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Abstract

In this paper, a lower bound on the capacity of wireless addnasure networks is derived in closed
form in the canonical case wherenodes are uniformly and independently distributed in thi¢ area
square. The bound holds almost surely and is asymptotitiglht. We assume all nodes have fixed
transmit power and hence two nodes should be within a spedfs&ancer,, of each other to overcome
noise. In this context, interference determines outagesyesmodel each transmitter-receiver pair as an
erasure channel with a broadcast constraint, i.e. each caadransmit only one signal across all its
outgoing links. A lower bound oB(nr,) for the capacity of this class of networks is derived. If the
broadcast constraint is relaxed and each node can sendctisignals on distinct outgoing links, we
show that the gain is a function ef, and the link erasure probabilities, and is at most a condtéimé
link erasure probabilities grow sufficiently large with Finally, the case where the erasure probabilities
are themselves random variables, for example due to ranessrin geometry or channels, is analyzed.
We prove somewhat surprisingly that in this setting, vdlitgtin erasure probabilities increases network

capacity.

. INTRODUCTION

Determining the capacity regions of multiuser wirelessmogks is an open problem in general [1].
Previous work develops approximations to and descriptidriee network capacity in different settings,

with several different approaches [2]] [3]] [4], [5].) [6].uBta and Kumar[2] began the popular trend of
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characterizing the fundamental limits on the throughpuuafh networks with scaling laws. In particular,

they prove that a sublinear sum rate throughpu®¢f logn) is achievable, where is the number of
nodes in the network, if the nodes are uniformly and indepatig distributed in a unit area, each
transmitting to a randomly chosen destination [2]. Scalawgs have been further developed in a number
of scenarios [7],([8],[[9],[[10] and thig n factor for the lower bound was proven to be superflupus [11].
Recently, Ozguet al. argued that a linear scaling(n'~¢) may be approached in the case of hierarchal
cooperation [[4], but this increases delay and in any casemoayghange the underlying scaling in real
channels[[12]. Similarly, with randomized mobility and wnimded delay, a “postman” model of packet
delivery can be employed to get linear, i@(n), scaling [13], which has led to studies on throughput-
delay trade-offs [[5]. A common feature of all this work is thiae preconstants to the scaling laws are not
computable, which has rendered the quantitative resuitergéed from these approaches to be coarse. In
many cases, this has impaired qualitative improvementéndisign of distributed wireless networking
protocols. Some new approaches seem necessary to quamtifhgd network capacity. The goal of this
paper is to advance such an approach, showing how straigfatfd tools from random geometric graph
theory can be used to replicate the aforementioned scalimg, lwhile providing further precision on the

preconstants.

A. Erasure Networks

Erasure networks characterize transmission links in al@gsead hoc network by assigning an erasure
probability to each potential connection between nodehémietwork[[14]. From a practical perspective,
erasure events correspond to packet drops or temporargesugand are a reasonable metric for character-
izing a channel with a certain bit rate. Daegal. recently derived elegant cut-set bounds to characterize
the capacity of wireless ad hoc erasure networks under & seasonable assumptions [6]. Their result,
however, is independent of the network topology and gegnuétthe node locations, which are the most
important effect in determining the erasure probabiligewsl traffic flows in the network. Instead, the
capacity was cast as an optimization program that involvigsnmizing a (nonlinear) cut-set expression
over a set whose size is exponential in the number of nadBgside the inherent difficulties in evaluating
an exponentially large number of cut-sets even in modeiagzl sr\etworks £ = 50 is computationally
very intensive), this result does not reveal how the netweaRacity depends on parameters such as
number of nodes, the erasure probabilities and transmissiage.

The present paper thus aims to establish a model for wirelessure ad hoc networks that captures

node topology, physical layer parameters, and develojs kigunds in closed form for the end-to-end



throughput. We place nodes uniformly and independently in the unit squire]?, each of which can
communicate with other nodes within distanggthrough wireless broadcast erasure links with constant
erasure probabilityy,,. We first consider the single source single destination &ed generalize it to
multiple sources multiple destinations as follows. We assuhe set of intended transmitters form a
linear fraction of the nodes and so do the intended receiVeesalso assume that each of these sets can
cooperate among each other. The remaining nodes can relsgages within their transmission range
rn. Finally, the failure events of transmissions across mistiinks are assumed independent and happen

with probability ~,,.

B. Main Results

The main result of the paper is given in Theorlgm 4, which presia closed-form lower bound on the
capacity of a wireless erasure network. This provides arsgddw on the network sum capacity of at
least©(nr;,) for anarbitrary set of transmitters to aarbitrary set of receivers, each of which contains
a linear fraction of the number of nodes and is allowed to eoaig their transmissions and receptions.
We further show in Section VIIC that the bound is tight, in gemse that there exists a particular choice

of source nodes and destination nodes for which the sum ag@cdy is within a (small) constant factor

from the proven lower bound. Thus, for the critical connéttiradius ofr. = © 105" , our lower
bound scales a®(y/nlogn), consistent with[[2] up to dogn factor although with a quite different
network model.

If the broadcast constraint is relaxed to allow transnittmodes to send distinct messages across their
outgoing links (multicast), we prove in Theoréin 5 that thenoek capacity increases @ (n?r3) if the
erasure probabilities are constant with This gain evaluates to a factor tfgn for r = r.. However,
as the erasure probabilities increase with the number oéswdsay due to increased interference, then
the gain due to multicast starts to decrease. At the critieak, where the erasure probabilities scale as
of 1 —1/0(logn) the gain due to multicast is at most a constant. Finally, wevethat if the erasure
probabilities are not constant even for fixedbut are random variables instead as would be the case in
a network with fading and random node locations, then thigakdity in erasure probabilities actually
increases the network capacity as proven in Leiima 4. Théigartbehind this initially surprising result
is that only one successful (non-erased) transmissionddeteto traverse a cut, so variability provides

statistical diversity that improves the chances of at least successful transmission.



C. Organization

Preliminaries on notations, especially with respect talcan geometric graphs are given in Secfidn 1.
The modeling assumptions are stated in Sectidn Il and thaaity cut set bound identified in Section| IV
is used as a suitable metric in the setting of ad hoc wireleasuee networks. Sectidnl V draws the
analogy between random geometric graphs and the detetimigisd. Section VI then establishes the
desired lower bound o®(nr,) and proves it tight. Section VIl proves that a gainsof? is achieved
by relaxing the broadcast constraint. It also proves vdityalin erasure probabilities increases network

capacity. Sectiof IX concludes the paper.

[I. PRELIMINARIES
A. Notation

Throughput this paper, sets are denoted by calligraphttadlet (e.g.A, B,C), |X| and X denote the
cardinality and the complement of s&trespectively. The logarithrtog = denotes the natural logarithm
of a positive real numbetr. Some parameters of the network model will depend on the pummibnodes
n in the network. These parameters are subscriptdebr exampler,, denotes the transmission radius of
a node when the network hasnodes. The subscript might be dropped when it is implied in context.
When the number of nodes in the network is implied, a subsoright be used to denote a sequence of

nodes or links. For example, in a networkohodes,vy, vo, ... v, denotes a sequence bfnodes.

B. Definitions for Random Geometric Graphs

For two pointsz,y € R?, the distance betweenandy is ||z — y||cc = max {z; — y1, 22 — y2} Where
(z1,22) and(y1, y2) are the coordinates af andy respectively. This measure of distance simplifies the

analysis of the lower bound presented in secfioh VI. Sinméeults to those proven in this paper follow

if the Euclidian distancélz — y||2 = /(z1 — y1)? + (22 — y2)? is used. Given two real valued functions
f(n) andg(n), f(n) = ©(g(n)) if and only if there exists positive constants, co and ny such that
c19(n) < f(n) < cag(n) for all n > ny.

Let V,, be a Bernoulli point process consisting ofpoints (or nodes) independently and identically
distributed in the unit squar@®, 12 and letr,, be a positive real number. For every integer 1, we
can construct the grap@, = G(V,,r,) as the graph om vertices, associated with,, and the set of

directed edges$,, C V,, x V, is characterized as:

En ={(u,v)|u,v €V, and||u — v||oo < 70}
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Fig. 1. A random geometric graph with = 50 nodes and transmission radius= 0.2. The dotted square represents the

transmission range of the node at its center using/ite norm for distances.

The graphg,, is said to be aandom geometric graphnd it can be completely parameterizedsband

rn, Wherer,, is called the transmission radius of the nodes [15]. Big. dwshan example of a random
geometric graph with 50 nodes and transmission radius ofThe following graph theoretic definitions
are defined for every:, and hence the: subscript will be dropped for convenience [16]. For nodes
u,v € V, u is said to beconnectedo v if and only if (u,v) € £. For each node € V, Np(v) is the

set of edges leaving from. Formally
NO(U) = {(v’u)’(v’u) S 5} .

Given two disjoint subsets,D C V, anS — D cutis a partition ofV into subsetsVs andVp = VS
such thatS C Vs andD C V5. The S-setVs (or D-setVp) determines the cut uniquely. For tise— D

cut given byVs, the cut-set[Vs, Vp| is the set of edges going from tiieset toD-set, i.e.,
Vs, Vp| = {(u,v)|(u,v) € E,u € Vs,v € Vp}

We also defineVs as the set of nodes in thés-set that has at least one of its outgoing edges in the
cut-set. That is
Vs = {v|3u s.t. (v,u) € [Vs, Vp|}

In a given graph, pathfrom nodeu, to nodeuy, is a sequence of edgesdn (u1, us), (ug, us), . .., (ugp—_1, ug)-
We refer to a path by its corresponding sequence of nages. ..u,. There might be multiple paths
from nodeu to nodew. If there exists at least one path from every nade every other node, the graph

G is said to beconnectedOtherwise, it is said to bdisconnectedThe graph in Figl]l is connected.



Fig. 2. A simple network with 4 nodes. The erasure probabdliare denoted on the edges and are assumed to be symmetric,

that is~;; = ~;: for simplicity.

TABLE |
POSSIBLECUT SETS

Vs Vs [Vs, Vp] C(Vs)

{ua} {ur} {(u1, u2), (uz,us)} 1 — 712723

{ur, uz} {ur,ua} | {(u1,us), (uz,us), (uz2,ua)} | (1 —713) + (1 = 723724)
{u, us} {ur,us}t | {(u1,u2), (us, u2), (us,ua)} | (1 —m2)+ (1 — ys234)
{ur, uz, us} | {uz,us} | {(u2,us), (us, us)} (1 —v24) + (1 — v34)

Fig.[2 is an instance of a random geometric network with 4 sagled transmission radius 6f75.
The edges are labeled with the erasure probabilities of twresponding links. Erasure probabilities
are assumed symmetric for simplicity, that4s; = v;;. If u; is the source node ang, is the destination
node, then there are 4 possible cuts depending on which §idie @ut the nodes, andus are placed.
Table[] lists these 4 possible cuts. The functio(Vs) that appears in the last column of the table is
defined later, in equationl 1. As we shall see in secftioh @{Vs) is an upper bound to how much

information can flow across the ci.

I11. M ODELING ASSUMPTIONS

This section specifies a reasonable model for a wirelessanktihat is simple and tractable yet
resembles the actual physical system. It also scrutinlzesihderlying assumptions and questions their

validity.



A. Nodes and Links

We consider the case af nodes),, independently and uniformly distributed in the unit squisre
forming the binomial point process,. This distribution is equivalent to conditioning a statoyn Poisson
point process on having exactlypoints in the unit squaré [17]. Previous work has shown ttaaimstic
geometry based on Poisson point processes can capture ateyefe of wireless networks [18], [19],
[20], [21], [22], [23], [24], [25]. Results about random geetric graphs where the nodes are uniformly
distributed often yield similar results when the nodes as&riduted according to a Poisson point process,
by what is referred to as “Poissonization” [15]. In this pgpee focus on the case of the binomial point
process because this setting has been a canonical exampledieling node locations [2], [4]. This will

hence allow us to compare the main results of this paper wikipus results.

Let S,, D, C V, be two arbitrary but disjoint subsets Bf,, denoting the sets of intended transmitters
and receivers respectively. We also assume t8at = «a1n and |D,| = aon for some positive real
constantsy; andas. We assume all nodes have fixed transmit power (for a fiYedince the transmit
power is finite, and because of the decay of power with digdiic* in path loss models), two nodes
should be close enough to each other for the signal to noideirdarference ratio at the receiver to
exceed the minimum threshold needed for successful trasgmi The signal to interference and noise
ratio is assumed to be negligible at distances farther thafrom the transmitter. It is hence natural
to consider the random geometric gra@h = G(V,,r,). In fact, random geometric graphs have been
extensively used as a model of large wireless netwarkss [28],

Of course, we do not expect all transmissions to be sucddssfiveen connected nodes. Indeed, due
to fading, noise and possibly interference, the links are pevfect links and are modeled as erasure

channels. For every linku, v) € in the set of edge§,,, denote byy,, its erasure probability.

B. Network

We adopt a similar network model as that described in [6]. B&ume that the nodes form a wireless
erasure multi-hop ad hoc network, so that the network caeprihe following salient features:
Wireless: Each node can only broadcast its message to all its neigidhaddes whenever it chooses to
transmit. Sectiof VI investigates relaxing this constraind analyzes the associated gain in throughput.
Erasure: A transmission on link(u,v) € &, can fail with probability~,, for some0 < ~,, < 1.
Currently, we assume that erasures across distinct lirkstatistically independent for tractable analysis.

This is an idealized assumption due to interference: if astr@ssion for a certain receiver failed, then



it is more likely that other transmissions to neighboringeigers have failed too. Moreover, it is also
assumed, as ir_[6], that messages received at a node froerediffincoming links do not interfere.
This slightly contradicts the wireless assumption unlégsrtetwork utilizes an appropriate interference
avoidance mechanism.

Multi-hop: Transmissions are multi-hop so any node can relay packeta fsne node to another
neighboring node.

Ad hoc: The network is fully distributed and does not utilize a plistg infrastructure or central base
stations. The set of source nodes and destination nodes/eoare assumed to be capable of cooperating
in their transmissions and receptions respectively.

Cooperative Network: Since we are after theapacityof such a network, thenaximumachievable rate
from a transmitter to a receiver, we are inherently assurtfiagthe nodes may cooperate to ensure this
high rate [14]. As assumed in][6], error locations on each hne available to the destination as side
information. This slightly contradicts the ad hoc assummpsince the overhead to achieve this cooperation

is likely non-negligible, but accounting for it is postpaht® future work.

This network topology is analytically tractable. Our workpéits many similarities of this topology

with the simple deterministic grid topology to derive bosreh end-to-end throughput.

IV. CAPACITY OF WIRELESSERASURE CHANNELS

Under the assumptions stated above, the capacity of singlkee, single destination wireless erasure
networks is elegantly characterized in [6]. It is stated asiiaset bound which has a max-flow/min-cut
interpretation which practically identifies the “bottlehk® in the network. In particular, for any source
nodes and destination nodé, let S = {s}, D = {d}, and anyVs-cut of the nodes, the capacity of the

network is upper bounded byI[6]:

C(Vs) = Z 1-— H Yij 1)

ueVy v:(u,v)€[Vs,Vp]
And the capacityC of the network is exactly the minimum of the above expressioer all possible
cut setsVs [6]:

C - VS:VS%I‘?—D CUtC(VS) (2)

The expression i {2) is proved to be an achievable uppet. limi



The capacity cut set bounds for the network in Fig. 2 are ¢atled in Tabldll. The capacity of that

network is hence given by the expression:

C =min{l —y12723, 1 =713 +1 —v23724, 1 — 12 + 1 — y327y34, 1 — Y24 + 1 — y34}

Although [2) characterizes the capacity of general netaeractly, it is not obvious to what it evaluates
to in practical scenarios, such as the one we consider inptiper, where the nodes are independently
and uniformly distributed in space (e.g. in the unit squaeakh having a fixed transmission radius,
with multiple sources and multiple destinatiHnEor the single source single destination case, there are
2n—2 possible cut sets and evaluatifig (1) for every one of thenoigractical even for relatively small
networks. Moreover, the effect of the number of nodeand transmission radius, on the capacity
of the network is not clear froni]2). Our goal is to identify awer bound for the capacity that holds
almost surely under the assumptions stated in SeCtibn titaat highlights the effect of physical layer

parameters such as transmission radiysnd erasure probabilities.

V. RANDOM GEOMETRIC GRAPHS AND GRIDS

The core of the subsequent analysis is based on random geogreph theory. The analysis can be
divided into three stages:

1) An analogy between the random network topology and therahistic grid is derived.

2) Relevant combinatorial properties of the grid topology explored.

3) These properties are translated back to the probabibstiting to conclude a lower bound on the

capacity of the ad hoc wireless network.

A. Connectivity of Random Ad Hoc Networks and Their Analog@rids

Since the nodes are uniformly and independently distrihuiteés intuitive to assume that if the number
of nodes is large, then the nodes will be somewhat evenlyilalis¢d across the unit square. Indeed, this

turns out to be the case as formalized below with the notioamteness.

Definition e-niceness of a random geometric graf#8]. Consider a random geometric gragh of n
nodesV,, in the unit area squarf, 1]> and connectivity radius,,. Partition the square inta[1/r,]?

smaller square cells with a side length1of(2[1/r,,]). Lete € (0,1). The random geometric gragh,

IMore details about the multiple source multiple destimatiase in Theorerql 4.
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is said to be:-nice if and only if the number of nodes in each cell is at léast ¢) nr2 and is at most

(1+¢) gnri.

Theorem 1. A random geometric graph isnice almost surely if,, > g logn for sufficiently largen.

n

Proof: A simple proof based on the Chernof bound of binomial rand@mables is presented in

n

Lemma 5.1 in[[28] wherim,, o ﬁ = oo but it actually suffices for that proof that, > ¢ /2"

for sufficiently largen. [ |

Lemma 1. A random geometric graply,, is almost surely connected i, > 7./2%5" for sufficiently

n

large n.

Proof: Assumer,, > 7,/ 252 for sufficiently largen. Then by theoreril1g,, is e-nice almost surely

n

for e = % Therefore, if we dissect the unit square as described indéfimition of e-niceness, every
square cell contains at least one node for sufficiently larg8ince the side length of each square cell
is &, each point is connected to all the points contained in rmghg cells, including diagonals. This
is sufficient to establish a path from any node to any otheenod |

In fact, the threshold /2= is asymptotically tight as proven in the following theorem.

Theorem 2. Given a random geometric grag,, there exists a constant{ > 0, independent ofi, such

that if r, < 1 1"% for sufficiently largen, theng,, is almost surely disconnected.

Proof: The results of[[29] imply the above theorem. The distancerimét [29] is the Euclidean
norm. But note that if a grap&(V,,, r,,) is disconnected under the Euclidean norm metric then thehgra
g (Vn,rn/\/i) is also disconnected under tlig, norm since the set of edges @f is a subset of that
of G. |

In ad hoc wireless networks, the transmission radjus often limited by peak power constraints, the
rapid power decay with distance and by interference congttaA node requires less power to broadcast
with a smaller transmission radius, since in path-loss rsoide example, power decays with the distance
d as d~® where « is the path-loss exponent. A smaller transmission radiussquivalently smaller
transmission power, will also cause less interference tghbering nodes. Lemmia 1 and Theoréin 2

together identify the sharp connectivity threshq| 1"5" as the asymptotically smallest transmission

radius that ensures connectivity. For this reason, coivityatadii satisfyingr,, = cy/282 for sufficiently

n

large n, will be of special interest in subsequent results, wherthbleyconstant is assumed sufficiently

large to ensure connectivity.
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Fig. 3. An application of the grid inequality witlh = 4, A is the set of black dots3 is the set of white dots,4| = 9,
Bl =17,048 =15

B. Grid Inequalities

Since we can carefully treat geometric graphs like grids)akes sense to explore structural properties
on grids and apply them to geometric graphs. Here, we pregensuch property and will demonstrate

an application to it later when analyzing the capacity cuaomndom geometric graph in Section VI.

Lemma 2. Let (A, B) be a partition of{1,2,...,m}* for some integern. Define the boundary length

0.4, to be the number of elements.4fx B that are neighbors, including diagonals. Then for any> 3
and any partition(A, B), 945 > 3min {\/\A\, \/\B\} [28].

A combinatorial proof can be found in Section 4 in|[28]. Theiea is illustrated in Fid.]3 on &x 4

grid.

VI. LOWERBOUND ON CUT SET CAPACITY
A. Main Results

In this section, we argue that theniceness property of the induced random geometric grapheof
network, together with the grid inequality stated in setfieBlyield a lower bound on the cut-set capacity
C(Vs) of broadcast wireless networks. The following theorem iifiess this lower bound as a function

of the number of nodes, transmission radius, and erasure probabilities.

Theorem 3. Consider the setting of a wireless ad hoc erasure relay netweith n nodes),, indepen-
dently and uniformly distributed on the unit squdde1]?. Lete € (0, 1) and let{r,};, be a sequence

of positive radii such thatim,, .., r, = 0 and r,, > g 1"% for n large enough. LeG,, = GV, m0)
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be the corresponding sequence of random geometric graptsV4 be an arbitrary S-cut such that
|[Vs| = an for somea > 0. Theng,, is almost surely-nice and ify,, = v V (u,v) € £ is the erasure
probability across all connected links, then, for suffitigmarge n, the capacity cut set bourd(Vs) is

lower bounded by the following expression:

C(Vs) = gmin {Va—2¢ V1 nry, (1 _ 7(1—26)@»31) 3)

—a— 26} i
Vi+e
Proof: The proof proceeds with a similar spirit to the proof of Lemia in [28]. For a full proof,
see the Appendix. [ |
So far, we have shown that if we have a cut between a constaetidn oy of the nodes on one
side and another fractionyn of the nodes on the other, then due to the network topologgriesi in
SectionTll the capacity cut-set evaluated at that paricalt cannot be asymptomatically smaller than
a multiple of nr,, as indicated in[{3). To characterize the capacity of théreemtetwork however, all
cuts separating the source(s) and destination(s) have twisdered. Due to the special structure of
random geometric graphs and Bernoulli point processestaidresemblance to grid, intuitively, for the
single source, single destination case, the minimizingwdlitalmost surely put only a constant number
of nodes (the source node and possibly a constant numberdefsribis connected to) on one end and
all remaining nodes on the other end, assuming equal ergsababilities across all links. Since such
cuts are not balanced, that is, do not separate a constatibfraf the nodes from the otherg] (3) is not
immediately applicable. However, it is not intuitive whaetminimizing cut is when the network has
multiple sources and multiple destinations spread ariitran the unit square. The following theorem
generalizes the bound we just derived in the multiple sayncriltiple destinations case. Intuitively, when
each of the number of source and destination nodes is a oofistetion of all the nodes, the minimizing

cut-set will also be balanced and hence the bound derivedh@ofEni B applies.

Theorem 4. In the network setup described above, assume thereaafre source nodes andvon
destination nodes. Assume that each of the source nodesestidation nodes can communicate among
each other via incapacitated, error free links. Then thalt@nd-to-end throughputy,oadcest IS lower

bounded by

3 1—2e i
Cbroadcast > 5 vV« — 26\/1—_’_6717“n (1 — ’y(l 25)4717“")

wherea = min{ay, a9, 1 — a1,1 — as}.

Proof: The capability of the source nodes to communicate among e#dsdrs via incapacitated,

error free links can be modeled by adding a theoretical sonozles’ which connects to alv;n source
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Fig. 4. lllustrating the addition of a theoretical sourcel atestination nodes

nodes via incapacitated error free links and a theoretieafigation nodel’ to which all «sn destination
nodes connect via incapacitated error free links, as showig.[4. Then apply the single source, single
destination capacity cut set bound of secfion IV and comside cut)s that minimizes the capacity
expression in equatida 1. Any constraints from cuts thattlrdgugh the incapacitated links cannot be
tight as the capacity of an incapacitated link can be madgrarity large. Therefore, the cut defining
the capacityVs must be such that all original;n source nodes are on one side and all origiaab
destination nodes are on the other sidéV§| = o/n, thenmin{as,1—a1, a2, 1—as} < min{a/,1-a}.

The result then follows. [ ]

B. Scaling Laws

We have thus established a scaling lawadf.r;,) in the case of wireless broadcast erasure networks
when the sources and destinations each form a constanbfrasftthe nodes. The effect of the erasure
probabilities is not very significant in the lower bound weided, at least when it is constant (and not
a function ofn) and whemn is large. In that case, for any nontrivial erasure probgbili (v < 1) , its

effect to the lower bound established in theotédm 4 can be ragg@arily small for sufficiently larges,

logn
n )

. . _ 1 . .
sincelim,,_. fy(l 29)5n7% = 0 for r,, > g loen Eor the critical value of-, which scales a

BT
the proven lower bound scales &% log n, which agrees up to glogn factor with the/n scaling law

shown in [2] although the models are different.

When the transmission radius, scales as\/’%", we observe a diminishing law of returns in
throughput as more nodes are added to the network. Thislemtaignificant increase in end-to-end

throughput upon adding a new node only when the number ofswde relatively small. In fact, if the
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Fig. 5. A power limited network (to the left) and an interfiece limited network (to the right).

number of nodes is sufficiently small, the induced randonmgadc graph might even be disconnected.
We identify regimes with a relatively small number of nodasbaingpower limited In such networks,
increasing the transmission power of each node increasesghput significantly. As more and more
nodes are added to the network, we expect that the networintetinterference limitedwhereby
increasing the power of all the nodes no longer yields sicgnifi gains. Fig[]5 illustrates these two
regimes. Although the issue of interference is not direatlglressed in this paper, one can model that
indirectly by a suitable choice of the transmission radigproportional ton, and erasure probability,,

that increases withv. As the number of nodes increase, more opportunities argda® to transmit the
messages from source nodes to destination nodes, heneasimg the end-to-end throughput, but each
node’s transmission radius decreases and the links’ ergsobabilities increases, thus limiting the net

throughput gain.

C. Tightness of Lower Bound

We now argue that the lower bound presented above is tighiteirsense that for every, there exists
a choice (actually many choices) of source and destinatames that would yield a network capacity
of at mostO(nr,). One simple example is to assign all nodes in the left ret¢ang. with abscissa
smaller than or equal to 0.5, as source nodes and all nodes inght rectangle, i.e. with abscissa larger
than 0.5, as destination nodes as illustrated in[Big. 6. €otlsie, we dissect the unit square into square
cells each of side length,. Consider the cuVs = {z s.t.z; < 0.5} wherex; denotes the abscissa of
x. By e-niceness, each cell contains at most- ¢)nr2 nodes for any € (0,1). Since the side length

of the cell isr,, if two nodes are connected, then they must be neighbors, Tthe following cut-set
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Fig. 6. lllustrating a choice of source and destination isosigch that network capacity & (nr).

bound follows:
C(Vs) < ~nr? (1+¢) (1= 72059m) = O () (@)

Tn
We have thus shown that the lower bound is tight. This exaiitipkrates a simple design principle: if
the node locations in a network are i.i.d. distributed umifty in the unit square but the network designer
could chose which nodes are to be source nodes and which beedestination nodes, then it is best to
“scatter” the sources and destinations rather than “cluék source nodes together and all destination
nodes together as shown in Hig. 6. If source nodes and distirere paired up, as suggested in Fig. 7
for example, then a linear capacity scaling would be possibhis example is illustrative but not very
practical because in this scenario information betweemcgsuand destination is confined within small

ranges of orde®(r,) and is not really “transported”.

VIlI. M ULTICAST

We now investigate relaxing the broadcast constraint omtides, i.e. the constraint that each node
(including relay nodes) must transmit the same signal orntsalbutgoing edges. This will yield a gain
in the end-to-end capacity. However, this gain will greatgpend on, and the erasure probabilities.
We expect the gain of multicast to be more pronounced forlamgnsmission radii since then the node
will be able to communicate with more nodes and transmit naigénct messages across the network.
Also, this gain will be more apparent for small erasure phaliiges. Intuitively, if transmissions are very

unlikely to be successful and the expected number of sultddssnsmissions for each node is only a
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Fig. 7. lllustrating a choice of source and destination sogielding capacity of orde®(n).

constant, say one, then we do not expect significant gaims fedaxing the broadcast constraint. The

following theorems formalizes this gain.

Theorem 5. If the broadcast constraint is relaxed and each node is aldwo send possibly distinct

messages across its outgoing links, then the lower boundeotapacityC,,,,izicast Of the network is:

Conulticast = §\/oz—QEanrg(l— )
multicast — 3 \/1—_’_6 n Y

wherea = min{ay, a9, 1 — a1,1 — as}.

Proof: [30], [31], [32] prove that in suclwireline networks, the corresponding capacity cut set
bound is also tight} " .y, Zu;(u,v)e[vs;vp}(l — vuw)- Applying a similar analysis on this cut set bound
as above yields the result. |

If we denote byCpc the lower bound proved above for the broadcast network and’'fy: that

proved for the wireline network, then the apparent gain v&igiby:

l—n
1— 7(1—25)%717“&

C 1
a MO —(1 —2€e)nr?

Gue = Cpe 1

Evaluating this gain at the critical value of transmissiadiusr,, = ¢ logn for sufficiently largec,

n

we get:

Gue = Z(l — 2¢)c lognl _ 7(1—26)?2 log n ©

If the erasure probabilityy is constant and not a function af, the asymptotic gain is kg n factor.

This is not surprising because each node is connected to sit anconstant factor Oinr,% = %02 logn
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and hence the throughput cannot increase beyond that fdigéoto the ability of multicast. However, if

the erasure probability increases withh as~y, =1 — whereg(n) is some positive real valued

1
g(n)logn’
function, then the gairt7;;- due to multicast scales depending on the asymptotic behatig(n) as

formalized in lemma below:

Lemma 3. If the erasure probabilityy,, scales asy, = 1— whereg(n) is a positive real valued

1
g(n)logn
function andG ;¢ scales withry,, as in equation[(b), then:

1) If lim,—~ g(n) = 0, then we observe a significant gaimc: lim, . Gyc = oo.

2) If lim, . g(n) exists and is non-zero, or is infinite, then the gélR;~ is at most a constant.

Proof: Letting ¢; = 1 (1 — 2¢)c*:

. . Yn
JLIEOGMC = nll)ngocl logn leogn
C1
1 g(n)
= im o Togn
1— (1 ___1 )
g(n)log(n)
C1
— lim Q) (6)

o ()
Equation [(6) uses the identitym,, . (1 + 2)" = €.
Hence, iflim,,_,o, g(n) = 0, thenlim, ., Gyc = oo.
Otherwise ifg(n) satisfies condition 2) above, then using the second orddpiTagries approximation

e <1—a+ 522 for z > 0, we obtain:

g(n) — 21g%(n)
. 1
= Jm e (8)
2l g(n)
= constant (9)
[ |

It might seem surprising at first that relaxing the broadcasistraint did not enhance the throughput
(lower bound) by more than a constant whgh=1— m andg(n) satisfies condition 2) above, but
this result illustrates the robustness factor of the braatdnetwork when the erasure probability is very
high. This aligns with our intuition. Since each node is cected to at most a constant fractionlog n

and the success probability— ~,, is equal to——L1—, the expected number of successful transmissions
g(n)logn
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for a node is proportional tbogn x W

logn

, Which is at most a constant. Hence, as argued earlier, at

most a constant improvement gain can be achieved by mutiinahis case.

VIll. RANDOM ERASURE PROBABILITIES

So far, all erasure probabilities have been assumed fixedegudl across all links in the network.
This is unlikely to be true in a real wireless network due tdiri@, interference and node geometry.
Even if the erasure probabilities were close to being fixedqight be unpractical to characterize each
link separately, especially in large networks, becauseethee many links. We suggest modeling erasure
probabilities themselves as random variables and expherénipact of this additional uncertainty on the
performance of the network. Assigning random erasure fnititias that tend to increase as the number
of nodes increases, can partially account for fading anerfertence. A similar approach was adopted
in [33], [34] whereby the non-erasure probabilities, i.ecaess probabilities decay polynomially with

distance.

Intuitively, since each node is connected to a muItipIemﬁ other nodes, which is of the order of at

logn
n 1

leastlogn forr, > ¢ we expect that by the law of large numbers, a suitable aeavhthe erasure
probabilities across those outgoing links is what mattére following lemma formally characterizes a

lower bound that is analogous to the one derived in Theblerhehwhe erasure probabilities are random.

Lemma 4. If the erasure probabilitiesy;; are identically distributed, pairwise independent random
variables with the same distribution as such thaflog v has finite mean and variance then the following
is a lower bound on the broadcast capacity cut with high piulig:

3
CBC,var > 5 Vo — 2e

1— 2
v1+e

wherea = min{oq, 2,1 — a1, 1 — as},m = (1 — 2¢)Inr2 for any e € (0, 2).

nry, (1 —exp (m (Elogy +¢€)))

Proof: The cut set capacity bound proved in Theorei 4 can now be Htooigas a random
variable. Ordering th¢1 — 26)%717”721 terms of they,,'s appearing in the result of Theordrh 4 arbitrarily
asy(D 4@ . 4™ where wheren = (1 — 2¢)inr2 > (1 —2¢)1c? logn. We can express this random

variable as:

gmin{\/a —2¢,V/1—a — 26} ! l_fimnn (1 _ Z1:[1,},(2‘)>

That is probability goes to 1 as goes toco
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or equivalently as:

1-2 m .
gmin{\/oz— 2¢,V1—a— 26} T +€6nrn (1 — exp {ZlOgV(Z)}>

1=1

1 — : 1 & :
Pr {E Z;logv(’) > <Elog7(1) + e)} < Pr {‘ (E Z;logy(’)) — ElogyW| > e}
_var(L 5, logy)
< &2
Var(log ’y(l))

me?2

— 0 asn — oo.

Therefore:

Pr {exp (Zm:log ’y(i)> > exp (m (E log ’y(l) + e))} = Pr {ﬁ’y(i) > exp (m (E log’y(l) + e))}
i=1 =1

— 0asn— o

[
Notice that by concavity of the logarithm function and by siem's inequality,E log v(!) < log E~x™.
Hence, by comparing the expressions of Leniina 4 to that of rfEineld, it follows that there is actually
a gain in the case wherg) is a random variable with distribution same aover that wherey(!) is
fixed and is equal to the medity. By comparing the lower bounds, we notice a gain of

s 1 —exp (m(Elogy +€))
1— (Ey)™

due to the variability of the erasure probabilities whete= (1 — 2¢)1nr2. We will demonstrate an

Guar (10)

example to illustrate this gain due to the variability insaree probabilities. We will consider two cases.
The first case is that of a fixed erasure probability= 0.5. In the second casey is a random variable

that is uniform over{0.25,0.75]. In the latter case,
1
Elogys = 5= ((0.7510g 0.75 — 0.75) — (0.2510g 0.25 — 0.25)) ~ —0.7384

Sincee can be made arbitrarily small, say= 0.01. Then, the gain is abot5%322™"  which is greater

than one.

This result might be surprising because variability andgurad factors usually yield a loss. For example,
the capacity of an additive white gaussian channel is ptap@l tolog (1 + SNR) where SN R is the

signal to noise ratio. For a fixed noise level and a fixed transnerage power, varying the transmit
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power yields a loss in this case. Alternatively, for a fixemhsmit power, varying the noise level yields

a loss. It follows by the concavity of the functiof(x) = log (1 + x) and Jensen’s that
Ellog (1 +SNR)| <log(l+ E(SNR))

and this shows that variability cannot yield any gain in ttase. So practically, if a system is operating at
a certain power level, then decreasitify R decreases channel capacity significantly but increaSiNg?

by the same amount yields a smaller gain. The situation ferdift in the case of variability of erasures

in a broadcast wireless networks since only one successfiu$rission across the cut is sufficient to
“transport” the bit from one side of the cut to the other. Msrecessful transmissions do not increase
the capacity of that particular cut. We conclude that valitglin erasure probabilities provides statistical

diversity that improves the chances of at least one suadesahsmission.

IX. CONCLUSION

We analyzed the cut-set capacities in the canonical framewfon nodes uniformly and independently
distributed in the unit square whereby nodes are connectadarby nodes that lie within their transmis-
sion radius. The core of the analysis is based on random gdomeaph theory and its analogy with that
of the deterministic grid. A lower bound on the end-to-endtighput in the case of arbitrary multiple
sources and multiple destinations was presented and angdaliv of nr,, was observed in the case
where the broadcast constraint is enforced. This lower d@grees with the/n scaling law presented
in [2] when the transmission radius, scales as\/@ although the models are different. The lower
bound derived in this paper reflects the effect of physicgigarameters, such as erasure probabilities
and transmission radii of the nodes. We investigated netpthe broadcast constraint and proved a
lower bound that scales agr? when nodes are allowed to send distinct messages acros®tgoing
links, assuming constant erasure probabiHﬁieﬁle also concluded that multicast allows a significant
gain in capacity only when the expected number of successfusmissions is large. Although we did
not explicitly deal with interference and fading, we allalthe erasure probability to be a function

of the number of nodes. Hence, interference can partially be accounted for by higi¢he erasure

1
logn*

probability as an increasing function with say asl — Similarly, fading can be accounted for by
assuming that the erasure probabilities are random vasabVe finally showed somewhat surprisingly

that this variability can actually boost the end-to-endtighput for large networks.

3That is, not a function of.
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APPENDIX

Proof of Theorem|[3
Proof: Note that giverry,,, =~ for all (u,v) € &, the capacity expression simplifies to:

C(Vs) = Z <1 _ leo(u)l)

ueVj
Also, given the assumptions a#, andr,, it follows thatG,, is e-nice almost surely by theoreim 1.

We will neglect ceiling and floors for simplicity. Dissectethunit area square inté/r2 smaller square
cells. We color the nodes Mg white and those in/p black. We also color the cells as follows. We color
each cell black if it contains at mogtnr2 white points, white if it contains at mostenr2 black points
and grey otherwise. This can be thought of as clumping allnib&es in each cell to one super-node,
having the same color as that assigned to the cell. Less ligrmae color the super node the color of
the majority of the points it represents. Hence black andevbélls denote cells with mostly black and
white points respectively. Grey cells are “mixed” and havangnpoints from both colors. We consider
two cases, depending on the number of grey célls, The following two lemmas formally prove that in
both cases, the lower bound stated in the theorem is validitilrely, if there are many grey cells, then
there must be many edges in the cut-set due to the edges beiviite and black points in each grey
cell and these edges will be enough to establish the lowendhd@n the other hand, if there were very
few grey cells, we will recolor the grey cells pessimistigaand apply the grid inequality established in

sectionV-B on the super nodes. =
Lemma 5. If G, > 22, thenC(Vs) > bnry, <1 _ 7gem«g)

Proof: By the definition of a grey cell, each grey cell contains asieéaenr,% points in Vs and
%em“g points inVp. Nodes in the same cell are certainly connected becausedidesigth of the cell
is r, /2. Therefore, each grey cell contains at Ieia@wg points inVg, each of which has an out-degree
of at Ieast%enr,%. Considering only these edges within grey cells, each gedlycontributes at least

Tenr? (1 - fyiem‘i) to C(Vs). Hence,C(Vs) > Gnienr? (1 - fyiem‘i) yielding the lemma. |

Lemma 6. If G, < 22, then

3 .
C(Vs) > 5 win {Va—2¢,v1 iy (1 _ ,.Y(l—2e)znrn>

o=3 } 1 — 2
o — 2l =
V1+e

Proof:
For this case, we will only consider the eddesv) contributing to the capacity cut such thatndv

belong to distinct but neighboring cells, including diagts We will first show that we can recolor all
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nodes in a cell to all black or all white without increasing thalue of the capacity cut when restricted
to edges between neighboring cells. To see that, considell aith ¢ nodes,w of which are white and
(t—w) are black. Assume its neighboring cells helswvhite nodes and’ black nodes. Then the capacity
cut, restricted to the edges described above, has the form

w(l =7 +w' (L =77 4o
wherec; and ¢, are constants independentofand¢. With «', %’ andt fixed, the above expression is
a concave function inw. Indeed, the second derivative of this continuous functigh respect tow is
—w'~yt=w*e which is non-positive. So its minimum over the compact set [0,t] is achieved at an
extreme value. This proves that we can color all nodes of sgolare as all white or all black without
increasing the capacity cut when restricted to edges cr@ssighboring cells. We recolor nodes in each
grey cell to all white or all black whichever does not incredise value of the capacity cut (restricted
to edges crossing neighboring cells). We would have hengenglted all grey cells. Since we recolored

the nodes pessimistically, the lower bound that we estallesv will still hold for the original case.

Let W,, and B,, denote the number of white cells and black cells respegtiaéer recoloring. The
number of points whose color has been changed is at mosteafidnts in all grey cells, which can be

bounded byen for sufficiently largen as prove below:

All the points in all grey cells < G, (1+ e)inri (11)
25 1,

< _

S o (1+e) 27 (12)
251

= (—5 i Em) n (13)
4 €

< en for n large enough (14)

Equation [(11L) follows frome-niceness,[(12) follows from the bound 6#,, and the last inequality (14)

follows from the assumption thaim,, ., r, = 0.

Before recoloring, the number of white points was exaatlyand at mostn of them were recolored.
Therefore, the number of white points after recoloring ideasst(« — €)n for large n. By construction
of black cells, the number of white points in black cells isnalst%enr%(l/rn}? < en. Therefore, the
number of white points in white cells after recoloring is @ast(a — 2¢)n. It follows by e-niceness then,

: (a—2¢)n  _ 4(a—2€) sl 4(1—a—2e¢)
that W,, is at Ieasti(lﬁ)m% = OFor - Similarly, B,, > T
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Denote bydG the length of the boundary between white cells and blacls ctiht is, the number of
distinct pairs of neighboring cells of opposite colors afecoloring. An application to the isoperimetric

inequality stated in theorefd 2 yields:

5g23min{\/Wn,\/B_n}zgmin{\/a—%’\/l—a_ze} )

1+4+e¢€ 14+¢

But each white cell contains at leadt — 2¢)inr2 white points and each black cell contains at least

(1 — 2¢)3nr2 black points. Thus

1 .
C(Vs) > 6G(1 — 26)17”3 (1 _ 7(1—26)Zmn> 16)

Therefore,
C(Vs) 2 gmin {Va—2e,V/1—a— 2} %nrn (1 _ ,.Y(l—2e)inrfl> 17)
|
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