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Abstract

Interference between nodes is a critical impairment in meobd hoc networks (MANETS). This
paper studies the role of multiple antennas in mitigatinig thterference. Specifically, a network is
studied in which transmitters opportunistically transant zero-forcing beamforming is applied at each
receiver for canceling the strongest interferers. Thegoerénce of this approach is analyzed by evaluating
the transmission capacitpf a network with Poisson distributed transmitters andl.i.Rayleigh fading
channels. This metric corresponds to the maximum densityapfsmitting nodes subject to an outage
constraint for a given signal-to-interference ratio (SIRpthematical tools from stochastic geometry are
applied to obtain scaling laws for the transmission cagaaitd characterize the impact of inaccurate
channel state information (CSI). In particular, for smaltget outage probabilities, the transmission
capacity is proven to increase following a power law, whére ¢éxponent is the inverse of the size of
each node’s antenna array or larger, depending on the psghelxponent. Moreover, CSI inaccuracy
is shown to only decrease the constant in the scaling law @ftridnsmission capacity as the outage
probability goes to zero, provided that an appropriate tlerigr the CSI training sequence is used. The
needed length of such training is also derived. Numericallte suggest that using merely one additional
antenna at each node increases the transmission capadity trder of magnitude or more, even when
the CSl is imperfect.

I. INTRODUCTION

In a mobile ad hoc network (MANET), the mutual interferenedvieen nodes poses a fundamental limit
on the throughput of peer-to-peer communication. One aurdor mitigating the effect of interference

is to provision the nodes in a MANET with multiple antennasl arse the spatial degrees of freedom
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created by these antennas to cancel a portion of the inteder We consider such an approach in this
paper. Namely, each receiver uses zero-forcing beamfgrmoirattempt to cancel the interference from
the strongest interferers. Each transmitter simply ch®@seandom beam and transmits according to a
threshold rule as in [1]. This approach requires only lichitecal coordination making it suitable for a
MANET. A basic question is then to quantify the gains in natvperformance as a function of the system
parameters. Furthermore, implementing this approachnesgsome amount of channel state information
(CSI) at each receiver. In a MANET environment, there willurally be inaccuracy in this CSI. A second
key question is then to determine how this inaccuracy wilhact the network performance.

We provide answers to both of the above questions in termbedffansmission capacitgf a simple
network consisting of Poisson distributed transmitterd apatially i.i.d. Rayleigh fading. This metric,
introduced in [2], is defined as the maximum density of traittems so that a typical transmitter will
satisfy an outage probability constraint for a target sigoanterference-and-noise ratio (SINR)By
studying the scaling of transmission capacity as the oufageability goes to zero, we are able to
guantify the gains in network performance due to spatiarfetence cancellation as a function of the
relevant system parameters, as well as the effect of CStimacy. These results suggest that multiple
antennas can significantly improve the performance of MABIESven with inaccurate CSI.

A. Prior Work and Motivation

As noted previously, our primary performance metric is ttensmission capacity. For Poisson dis-
tributed transmitters, this metric is studied in [2] for glie-antenna ad hoc networks assuming fixed
transmission power and an ALOHA-like medium access corfiM#C) layer. Transmission capacity has
also been used to make a tractable analysis of opportutiiagtismissions [1], distributed scheduling [3],
coverage [4], network irregularity [5], bandwidth pauiting [6], and successive interference cancellation
(SIC) [7] in ad hoc networks. Additionally, in [1], transmsisn capacity is analyzed for several models
of multi-antenna ad hoc networks. The work in [1] differsrfrahis paper in that the antennas are not
used for interference cancellation, but rather for interfiee averaging through different multiple antenna
diversity techniques.

As discussed in [1], [2], transmission capacity is clos@lated to the notion ofransport capacity
introduced in [8] and further studied in a number of papectuiting [9]-[13]. Transport capacity focuses
on the scaling of a network’s total end-to-end throughputyrét distance as a function of the network’s
size, while our focus here is on the number of single-hopstrassions as a function of the transmitter
density. Furthermore, most work on transport capacityrassyperfect scheduling and zero-outage, while
here we focus on a random access model with outages.

1This metric focuses on the one-hop performance of a MANET doeb not explicitly account for multi-hop routing.
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In addition to spatial interference cancellation, there arnumber of other possible approaches for
mitigating interference in MANETSs. For example, the#erference alignmenapproach in [14] achieves
the optimal number of degrees of freedom in a high signaleise ratio (SNR) setting. This approach
appears daunting in practice because it requires jointygthed precoders and perfect CSI of interference
channels. In contrast, the approach considered here ayres “local” channel state information and no
coordination of transmit precoders. Another method foeriference management, used in many practical
MAC protocols, is to create an interferer-free areaguard zone- around each receiving node through
carrier sensing. As shown in [3], by optimizing the guaradeaize, this method leads to significant gain
in a single-antenna MANET’s transmission capacity withpeeg to purely random access. Here, the use
of interference cancellation, can be viewed as creatingfi@ctye guard zone for each receiving node,
without requiring that other nearby transmitters are seggped.

A number of other recent papers have addressed other agpeatdti-antenna MANETS. For example,
beamforming or directional antennas [15] have been intedraith the MAC protocols for MANETS to
achieve higher network spatial reuse or energy efficien6}-{28]. In addition, multi-antenna techniques
have been shown to improve the efficiency of routing pro®dor MANETs [29]-[33]. Directional
antennas have been studied for suppressing interferen®ddANETs by spatial filtering [23]-[27].
Directional antennas are only suitable for environmenth wparse scattering. In contrast, beamforming
is suitable for both sparse and rich scattering, and is headogted in this paper as well as in [18]-
[20], [28] for spatial interference cancellation. Most@riwork focuses on designing MAC protocols
and relies on simulations for investigating network thropigt [16]-[27]. The capacity of MANETSs with
beamforming or direction antennas are analyzed in [34}-18g34], [35], the use of directional antennas
are shown to increase the linear scaling factor of netwahgport capacity. In [36], the transmission
capacity for multi-antenna MANETS is analyzed, where ifgiemce is treated as noise and suppressed
by averaging through beamforming. In view of prior work, rietill lacks of theoretic characterization
of the relationship between the transmission capacity ofN#As and spatial interference cancellation.
Furthermore, the important issue of how CSI inaccuracycidféhe throughput of MANETS has not been
analyzed in [16]—-[27], [34]-[36].

B. Contributions and Organization

Our main contributions are summarized as follows. This ptgrgets a MANET with single-stream data
links and perfect symbol synchronization between nodest,~ve give an approach for using zero-forcing

beamforming to cancel interference in a MANET and therebgrowe network transmission capagity

2The zero-forcing method is used for analytical simpliciand the extension to minimum-mean-squared-error (MMSE)
beamforming is straightforward.
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The number of canceled interferers depends on the numbaeterirzas at each receiver. Moreover, transmit
beamforming vectors are randomly selected to avoid iteratceive beamforming and potential network
instability. Second, assuming Poisson distributed trattsra and spatially i.i.d. Rayleigh fading channels,
bounds on the signal-to-interference ratio (SIR) outagsbability are derived for the case of perfect
and imperfect CSI. These bounds are found to be reasonglly dhd lead to bounds on the network
transmission capacity. Third, the scaling laws for trarssioin capacity are derived for asymptotically
small target outage probability. Specifically, with inendnce cancellation, the asymptotic transmission
capacity grows according to a power law for both perfect anperfect CSIl. The base of the power law
is the target outage probability, and the exponent is thergw of the antenna-array size if it is smaller
than the path-loss exponent. Otherwise, the exponent isdemlibetween the inverse of the antenna-array
size and that of the path-loss exponent. Finally, the reguingths of CSI training sequences are derived
for constraining the outage probability to be within a nplitative factor of that with perfect CSI and
for achieving a nearly optimal scaling law of the transmiiastapacity, respectively. These results are
useful for evaluating the amount of CSI overhead needed miralothe degree of network performance
degradation due to CSI inaccuracy.

Simulation results are also presented. As observed frogetresults, employment of a few (two to four)
antennas per node is sufficient for harvesting most of thacaigpgains promised by spatial interference
cancellation. In particular, compared with the case of Isiramtennas, a capacity gain of more than an
order of magnitude can be achieved by using only one additiantenna at each node, even if CSl is
imperfect. Moreover, a moderate length CSI training seqeés observed to be sufficient for keeping the
loss of transmission capacity due to CSI inaccuracy smakse€ results demonstrate the effectiveness of
spatial interference cancellation for practical applmad.

The remainder of this paper is organized as follows. Sedfiatescribes the network and wireless
channel models. Sectignllll introduces the algorithm fatig interference cancellation, and presents the
effective network and channel models based on the algoriitma SIR outage probability and transmission
capacity are analyzed for perfect and imperfect CSl in 8asflV and V, respectively. Numerical results
are presented in SectignlVI, followed by concluding remankSection VII.

II. NETWORK AND CHANNEL MODELS
A. Network Model

In this paper, the locations of potential transmitting rode a MANET, including both active and
inactive transmitters, are modeled as a Poisson point psdolowing the common approach in the liter-
ature [1], [2], [7], [36], [37]. Specifically, the positions the potential transmitters form a homogeneous
Poisson point process on a 2-dimensional plane with theityedsnoted by),. Time is slotted and

in each time-slot potential transmitting nodes follow a EienALOHA-like random access protocaol, in
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which they transmit independently with a fixed probabili®y. Let T,, denote the coordinate of theh
transmitting node. Given the random access protocol, th&se {T,,} is also a homogeneous Poisson
point process but with the smaller density= P; ), [38]. Each transmitting node is associated with a
receiving node located at a fixed distance denotedlas

Consider a typical receiving node located at the originotieshask,, and hencély| = d. This location
constraint of7; does not compromise the generality since the transmittodgrproces® is translation
invariant. Furthermore, according to Slivnyak’s theore38][ the remaining transmitting nodes, namely
®/{Ty}, remain as a homogeneous Poisson point process with the reaaeedensity\.

The MANET is assumed to be interference limited and thusen@sneglected for simplici@(.Con—
sequently, the reliability of data packets received by tbhdenR, is determined by the SIR. Moreover,
we assume that each data link in the network has a singlenstraad communications between nodes
are perfectly synchronized in symbols. All transmittingdee are assumed to use uniform transmission
power, Pp. Let S denote the random power factor for the link frdfp to Ry so that the received power
at Ry is SPp. Likewise, letS,, represent the interference power factor from transmittingeT}, to Ry,
so that the received interference powerfatdue toT,, is I,, = S, Pp. Thus, the SIR aR, is given as

SIR = 5 . (1)
>, ew/{1p} In
Since theSIR is independent oPp, Pp = 1 is assumed for simplicity. The correct decoding of received
data packets requires the SIR to exceed a thregholhich is identical for all receiving nodes. In other
words, the rate of information sent from a transmitter to @eier is no less thatvg, (1 + #) assuming
Gaussian signaling. To support this information rate withhhprobability, the outage probability that

SIR is belowd must be no greater than a given threshold ¢ < 1, i.e.
Pout(A\) =Pr(SIR< ) <e (2)

where P, (A) denotes the SIR outage probability as a functioroGiven an outage constraiat Py

determines the transmission capacity, which is defined jas [2
Cle) = (1 — €)X 3)

where Py (Ac) = €. Note that this equality maximizes transmission capaaityeur the outage constraint

(@) sincePoyt (Ac) increases monotonically with,.

3More generally, the distances between receivers and tleiesponding transmitters could also be randomly disteithu
However, as shown in [1], randomness in these distancesdagnificant effect on the analysis of transmission capaaitd
is thus omitted for simplicity.

4Addressing the effect of noise requires straightforwartrbaybe tedious modifications of the analytical results is thork.

In particular, accounting for noise changes only the linfeators in the asymptotic scaling laws for transmissionacéty in
Theoren{P.
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B. Channel Model

We adopt a narrow-band channel model with frequency-flatkbkading, which is common in the
literature (see, e.g., [2], [37], [40], [41]). During eactarismission attempt the fading realization is
assumed to stay fixed. Each node in the network is equipped iviantennas. Consequently, there
exists alL x L multiple-input-multiple-output (MIMO) channel betweenegy pair of nodes. Each MIMO
channel consists of path-loss and spatially i.i.d. smalinfg components, corresponding to rich scattering.

Specifically, the channel from a nodg to the typical receiving nod&, is H,, = rg“/an. The factor

ri®/? represents path-loss, wherg = |T,,| is the Euclidean distance and > 2 is the path-loss
exponent. The facto,,, is a L x L matrix of i.i.d. CN'(0,1) components, modeling spatially i.i.d.
Rayleigh fading. Each transmitter is assumed to send aesiypgtial data stream so that stream control
[42] is unnecessary and beamforming is applied at eachmittes and receiver. Lef, andv, denote
the beamforming vectors &, and Ry, respectively. Then the effective channel power for the diak

from T to Ry is S = |viHofy|?, and that for the interference link froffi, to Ry is S,, = |viH,f,[%.

I1l. SPATIAL INTERFERENCECANCELLATION: ALGORITHM AND MODELING

The algorithm of zero-forcing beamforming for spatial iféeence cancellation is first described. The

resultant effective network and channel models are digclfs perfect and imperfect CSl, respectively.

A. Perfect CSI

In this section, each receiver is assumed to have perfecto€8le channel between each of ifs
strongest interferers and itself.

1) Spatial Interference Cancellation and Opportunisti@ismission:The idea of spatial interference
cancellation is to apply zero-forcing beamformingatfor canceling interference from strong interferers.
The details of the interference cancellation algorithm @navided as follows.

Let f, and v, denote the transmit beamformer’gf and the receive beamformer By, respectively.
From the perspective aRy, the interference channel froffi, (n # 0) appears as an effective channel
vectorh,, = H,f,,, whereH,, denotes the actual MIMO channel. To facilitate our disaussihe indices
of the transmitting nodes interfering witR, are sorted according to their effective interference ckann
norms, namely|hy|| > ||hze|| > --- > ||hz||---. The crux of the interference cancellation algorithm is
to constrain the beamforming vectog of R, to be in the null space of the matrik;, hy,--- ,hy_4].
Thereby, the interference frorfl. — 1) strongest interferers td, is nuIIe@: |v$h1| = |v$h2|--- =

\vghL_l\ = 0, where{ represents the complex conjugate and transpose matriatoper Note that

SWith probability one, the matrihi, ho, - -+ ,hz_1] has full rank. Thus, with, antennasR, can cancel at mostL — 1)
interferers.
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perfect CSI estimation dh;, hs,--- ,hy_; by Ry is required to completely cancel the interference from
(L —1) strongest interferers. CSI estimation at each receives p& symbols broadcast by transmitters.
The issue of CSI inaccuracy is addressed in Se¢tionlllI-B.

An arbitrary transmit beamformer is appliedZat, represented byj,. Without performing interference
pre-cancellation7 need not acquire CSI of the channels linkifig and the interfered receivers, which
is difficult. Note that an attempt to performaximum ratio transmissiof#3] causes iterative updating
of beamforming vectors at all nodes and potential netwoskainility. By such beamforming, multiple
transmit antennas contribute no diversity gain, but theyreeeded for interference cancellation when the
transmitter becomes a receiver.

To avoid deep fading due to the lack of diversity gain, opaidtic transmission is applied. Conse-
quently, transmission at each transmitter is turned on drilye channel gainS = |ng0f0|2 is above
a threshold denoted by, = 8d~%, whereS is an equivalent threshold applied on the fading gain. It
follows that the random-access probability for each paéntansmitter isP;, = Pr(S > pd=%) (cf.
Sectior1[-8). This algorithm is also used in [1] for singdetenna ad hoc networks and similar concepts
exist in optimal power control for fading channels [44], [45he threshold? should be sufficiently small
SO as not to cause excessive delay before transm@sion.

2) Effective Channel and Network Modelghe following effective channel and network models result
from the application of the interference cancellation &thm in the preceding section.

With perfect interference cancellatiof, receives interference only from the nAﬂle{ﬁ}L | n > L}.
Recall thatr,, and I,, denote respectively the distance betwé&gnand the origin, and the interference
power fromT,, to Ry. Based on the channel model in SectionI-B, for L, the effective interference
power I,, = Pp|viH,f,[2 = r;*|viG.£, 2. Let p, = |[viG,f,

2 so that forn > L, I, = 7, %py.
Because botlf,, and v are independeﬁ!tof G, and G, is an i.i.d. complex Gaussian matrix, the

random variablep,, will have an exponential distribution with unit mean.

The effective power of the data link froffy, to Ry is given by S = |v{Hofo|? = d=|v]Gofo|? with
S > pd~“ due to opportunistic transmission. Recall thais the distance betweer, and Ry, Sd~*
is the transmission threshold, aKg, is the fading component of the MIMO chanrl,. Because the

beamformers/y andf; are independent d&( as discussed in the preceding section, the random variable

SImplementing this opportunistic scheme requires some fofrirand-shaking between the transmitter and receiver amitei
coordination among neighboring nodes. In particular, ribta the transmission decision depends on the chosen vélsg, 0
which in turn depends on the transmission decisions of tighbering transmitters. We leave the development of suctoteol
for future work.

"Note that the indices of the nod¢d,} are sorted according to the power of their interferencégo

8Note that the interference canceling beamformeis a function of{G,, | 1 < n < L—1} butindependent ofG,, | n > L}.
Moreover, the transmit beamforméy is random and hence independent of any interference channel
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Types of node
@ Transmitting node
T;?Receiving node
XCK Primary interferer
() Secondary interferer
/\ Canceled interferer

Interference
cancellation zone

Interference
cancellation zone

(a) Perfect CSI (b) Imperfect CSI

Fig. 1. Effective channel and network models resulting frimterference cancellation with (a) perfect CSI or (b) infpet
CsSl for antenna arrays of three elements. The distance ifighees is proportional to the effective channel power. Théad
and interference links are plotted by using solid and dadimed, respectively.

W = |V8G0f0|2 has the exponential distribution with the following probiyp density function
fww) =exp(-w)/P, w=p 4

where P, = exp(—p).

Last, the effective channel and network models resultiognfinterference cancellation is illustrated
in Fig.[d(a). Note that the density of transmitting nodes\is- P.)\,. Based on the above models, the
SIR at Ry is given as

A=W

B. Imperfect CSI

1) CSI Estimation:As discussed in Sectidnlll, interference cancellatio®atrequires the estimation
of CSI on the effective channels vectors corresponding ¢o(th— 1) strongest interferers oRy. The
CSI estimation is facilitated by the transmission of pilgtrdbols from these interferers. Létl denote
the length of the pilot sequence sent by each interferer. (The 1) pilot sequences form the columns
of a (L — 1) x M matrix, represented b¥), where M > (L — 1). Following [46], Q is designed
as a unitary matrix. A protocol for CSI estimation may cohsistwo phases, where a receiver first
identifies the(L — 1) strongest interferers by estimating their interferencegroand then estimates CSI
for canceling these interferers. Given the unitary comstfar Q, this protocol should allow a transmitter

to send different CSI training sequences to different mela The detailed design of the CSI estimation

®Removing the unitary constraint f@ simplifies the CSI estimation protocol as a transmitter caradicast the same training
sequence to all receivers. Nevertheless, allowing thenmaduofQ to be non-orthogonal potentially introduces coupling ke
the estimated CSI for different interferers and complisa@&S| estimation as well as analysis.
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protocol will be addressed in future work.
The CSI training signal received &, denoted ay, is given as
o
yT:m[hlvh%"' >hL—1]Q+ZhnXZ: (6)
n=L
where /M ensures the transmission power of each node that sendsspitdtols isPp = 1, and the
M x 1 vectorx, containsCN(0,1) data symbols transmitted by theh transmitter. The summation
term in [B) represents interference to the CSI estimatioR@atThe CSI, denoted a;, ho,--- ,hy_1,

is estimated using the least-square method, thus
P - 1
hi,ho, - . hy_1| = —y'Qf =[hy,hs,--- .h +— h, X 7
[ 1, ho -1 = 57y Q" = [hy, hy 1] Z (7

wherex! = x7Qf is a1 x (L — 1) i.i.d. CN(0,1) vector. Note that the alternative MMSE method
requires estimating the covariance of the aggregate ararte from the transmittets,, 7741, - - -. Such
estimation is potentially inaccurate due to the presencéhefstrong interfererdy, To, -+ , T _1. It

follows from () that
h; = Z hyZny, 1=1,2,- —1. (8)

The estimated CSI is applied for computing the beamformiegtar vy used atR, under the zero-
forcing constraintvy L [fll,flg, . ,BL_l]. Thus, using[(B), the residual interferencefat after beam-

forming, denoted ag,, can be written as

L-1 L-1 oo
I, = Z Vghll'l = Z Z anmn ey
=1 l 1 n=L

wherea,, = rﬁ/zvghn is CN'(0,1) sincevy andh,, are independent. Thereforé, is CA/(0,02) with

the variances? given as

L—1 2

ot = 2 3| i

=1 [n=L
2) Effective Channel and Network Modelss illustrated in Fig[IL(b), the effective channel and netwo

models for interference cancellation with imperfect CSldentical to that for the case of perfect CSI

e}

9)

except for the additional residual interference from theles{7,, | 1 < n < L — 1}. For the present
case, the SIR in{5) is modified as

d—*“w
o2+ 30 o
It is worth mentioning that the present model of residuatiifgrence is more accurate than that in [7]

(Imperfect CSI) SIR =

(10)

r—% where the

nln

for SIC with imperfect CSI. In [7], the residual interferenpower is modeled azsz
parametef) < z < 1 controls the degree of CSI accuracy. The overhead and #igofor CSI estimation

considered in the present model are not accounted for in [7].
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IV. OUTAGE PROBABILITY AND TRANSMISSION CAPACITY: PERFECTCSI

This section focuses on the analysis of the outage probalfdi a SIR constraint and the network
transmission capacity for prefect CSI. In particular, tieali®g law of transmission capacity is derived

for the regime of small outage probability.

A. Auxiliary Results

To facilitate analysis, the interfering nodes Bf after perfect interference cancellation, namégly, |
n > L}, are separated into the strongest interféfgrand the remaining interferersl;, | n > L + 1},
referred to respectively as tipgimary and thesecondaryinterferers. For convenience, denote the random
interference power frorfi, asG = I,.. There are two reasons for the above separation of the enéesf
First, considering the strongest interfef@r alone yields a lower bound for the outage probability to be
derived in the next section. Second, the separation offerens provides a useful result that conditioning
on G, the secondary interferefd;, | n > L + 1} form a Poisson point process as shown shortly.

The result stated above is obtained by using the Marking fémed38]. To apply this theorem, a
marked point process defined for the secondary interferers, where the mark efrnthdeT;, is the
corresponding interference powgy. Specifically, conditioning on the interference power & ffrimary

interfererG = g, the desired marked point process is
I(g) = {(Tn, In} | Tn € ®/{T0},0 < I, < g} (11)

where ® is the homogeneous Poisson point process modeling alleattamsmitters (cf. Sectidn 1HA).
Note that conditioning oz = g, the marks{I,,} are independent. Given this condition, the result in the
following lemma directly follows from the Marking Theorer3g].

Lemma 1: The procesd(g) is a homogeneous Poisson point processkdnx R+ with the average

number of nodes given by
oo g
u(g) = 277)\//rp(7‘, drl)dr (12)
00

wherep(r, -) is the distribution function of,, conditioned ond,, = r.
This result is useful for analyzing the aggregate interfeeefrom the secondary interferers 1@,.
Conditioned onG = g, this interference is written as
In(g)= >, I (13)
(Tn I.)€l(g)

The procesdri(g) in (I3) is known as ahot noise proces88]. The probability density function of
Iri(g) is difficult to derive and has no closed-form expression pkéer some simple cases [1], [37].
Nevertheless, using the Marking theorem, the first and skomyments of this process are characterized

in the following lemma.
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Lemma 2: After perfect interference cancellation, the interfeeeat Ry has the following properties.

(&) Theinterference power of the primary interfe¢ehas the following probability density function
vl s -5
fal9) = Ty e (-9 ) (14)
where§ := 2 andv := 7I'(1 + ).
(b) Conditioned onG = g, the mean and variance of the aggregate interference poomr the

secondary interferers are given by

VA _
Elln(g) = ;59" (15)
20U\ o
Var(Iu(g)) = 2—_592 ’. (16)
Proof: See AppendiXA. O

B. Bounds on Outage Probability

From [B) and the separation of interferers in the precedéugian, the outage probabiliti,,; can be
written as
Pout (A) = Pr(SIR < 0) = E [Pr(Iu(g) > wy — g | G, W)] 17

where := 0~1d~%, W is the fading component of the data link power g (cf. Section1lI-A.2), G
and I;(g) are respectively the interference power of grémary and secondaryinterferers. The direct
analysis of the exact outage probability by usihgl (17) iasible due to the difficulty in deriving the
distribution function offyi(g). Instead, we bound,,. , following the approaches in [1], [2], [7].

The expression of the outage probability (n](17) can be tésvrias
Pout (A) = Pr(G = W4) + E[Pr(In(g) 2 w¢ —g | G < W) Pr(G < Wy). (18)
Thus, a lower bound oF,; is given as
Pout () > Pr(G > W4). (19)

This lower bound considers only the primary interferenoel, laence is nearly tight if the primary interferer
Ty, is the dominant source of interference. Next, an upper baumithe outage probability can be derived
by applying the following Chebyshev’s inequality dn{(18)
Var(In(g))

{a—E[In(g)]}*’
Based on[(18),[(19) and (20), bounds on the outage prohahilé derived as shown in the following

theorem.

Pr(In(g) > a) < min{ 1} , Ya>E[n(g). (20)

Theorem 1:For perfect CSl, the bounds on the outage probability arergas follows.
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1) The lower bound is

! (L8700 Sy TO)EAE e 5y —6
Pour (\) = D) IO /ﬁg LleXP(—w Ag —g)dg-

2) Define the set®; = {(w,g) | 0 < g < go,w > B} andDy = {(w,g) | g > go,w > g + E[In(9)]}.
Moreover, letgy denote a constant that satisfies the equagion E[I11(go)] = 8¢, whereE[I11(g)

is given in Lemmd[R. The upper bound on the outage probalislity

" : NG 0
ran= [ mm(m ¢_;j%Agl_é)z,1> fur(w) falg)dwdg + Pa(y) D)

(w,g)€D1UD;
where
—5
y (L,l/go /\) SULAL oo o . U 1 1s s
Pa(A) = T B /g g exp <—¢ B U 2 >dg
and~(-,-) denotes the incomplete Gamma function.
Proof: See AppendixB. O

The above bounds oR,,; do not provide simple closed-form expressions in terms efribde density.
The difficulty in deriving such closed-form expressions iginty due to the existence of multiple random
variables, namelyV, G and I;(G), which jointly determine the outage probability. The tiglss of the

above bounds oi®,; is evaluated using simulation in Section VI.

C. Asymptotic Transmission Capacity

In this section, the scaling law for transmission capadtgérived for small target outage probability
(e — 0) and perfect CSI. This scaling law also accurately charaete transmission capacity in the
non-asymptotic outage regime (up to 0.1) as shown by simuakin Sectiori MI.

Small target outage probability results in a network of sparansmitting nodes (i.e. — 0). For such
a sparse network, the useful relationship between the eytegpability and node density is given in the
following lemma.

Lemma 3: For perfect CSI and — 0, the outage probability scales with as follows.

1) For L < a,
p1 < lim & °;‘L(A) < K (22)
wherer, = F(l_lifr’f%(ff;dz)L and kg = [1 + 2L, (2—36 - 2—5)].
2) For L > q,
< i 5 L < @
wherexs = 451”72”@(1“2(:;)’1?85#_”1).

Proof: See Appendix C. O
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Note that the ratio> decreases af reduces. This suggests that the asymptotic bounds aretifgt
smaller values of..

Using Lemmd B and the definition of transmission capacity3) the main result of this section is
obtained and summarized in the following theorem.

Theorem 2: For perfect CSI and small target outage probgbdi — 0, the transmission capacity

scales as
1) For L < q,
C C
im -2 S i _f)l <1 (24)
0, Ter O Tex
wherex, and ko are specified in Lemnid 3.

2) For L > a,
lim ?EE i >1, lim ?56)1 <1 (25)
=0 Ky ®€a =0 Ky Let

wherexs is given in Lemmal3.

The above theorem shows that as the target outage propatslireases, transmission capacity grows
following the power lawae® wherea andt are constants. FoE > «, only bounds on the exponent
are known. We conjecture that fdr > «, t = 1/L. In other words, the exact scaling law is within a
multiplicative factor of the asymptotic lower bound in tHm&e theorem, which is confirmed by simulation
results (cf. FigLb(b)). The derivation of the exact scaliag for L > « requires a tighter upper bound
on outage probability than that based on Chebyshev’s idiggira (20). This may require analyzing the
distribution function of the secondary interference poafr Section 1lI-A.2), which, however, has no
closed-form expression for the present case [47].

For L. < a, the exponent of the transm|SS|on capacity power taWvis shown in Theoreril2 to be
t = 1/L, and « is bounded as:, L < a < K, *. This power law indicates that the size of antenna
array L determines the sensitivity of transmission capacity to ¢hange on the outage constraint. To
facilitate our discussion, rewrite the scaling law in Theaf2 asC/(e) = o€t where 22" represents
asymptotic equivalence for — 0. Moreover, consider two sets of valué§i,e;) and (Cy,e2), and
define the logarithmic ratiodC = log Cl and Ae = log a. Using this notation, the above scaling law
can be written as Ac 1

A = I (26)
The above quantity% represents the sensitivity of transmission capacity tde@hanges in the outage
constraint. Its value decreases inversely with the sizenvérma array. Specifically, computed using
(26), a hundred-time decrease erreduces network transmission capacity {0, 3.2,1.8} times for
L = {2,4,8}, respectively. For the extreme caselof= co, transmission capacity is independent of the
outage constraint sinc% = 0. Last, from simulation results in Sectign]VI, the capacital;g law in

Theoren2 is observed to also hold in the outage regime otipahinterest ¢ < 0.1).
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V. OUTAGE PROBABILITY AND TRANSMISSION CAPACITY: IMPERFECTCSI
In this section, the SIR outage probability and transmissiapacity are analyzed for the case of
imperfect CSI.
From [10), the SIR outage probability for the case of imperfeS| is written as
- Wd—«
o+ 205 T pn

whereo? is the power of the residual interference given[ih (9). Thisbability is related to that for the

case of perfect CSl in the following theorem.
Theorem 3:For the case of imperfect CSI, the SIR outage probabilityosrided as

Pout (\) < Pout (M,A) < Poue (N) (1 + &) +28 " e? M>L-1 (28)

1

where P,; is the outage probability given perfect CS4,> 0 is arbitrary andv = [['(L)] 7.
Proof: See AppendixD. O

The result in Theorerl 3 can be interpreted using two corefiaiThe following corollary is obtained by
settingZ = M7 in (28) with ¢ € (0,1) and M — oo, and then ley — 0.
Corollary 1: For M — oo and fixed\, the outage probability given imperfect CSI converges &t th

for perfect CSI as follows

Pout (M, \) 1
———=14+0(—|. 29
. . - Tou (V) \M - 2)
This corollary agrees with the intuition that increasing timount of CSI training overhead reduces the

effect of CSI inaccuracy. Moreovef, (29) shows that the atffef imperfect CSI disappears at a rate
proportional to the inverse of the pilot sequence lengthe mbxt corollary of Theorer] 3 characterizes
how much CSI training overhead is needed for containing ffexteof CSI inaccuracy.

Corollary 2: To ensurePoy (M, \) < (14 &) Pyt (M) with € > 0, it is sufficient to choose the length
of the CSI training sequence as

M = max <h% (Llog2 —log Pout (A) — logf)w , L — 1) . (30)

where[a] gives the smallest integer larger than
This corollary is derived by substituting = —1 log (271 Poy £) and M = 2Z/¢ into (28), and taking
into account that\/ > L — 1 and M is an integer. The result in Corollafy 2 shows that for gigen/
increases linearly witl, and logarithmically with the inverse afy; .

Finally, the required length of pilot sequence is deriveddohieving the scaling laws of transmission
capacity close to those for the case of perfect CSI. Defindrtivesmission capacity for imperfect CSI

asC(M,e) = (1 — €) Pyt (M, €). The scaling laws of (M, €) are given in the following theorem.
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Theorem 4:For 0 < ¢ < 1, choosing the length of pilot sequence for CSI estimationVAgy) =
max <{M(<p)—‘ L — 1> with

— T [(L—-1)log2—2loge], L<a
M(p) = (1= phw (31)

achieves the scaling laws of transmission capacity for dlgarget outage probabilitye(— 0) given as

1) ForL < «:

(M, (M,
lim o 1576) >, lim o 15’6) <1
e—0 -7 L e—0 -7 L
9 V€L Kq V€T
2) ForL > o ~ ~
ME? . ME7
lim o . 2 >, lim ( . ) <1
e—0 -5 4 e—0 -7 L
3 € l‘il €L
wherex1, k2, andkg are given in Lemmal3.
Proof: See AppendiXE. O

Theorem [(#) shows that CSI inaccuracy introduces only aritiadédl linear throughput scaling factor,
namely0 < ¢ < 1, without affecting the exponents in the throughput scalaws. As shown by Fid.]2,
the required length of pilot sequendé. increases relatively gradually with growingin the regime of
0 < ¢ < 0.6 but very rapidly in the regim®.6 < ¢ < 1. In the regime of smallp, M, grows asL
increases due to the constraint thdt> L — 1. Nevertheless, the reverse holds in the lasgegime. The
reason is that increasing reduces the number of strong interferers for CSI estimadioeach receiver,
and hence requires less CSI overhead.

VI. SIMULATION AND DISCUSSION

In this section, the bounds on outage probability and thevordt transmission capacity are evaluated
using Monte Carlo simulation. The procedure for simulabngANET follows that in [48]. The simulated
ad hoc network lies on a two-dimensional disk and containgrabrer of transmitter-receiver pairs, which
follows the Poisson distribution with the mean equak@w. The locations of the nodes are uniformly
distributed on the disk. The disk area is adjusted accortintpe node density. The typical receiver is
placed at the center of the disk. We set the distance betvireetypical transmitter and receiver &s= 5
m, the required SIR a8 = 3 or 4.8 dB, the transmission thresholtl= 1, and the path-loss exponent as

a=4.

A. Bounds on Outage Probability

For perfect CSlI, the bounds on outage probability from Taetd and simulated values are compared

in Fig.[3. The number of antenna per nodd.is= {2,4}. As observed from Fid.]3, the bounds fbr= 2
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Required length of pilot sequence, M

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Linear throughput scaling factor, @

Fig. 2. For imperfect CSl, the required length of pilot seqpee M. vs. the increasing throughput scaling facterfor
L ={2,3,4} ande = 0.01.

are tighter than those far = 4. Moreover, the bounds and the simulated values of the oytegmbility
converge as the transmitting node densitgecreases. These two observations can be explained by the
dominance of the primary interference over the secondaey a8\l increases or\ decreases, where
the secondary interference causes the looseness of theldounoutage probability. Finally, the outage
probability is approximately proportional te".

In Fig.[4, the SIR outage probability for imperfect CSI is kended against that for perfect CSI, where
the transmitting node density is varied and different lasgif pilot sequence are considered. The number
of antennas per node & = 4. The length of pilot sequence is fixed &f = {3,5,11} in Fig.[4(a) but
varied with the node density in Figl 4(b) based on CorollarpAR observed from Fig.l14(a), increasing
rapidly converges the outage probability for imperfect @sits lower bound corresponding to perfect
CSI. In particular, forM = 11, CSl inaccuracy increases outage probability by less thiactar of two.

In Fig.[4(a), M varies with the node density according 0l(30) witk= {1,5}. Regardless of the node
density, the outage probability for imperfect CSl is bouhdeéthin (1 + &) times its lower bound, which
validates Corollary12. For instance, the ratio between tliage probabilities for imperfect and perfect

CSl is about3 with is smaller then the upper-bourid + &) = 5 given in Corollary(2.

B. Scaling Laws of Transmission Capacity

In Fig. [3, asymptotic bounds on transmission capacity inofé[2 are compared with the exact
values obtained by simulation for perfect CSI and the rarfgiarget outage probability € [107°,0.1].

The corresponding curves are identified using the legensigriptotic upper bound”, “asymptotic lower
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Fig. 3. Outage probability for different transmitting nodensities and perfect CSI. The size of the antenna array i6 a2
and (b)L = 4.

bound”, and “simulation”. Different combinations éf= {2,4,5} anda = {3,4} are separated according
the cases of. < « and L > «, corresponding to Fig.]5(a) and FId. 5(b), respectively.oserved from
Fig. B(a), for L < «, the asymptotic upper bound on transmission capacity I #yen in the non-
asymptotic range e.g € [0.01,0.1]. The tightness of this bound is due to the dominance of psimar
interference for interference cancellation with smallesiof antenna array. Moreover, Fid. 5(b) shows
that for L > « the slopes of the “simulation” curves converge to those efdbrresponding “asymptotic
upper bound” curves as the target outage probability deeseal'he above observations suggest that for
both L < o and L > «, the scaling laws of transmission capacity for small tamgBge probabilities
follow the power laws with the same exponent equal fd..

C. Transmission Capacity vs. Size of Antenna Array

In Fig.[8, the transmission capacity is plotted for an insieg number of antennas per node assuming
perfect CSI. Furthermore, different outage constraingsnely e = {10~!,1072,10~3}, are considered.
From Fig.[6, the following observations are made. First, tke of multiple antennas for interference
cancellation leads to the increase in transmission caphbgiain order of magnitude or more with respect
to the case of single-antenna per node. This capacity ga@specially large for a small number of
antennas and small target outage probability. For exaniple; = 10!, the use of three antennas per
node provides transmission capacity seven times of thathirsingle-antenna case. The capacity gain
by using additional antennas diminishes rapidly as the rurob antennas per node increases. Second,
the outage constraint affects transmission capacity feignitly for a small number of antennas per node.
Nevertheless, transmission capacity becomes insengitisleanges in the outage constraint as the number
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Fig. 4. Compare outage probability for perfect and imperfeég| given different transmitting node densities. The tangf
pilot sequence is (a) fixed atf = {3,5,11} or (b) adapted to the node density according(td (30)fet {1,5}. The size of
the antenna array if = 4.

of antennas increases.

The effect of imperfect CSI on transmission capacity is shawFig.[7, where transmission capacity
is plotted for different numbers of antennas per n@édé he size of the antenna array fis= 4 and the
outage constraint is = 10~2. The length of pilot sequence & = {3,5,11}. Several observations can
be made from Fid.]17. First, the loss on transmission capdaiyto CSI reduces @ increases. Such loss
is relatively small even for a moderate valueMt For instance, the reduction on transmission capacity is
25% for M = 11 and L = 8. Second, even for minimum CSI estimation overhead {i/fe= 3), a capacity
gain of more than an order of magnitude can be achieved ustegiérence cancellation. This supports
the practical applications of interference cancellatiéinally, most capacity gains are contributed by the
cancellation of the strongest interferer to each receiviode. The cancellation of more interferers has a

much less significant effect on the network capacity sindeedomes limited by residual interference.

VIl. CONCLUSION

In this paper, a spatial interference cancellation algoritis applied in a MANET setting and the
resulting gains in the network’s transmission capacity @raracterized under given constraints on the
SIR outage probability. Bounds on this outage probabilitygiven for a network with Poisson distributed
transmitters. For asymptotically small outage probahilihe scaling laws of transmission capacity are
derived, which follow the power law for both perfect and imfpet CSI. These scaling laws also
accurately predict transmission capacity for the non-gggtic outage regime. The required lengths of
CSl training sequence are derived for constraining theeee of outage probability due to CSI accuracy,

and for achieving close-to-optimal capacity scaling lavespectively. Through simulation, interference
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Fig. 5. Comparison between asymptotic bounds on transonissapacity and the exact values obtained by simulation for
perfect CSl and the cases of (B)< « and (b)L > a.

cancellation are observed to provide significant netwogac#y gains even for just a fe{2 —3) antennas
per node. As also observed, a moderate amount of CSI tramweghead can effectively alleviate the
impact of CSI inaccuracy on network transmission capaditys, spatial interference cancellation may
be suitable for applications in practical network.

This work opens several issues for future work. First, therlals on the SIR outage probability derived
in this paper provide no simple closed-form expressionstheumore, characterizing the asymptotic
behavior of the outage probability also seems difficult. §hoew and more powerful analytical tools
should be found if possible. Second, integration of interiee cancellation and stream control [42]
provides additional gains on network transmission capac#tst, it is useful to investigate the performance
of interference cancellation for ad hoc networks in mordiséa settings such as heterogeneous traffic
patterns and high mobility.
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APPENDIX
A. Proof of Lemm&l2

Define a marked Poisson point process/sg) = {(T, 1.} | Tn € ®/{Tv},I, > g}. Given that
I, = r,%py, the node density ofM(g) follows from the Marking Theorem as

o [(t/g)/"
HM(g) = A / / o f, (1) drdt
0 0
= 71)\9_6/ e tdt
0
= wvAg " (32)

whereé andv are defined in the statement of the lemma. The cumulativeitgeiasiction of GG is the

probability that the number of nodes in the suh&4tg) is no more thanL — 1). Thus,

— (V)‘9_5)k 5
Pr(G <g) = Z o eXP (—V)\g_ ) . (33)
The probability density function ofr is obtained by differentiating the above function
L-1 L-1
A s 1)—1 —rgs (2 S
falg) = 6) —5—9 e =6 g e "
(9) i ; (k—1)!

L-1 k+1 L-2 k+1
—uAg? W) skt1)—1 @)™ sk1)—1
o {Z Y =8> e :
k=0 k=0

The desired result follows from the last equation.

Using Campbell's theorem [39], the expressionsVar (/11(g)) andE[I11(g)] are obtained as

Elli g = 271)\/ / e =% pePdrdp
o J(5)
2w
= g . (34)
o—2
Var(Iyy | g) = 27 /( )]/a r (r_o‘p)2 e Pdpdr
0 e

— 271)\/ / 1/a7“1_20‘p2e_pd7“alp
o J(%)
TA

o
— 92—6/ p6e—pdp
a—1 0

A
- A s (35)
a—1
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B. Proof of Theorerhll
Define the product space 6F, ) asD = [3, ) x [0, c0), andy = - 1d~*. The outage probability
can be written as
Pax = [ [ Prlin(a) + 9> wifw (w)ag)dud. (36)
(w,9)€D
As illustrated in Fig[BD is partitioned asD = Uf;:ODn whereD; and D, are defined in the statement

of the theorem and

Dy = {(w,9)|0<g>wy,w>p} (37)
Dy = {(w,9)]9>8¢,9<w<g+E[mu(g)}. (39)

In Dy, the primary interferencé& is sufficiently large for causing an outage. Considefihgalone gives
an lower bound on the outage probability denotedPjg and given as

R =[] Prttnlo)+ 9> wiiwifolotuds = [[ fwtw)atduds. @0
(w,9)€Do (w,9)€Do
The subseD; U D; satisfies the criterion for applying Chebyshev’s inequaiit (20). In D3 U D4 where
Chebyshev’s inequality does not hold, the outage protiplsliupper bounded &r(I11(g)+g > w) < 1.
Based on the above discussion ahd (20), an upper bound oruthgeoprobability, denoted &%, , is

written as

u ! Var (Ix(g))
Pout =Fout + // min < (Wi — g — E[L:(¢)])2’ 1) fw(w) fa(g)dwdg +

79 e/Dl UDZ

Q (41)
/ fur(w) s g)duwdg.
(w,g)€DsUDy
The bounds in[(40) and_(#1) are further developed in the ioflg sub-sections.
1) Lower Bound on Outage ProbabilityBy substituting [(#) and_(14) intd_(%0)

L\L g/
Pl = 5” A / / e g—OL L= dudyg (42)
7]
5VL)\L |:/OO §L— 1 g~ 1 /OO -5 -1
D(L) [Jys ! W ’
1 V)‘(BW)75 I—1 5VL)\L o0 —5 _oh—1
_ “1o=94q — —0L—1_—vAg—°— 94
r<L>/o g F<L>Pt/ e !
R R [y
I(L) TP Js

The last equation gives the desired lower bound on the ouiegjeability.
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D1

Fig. 8. Partitions in the product spag (shaded) of W, G), which are used to obtain bounds on the outage probability.

2) Upper Bound on Outage Probabilityrrom (41)

Ply= Phy+Q+ / fr () fe(g)dwdg
D3UD4

- a4 / Fr(w) fe(g)dwdg
DoUDsUDy

oo rlg+250g" ) /Y
- o+ / / fuv () f(g)dwdg
go B8
(5VL)\L o0 -5 (5VL)\L o0 -1 2v —1)gl—§ Ag—9
= Q+ / TOLlemAT g — / SOl TVTITSIS YA g (43
T J, g g 7 J, g g.(43)
a

The desired upper bound follows from the last equation.

C. Proof of Lemm&]3

1) Asymptotic Lower Bound on Outage Probabilifyor A\ — 0, with ¢y defined following [(1#), the
lower bound on the outage probability in {42) can be rewnritis

Py = Pty)\ / /¢ Lexp V)\g_5> e Ydgdw
(vA)F
= v / / L= 4 O(N)]eVdgdw
—Pt w
(vo=)"

—6L e~ w L L+1
= - dwA A A
PtF(L—i—l)/ﬁ w w +O( ), — 0

= mAEP+O0YH, A—0 (44)

wherex; is given in the statement of the lemma.
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2) Asymptotic Upper Bound on Outage Probabiliyefine a set and its complementary set, represented
by Ds and D¢, as follows

Dy = {(w) w2 pg+ 0500 < S04 D= {(wng) w2 g+ g0 > B
Moreover, letj(w) and g(w) denote the functions that satisfy+ 2%\ % = %42 andg + 25050 =
w, respectively. Note thaD; € D; U D, whereD; and D, are defined in Theoreiﬂ 1. By using the
above definitions, the terf defined in [(4ll) can be upper bounded as

- Var(Ix(g))
@< [ (G ) et +
(w,9)€(D1UD2)NDs

fw(w) falg)dwdg

(w g E(Dl UD2 D

- [ m1n<wwfzfif§§3(g)])2,1> fvtwifcta)duds

[ L oo

(@) 9(w) 45VA92 g s riw)
< / / )sz( )fw(w)dgder/ﬁ /g(w) fw(w) fa(g)dwdg, X\ — 0(45)

Az(X) A (N)

Obtaining the inequalitya) uses Lemmal2 and the definition §f By observing thajy < wi/2 from
its definition and substituting (14)\>(\) defined in [(45) is upper bounded as

2 L
ha < AN [T [N 5t g
45 2 Oc/\oz 3
= i S v o e g (46)
As(N)

Note that forA — 0, A3()\) in (@6) is bounded fol. > « and unbounded fof, < «. It follows from

(48) that

D'(L—a+1), L>a
As(\) < —5L42 47)
’ (LA (%) ’ [1+0\)], L<a.
By substituting [(4]7) into[(46)
45 2 E (W2 T (L—a+1)
2 =)L) AY L>a

(
(525L1/1_5LI/LE[W 5L]
(2-0)I(L)

Aa(N) < (48)

MeronIh L<a.
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Next, an asymptotic upper bound @n (\) defined in [(45) forA — 0 is obtained as follows. Since
g(w) <wy andg(w) = w_w + O(\) from their definitions, by substituting _(IL4\; (\) is bounded as

L\L
M) < ‘5” A / / oy & g o ()
¢+

5+O )\2
_ / / 9" exp(—g)dg fu (w)duw
vA(wip)~

/ [A(%E)~ +O(>\2)]( D
s (L)

IN

[exp(—vA(wy) ™)

exp(-rAC) 0+ 00| fur(whd

_ /oo VL—I)\L—I(wTw)—J(L—l) —|—O()\L) |:
B

) vA(wip) 0 (2° — 1)+

O()\z)] fw(w)dw
B 26L(1 _ 2_6)I/L/\L1,Z)_6LE [W—(SL] Lot
= (L) +O\"T). (49)
By combining [45), [(4B), and (49), an asymptotic upper boford? in (41) is obtained as
459 2 *E [W2| T (L —a+1)

A% L>a«a
Q< (2—-6)T(L) (50)

= L, —5L —5L
9oL (% _2—5> vy r](EL[)W ]/\L_‘_O()\L—i-l)’ L<a

whereE[W 9L =T'(1 — 6L, 3) /P, andE[W %] = T'(-1,3)/P;.

Finally, usinggy = (¢ + O(\) and following the similar procedure as in SectionIC.1, it barshown
that Q(\) = k1AL + O\, whereQ is defined in[(4B). Combining this resulf, {45) and](50) letwls
the desired asymptotic upper bound on the outage prohabilit

D. Proof of Theoreml3

Using [10) and by definition, the conditional SIR outage jatulity is given as

D, {pn}’ W)]

L—-1
= E|Pr Wd_09_1<i§:r_a Zz +§: .
- =M n Pn l Tn Pn
n=L =1 n=L

Pr(SIR<¢) = E|Pr(SIR<6|®, {pn},W)]

[ 0
= E |Pr (Wd_o‘ﬁ_l <o+ Z 0 " pn
L n=L

(51)

P, {pn}7 W)

where the i.i.d. random variablds;} follow the exponential distribution with unit mean. Letdenote a

chi-squared random variable havifg — 1) complex degrees of freedom. It follows froin [51) that

= -« _1< —a i
E Pr(Wd 0 _Zrn pn<1+M>

n=L

Pr(SIR < 6)

coon)] e
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The above equation can be expanded as

—a —1< —a i
Pr<Wd 0t < N pn<1—|—M>

n=L

—Q —1< —Q i
Pr(Wd 7t < > pn<1+M>

n=L

Pr(SIR<6) = E Pr(¢ > Z)+

S, {pn}, W,¢ > Z)

E Pr(¢ < 2)

D, {pn}, W, ¢ < Z)

(53)
Using the key result in [49], the incomplete Gamma functidthwWLZ — 1) complex degrees of freedom
can be upper bounded as

1 * Lo - —wz\L—1
_ Tdr<1—(1—e™“ 54
F(L—l)/Z T e Tdr < ( e ) (54)

wherew = [P(L)]‘ﬁ. By combining [(5B) and (54)

el N ¢
P « 1< ozn 1 S
r(Wd 0 _gz rnp<—|-M>

n=L

Pr(SIR<) < E n

X

el N ¢
P « 1< ozn 1 S
r(Wd 0 _g rnp<—|-M>

IN
&=

IN

E +

> Z
Pr| Wdo~ ! < —oa, (1+ =
r< S (1+2)

n=L

P, {pn}7 W)

L-1

> (L z_ 1> (—1)le 12, (55)

=1
SinceW follows the exponential distribution,

a(1+b) a
Pr(W <a(l1+40)) = / e Tdr < (1+ b)/ e "dr. (56)
0 0
From (55%) and[(56)
VA
(1+37) +

Pr(SIR<6) < E

Pr (Wd_o‘Q_l < Z T % pn
n=L

P, {pn}7 W>

~

-1

> ()
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L-1
_ Z L—1 L —wlZ
= Pr(SIR<9) (1 + M) + < ] )(—1) e
(=1
L-1
_ Z L—1 l —wlZ
= Pr(SIR<¥9) (1 + M) + < ] >(—1) e
(=1
L-1
Z —wZ L-1 l
— Pr(SIR§0)<1—|—M>+e ;( , )( )
4 L-1_—wZ
= Pr(SIR <) (147 ) +2" e % (57)

The desired result follows frond (57).

E. Proof of Theorerhl4

By substitutingZ = —2 log (2!~L€?) and M, = % into (28)
pout (Mea /\) < Pout ()\) (1 + (,5) + €2 (58)

To simplify notation, denoté,y, (M, \) asPyy; (A). Definel., AL and\¥ using the equationByy; (A) =

€, Pout (\Y) = € and Poyr (A!) (1 + @) = € — €2, respectively. These quantities satisfy the relationship
M < X < A%, The first inequality is due to that the functioRsy; (A) and Poy (A) monotonically decrease
with increasing); the second holds since CSI inaccuracy reduces the maximaunsniitter density under

the outage constraint. Fdr < «, using the above inequalities and Theofgm 2
{1 . e(l—e)] 5\[

lim =22 >l > (14 )7 (59)
T kg Fer Tk el — o))z

2(M, 1— )\
th(T’f) < lim ! _;)1& <1 (60)
0 g Ter 0 g Ter

By substitutingy = (1 + ¢)~ = into (59), [60) andV, = —%w log (2'~"¢?) and taking into account that
M. > L —1is an integer, the desired result fbr> « follows. The result forl. > « is derived following

the same procedure.
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