1 4 SNR2/°‘> +0(?) < cole) emerging results on the capacity of wireless erasure nksvor
am r2T2/e B with outage (erasure) probabilities computed with the help

€ ( e SNR‘Q/“) +O(e3). (15) of sto_chastlc geometry tools. Two |mpc_)r_tant new techqu_Jes
w \ 12T from information theory for characterizing interferenae i

.wireless networks include the deterministic capacity [806§

Note the similarity between (14) and (15): they are Wlthlﬂ“F degrees-of-freedom region [81]. These approaches both

a small constant of each other, all the parameters are of . . i .
, . S require relative values for the channel gains of each link,

the exact same order. Arbitrary fading distributions can be" ) . . :
. which again may require stochastic geometry to charaeteriz

accommodated at further loss of tractability [73], but agai . .
. . . In a statistical sense for a typical node placement. In short

there is no change in the first-order effects of the syste : :
parameters stochastic geometry can be viewed as a supplement and tool

What is useful about the transmission capacity is thg%r many approaches to determining network capacity.

it allows candidate technologies and desian choices to When discussing the capacity in its information-theoretic
! W dida 9! >SIgn : ggnse, that is as an upper bound to the best possible network
compared objectively, analytically, and fairly simply. rFex-

ample, one might ask how adding spread spectrum mo(ihroughput, it is important to note that the capacity is not
Q

) ely to be achieved by a purely random placement of
lszﬁg);or(t(; Ellt\aﬂﬁ)s;?strjreh?;srivn\:e\rlv\?vlijtf tﬁgi?ggsmis?;:ng&e;agodes (in particular, random transmitters). Rather, dapac
metric is fairly immediate. With asynchronous binary direc pproaching techniques will almost surely require someeteg
sequence spread spectrum (DSSS), the target SINR is e

f cooperation or at least coordination among the contendin
. . fFansmitters, which will degrade the relevance of the 2-D
tively decreased taT/3M at the cost of a bandwidth IoenaItyPoisson disiribution upon which most results in this twtbri
of M. If frequency-hopping (FH) was used insteatl
independent channels are created with an effective im@arée

are based. As again highlighted in the conclusions, pdatiyu
density of A\/M on each of them. With some straightforwar rom the standpoint of understanding network capacity, new
manipulations it can be seen that therefore the transmiss

tochastic geometric tools that go beyond a homogeneous
.. Prp are urgently needed to better characterize networks wit
capacities become . 7 S )
cognition and intelligent transmission scheduling.

2
PS(e) = <ﬂ> ’ cole), (€)= Me,l(e). (16) VI. OTHER APPLICATIONS: ROUTING, INFORMATION
2 PROPAGATION, POINT PROCESSES WITHFADING, AND
SECRECY

1Asynchronous binary sequences kf +1 bits have a cross-correlation While th . d itv h b h .
variance ofz%-, perfectly synchronized sequences hgljewhich is actually lle the connectivity and capacity have been the main

2
not as desirable. applications of stochastic geometry and random geometric
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graphs to ad hoc networks, there have recently been otligy .. Thus the message originating at the origin reaches an
problems areas where these techniques have led to intgresiifinite number of nodes if the origin is active and belongs
results. Some of them are briefly discussed in this section.to an infinite cluster of the thinned graph. This happens with

probability 8,(X,r) := pf(pA,r), as the two conditions are
A. Routing independent. As a consequence, if the original gragh. is

While many of the analytical results discussed so far focﬁgper-crltmal, there is a critical value for above which the

: . : robability 6, (A, r) of a successfubroadcasti(e., a broadcast

on single-hop metrics (outage, single-hop throughput a P : )
where an infinite number of nodes are reached) is strictly
progress), recently progress has been made toward amglyzin

routing protocols on a PPP using stochastic geometry toolsp'[OS|tlve'

evaluate the mean cost of the route and its fluctuations [8%1'6 message in case of a successful broadcast. Nodes reached
A typical example is that of greedy forward routing Wher% '

. . the message include the active nodes that belong to the
a transmitter sends a packet to the nearest node whichis . X : . .
, T . infinite cluster inG) » and the inactive nodes that are within
closer to the packet's destination than the transmittethéen . ’ : .
. . distancer from them. The fraction of nodes belonging to the
Poisson case, the geometry of the associated routes ca

e ) . .
analyzed thanks to the locality of the definition of the nez]fl ér category can be computed as follows: Consider aitozat

N : .
hop [82]. Another approach is taken in [83] where neareifdof R=. If an active node were located at it would belong

neighbor routing in a sector pointed at the destination S the infinite cIustgr O.szr \.N'th probablhtye(p)\,r). This
X . means that the point is within a distance less thanfrom
compared with routing schemes that use longer hops. In thesé

i ) : .~ &a node of the infinite cluster with that probability. Thuse th
papers, interference is not taken into account to deterthime total fraction of nodes reached by the messade is precisel
feasibility of a link. A first attempt to combine routing with y 9 P y

g . . 6(pA, r), which is a surprisingly simple result.
an SINR-based link model can be found in [84]. b) Other models: Probabilistic broadcasting has been

) ) _ ) studied in [85], and an extension to a model with collisions
B. Epidemic models; first-passage percolation can be found in [86].

The next value of interest is the fraction of nodes reached by

Random geometric graphs are useful to model the propa-Another variation of the gossiping algorithm, where nodes
gation of information (or disease, fire, or anything else) iforward the message only if their node degree is less than a
a network of randomly placed nodes. In this section, waertain threshold, can be addressed using the STIRG model
briefly cover some broadcasting strategies and elementspoésented ir§IV-D3 by using the step functioi(z) = 1 —
first-passage percolation. u(xz —r) as an attenuation function. A sophisticated algorithm

In this section, we will denote b@?, . the graph obtained by to realize degree-dependent activation in a sensor neteark
adding a node at the origin in the standard random geometoie found in [87], where the authors show the existence of a
graphG, ,. As explained in Section II-Al, adding this pointphase transition for the propagation of messages undar thei
is equivalent to conditioning- , on the presence of a nodealgorithm.
at the origin. 2) First-passage percolationFirst-passage percolation is a

1) Broadcasting in multi-hop networksConsider the sce- branch of percolation theory that addresses the actuatHeng
nario where a message is to be broadcast in a static netwofkthe shortest path in percolation models (seg, [88] for
whose connectivity is represented by the gra@gh,. Let an introduction). It is useful to compute the propagatioeesp
us assume that the MAC layer prevents collisions perfecttyf messages in a multi-hop network.
and that each nodes forwards the message when it receives a) Asymptotic shapeConsider the grapl¥; ., and de-
it for the first time (flooding). Under this algorithm, thefine thehop distancealso calledchemical distanb)ebetween
message propagates to the entire component to which the nodes as the number of hops on the shortest path between
source belongs. Therefore, the probability that the messagem (or infinity if no such path exists). L&t be the set of
reaches an infinite number of nodes is equal to the probabilitodes that are at distanéefrom the origin. We expect that
that the source belongs to an infinite clusiék, r). the shape ofS; is relatively circular around the origin. The

a) Probabilistic broadcast (gossiping)The number of following theorem confirms this intuition:
transmission occurring in the above algorithm is exactlyatq
to the number of nodes who received the message. Thiseorem 3 (seeg.q., [89]) There is ap > 0 such that for
number is unnecessarily large, since each transmissichesa any 0 < ¢ < 1 almost surely
all the neighbors of the sender. Thus, each node receives the
message from each neighbor while once would be enough. Sk € B(o; (1 + e)kp)\B(o; (1 — ¢)kp)
A strategy to reduce the number of transmission is to let ths, g sufficiently largek.
nodes forward the message only with a probabjity. 1.

The decision whether to forward or not can be made by the b) Blinking model:First-passage percolation can also be
nodes before the broadcast starts. Thus, in order to antlgzeused to assess the speed of propagation of a message in a
propagation of the message, one can thin the point procdgmamic model. An example is given in [90], where nodes
and retain only the nodes who are willing to forward thaelternate between active and sleep mode in a random and
message (called hereaftactive nodes). We obtain a thinnedindependent fashion: At any instant, only a fractiprc 1 of
PPP of intensity\ on which we can construct restricted grapthe nodes are active, so that the connectivity grapi js .
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As the message is emitted by the source, it instantaneously
propagates to all active nodes that are connected to theesour

If fA is below the critical density, the initial propagation is I X
a.s. limited to a finite number of nodes. Then, the propagatio
continues as further nodes switch to active mode. Firstgquges
percolation allows to show that in this case, the asymptotic
shape the the area where the message has propagated after a ’
time ¢ is still circular for larget despite the sub-criticality of
the graph at each instarihclude reference to Ganti paper
if accepted.

X
X
X X
XX
X

XX

-2+

C. Point processes with fading afox
The path loss over a wireless link is well modeled by the
product of a distance component (often called large-scatle p -5

loss) and a fading component (called small-scale fading or
shadowing). It is usually assumed that the distance partis % % 2 = 0 2 4 6 8
deterministic while the fading part is modeled as a random _ _ , o
process. This distinction, however. does not apply to malfff %, Passen fart pocess of nlensiy 1 e 0 sauare. The
types of wireless networks, where the distance itself igetib threshold ofs = 0.1, a path loss exponent af = 2, and Rayleigh fading
to uncertainty. In this case it may be beneficial to consider t(standard network). The circle indicates the range of sasfoktransmission in
distance and fading uncertainty jointhe., to define a PP that :]hoedggr};f;%'gg case. lts radiuslig/s ~ 3.16, and there are about/s ~ 31
incorporates both. '

We introduce a framework that offers such a geometrical

interpretation of fading and some new insight into its effec  \here§ = d/a as before, and theonnectivity fading

on the network. . _ _ gain, defined as the ratio of the expected numbers of
Let{Y;}, 4 € N, be a stationary Poisson point proces&ih connected nodes with and without fading, is

of intensity 1, and define thepath loss point procesghefore R

fading) as® = {X; £ ||Y;||*} for a path loss exponent. EN,, 1 TI(+m) E(h 19

Let {h, h_l,h?, ....} be an iid.stoch.astic process withdrawn EN., mo L(m) (h%). (19)

from a distributionf” = F}, with unit mean and leE = {¢; = . _

X;/h;} be thepath loss process with fading 2) Broadcast transport sum-distance and capaciiyhe

Assume that there is a transmitter at the origin, and dfoadcast transport sum:cli}itandé, e, the expected sum
other nodes are receivers. So there is no interference, &ygr the all the distanceX;’™ from the origin is defined as
the network is purely noise-limited. Nodes can receive the

transmission if their path losg; is smaller thanl/s. These A 1/a
nodes are said to be connected to the origin. The processes of Dp =E Z X (20)
connected points are denoted fyand =, respectively. So Xed

d={X;ed: & <1/s}; E=EN[0,1/s). Using Campbell’s theorem (5), it can be shown that the

broadcast transport sum-distance for Nakaganfading is

Fig.4 shows a PPP of intensity 1 in 1% x 16 square,
with the nodes marked that can be reached from the center, D — Cdi 1 T(m+A) 1)
assuming a path gain threshold of= 0.1. The disk shows " A (ms)® T(m)
the maximum transmission distance in the non-fading case.

Since® and = are constructed from a uniform PPP usinéﬁ"hereA =
mapping and independent random scaling (fading), the pljﬁ-
cessesb, &, =, and= are Poisson. We would like to find the D _ 1 I(m+4)

1
number of connected nodes and their expected sum-distance Do m®  T(m)
E(3 xes X'/*) which may also be also termed th@adcast g the fading gairD,, /D is the A-th moment ofh.

transport sum_—o!is'sange _ ) To obtain the (broadcast) transport capacity, we may mul-
1) Connectivity:Using the Nakagami» fading model, we tiply D by the rate of transmissioR. Assuming at-capacity

(d+1)/a and the (broadcastding gainD,,,/ D

=E(h?). (22)

haveA[91] . signaling, R = log,(1 + s). When maximizing the product
o & is Poisson with\(z) = A(z)(1 — F(sz)) (independent DR over R (or s), we find that an optimum rate only exists
thinning). L if A <1I1fA>1(ra < d+1), DR can be made
« With Nakagamim fading, the numbetV = ®(R™) of arpitrarily large by letting the rate go to zero — irrespeeti
connected nodes is Poisson with mean of the transmit power! This follows fronR(s) = ©(s) and

ca T(O+m)
(ms)® T(m) ~

D(s) = ©(s™®) ass — 0. So DR = ©(s'~2) which

BN = diverges ifA > 1.

(18)
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D. Secrecy geometric distributions as special cases s ( it is Poisson

There has been growing interest in information-theoreigtandard disk graph), while for — oo it is geometric (this
secrecy. To study the impact of the secrecy constraint isnthe case gon3|dered above). Further results and bognds.on
the connectivity of ad hoc networks, we introduce a netlre percolation threshold for the secrecy graph are given in
type of random geometric graph, the so-caléettrecy graph [92]. It.turns out thatA = 0.15 {;\Iready makes percolation
that represents the network or communication graph inotudiimpossible. Hence a small density of eavesdroppers can have
only links over which secure communication is possible. Wa drastic impact on the connectivity properties of the nekwo
assume that a transmitter can choose the rate very close to th
capacity of the channel to the intended receiver, so that any VII. CONCLUDING REMARKS

eavesdropper further away than the receiver cannot iierce |n this tutorial article we have attempted to show that
the message. Th|S tl’anslates intO a Simple geometriC mﬂ‘strstochastic geometry and random graph theory are indispens_
for secrecy which is reflected in the secrecy graph. In thigje tools in the analysis of large wireless networks, atuhal
initial investigation, we study some of the properties o thguantitative analytical results on a number of concrete and
secrecy graph. important problems in large wireless networks, in partcul
Let G, = (@, E) be a disk graph iR’ (see§IV-C), where for ad hoc and sensor networks. In particular, we have shown
® = {X;} C R?is a PPP of intensity 1 representing thenhat these tools can be used to model and quantify interderen
locations of the nodes, also referred to as the “good guygoennectivity, outage probability, throughput and capadit
We can think of this graph as the unconstrained network gra@hyeless networks. There are many other possibly apptinati
that includes all possible edges over the good guys couflthese techniques, a few of which are mentione§Mh and
communicate if there were no secrecy constraints. many more in the accompanying special issue, including:
Take another PPR — {Y;} C R of intensity \ represent- « To be added: list of key topics in the special issue.
ing the locations of the eavesdroppers or “bad guys”. These . . . .
are assumed to be known to the good guys. As this list of topics makes plain, ;tochastlc geometry
Based on(, we define the following secrecy graphs (SGand random _graph theory can be appheq to a wide range
The directed secrecy grapki — (¢, ). Replace alﬂes of problems in wireless networks and will prove of great

£ b o iecional edes Th emou allcagest, 1%, 1% S0, yar 0 eseacrs ot e
for which ¥ (B(X;; || X, — X)) > 0, i.e, there is at least 9 '

. information theory. Because these techniques have emerged
one eavesdropper in the ball.

From this directed graph, two undirected graphs are derivefaom the fields of applied probability, point processes and

The basic secrecy grapl, » = (&, B), where the (undi- gueueing theory, but are now being adapted and advanced
rected) edge sef is Ar e by mathematically-inclined engineers, it is important ttha

cross-disciplinary dialogues continue, perhaps in padugh

- - : ! ; .
E 4 {X;X; : X;X;€e FandX;X; € E}. dedicated journal issues like the present one and workshops

, ' , like SpaSWIN. We also hope that an increasing number of

The enhanced secrecy grap; ,. = (¢, E), where engineering graduate programs will offer formal classroom

training in these methods.

Many important areas for future study remain and are
With 6(\,r) being the probability that the component irhighlighted by the work in this special issue. In order totdet
G, containing the origin (or any arbitrary fixed node) ignodel cooperative wireless networks — including technsque

infinite, we know from SubsectioflV-C that 6(0,r) > 0 for as basic as carrier sensing and as sophisticated as isteréer
r > r., Wherer, ~ 1.198 is the critical radius for percolation alignment and network coding — tractable results or approx-
of the (unrestricted) disk graph. For radii larger than we imations that go beyond the stationary Poisson distributio
define for the node locations are highly desirable but presently
a. lacking. The capacity of wireless networks is one of the most
Ac(r) S inf{A = 0(A,r) =0}, >, (23) " important and general open problems in information theory,
as the critical density for percolation on the secrecy graph and stochastic geometry and random graphs appear destined
Some of the properties of these secrecy graphs can tBePlay a key role in characterizing it given the primacy
analytically determined, such as the out-degree in doeafi ©f network geometry in determining interference and hence
graphéA,w which turns out to be geometric with meap\. achievable rates. Present attempts at determining adiéeva
This is easily seen if we consider the sequence of near€8¢l-to-end rates using these tools are still at an earlyestag
neighbors ofo in the combined process U ¥. N°% = p, if

E'2{X,X,: X;X,€eEorX,;X; € E}
- 1437 - 143 i '3 .

the closest: are in® and the(n + 1)-st is in ¥. Since these REFERENCES
are mdependent events, [1] D. Stoyan, W. Kendall, and J. Mecké&tochastic Geometry and lIts
A 1 n Applications, 2nd Edition2nd ed. John Wiley and Sons, 1996.
PN =n] = ——— (—) (24)
1+A\1+A 2The |IEEE Workshop on Spatial Stochastic models for WireNstwvorks,

L . www.spaswin.org, has been held annually in conjunctiorh WitiOpt, the
The node deQree distribution for < oo can also be found International Symposium on Modeling and Optimization inie, Ad Hoc,

analytically; it is a distribution that includes the Poissand and Wireless Networks, since 2005.
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