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Abstract— A new fading model is proposedand discussedthat
combines the uncertainties in the transmission distance as well
as small-scale fading. If nodes are assumed to be distrib uted
according to a Poissonpoint processand the fading is Rayleigh,
the joint fading distrib ution is particularly simple. Inter preting
fading as a stochastic mapping, we show that a node cannot
infer on the presenceof fading by measuring link qualities.
Other applications of the fading model include connectivity,
opportunistic communication, and probabilistic progress.

I . INTRODUCTION

In wirelessnetworks,distanceshave a strongimpacton the
signalstrengthsandthesignal-to-noise-and-interferenceratios
(SINRs), and, consequently, on the quality of the links. In
addition,given a transmitter-receiver distanced, the path loss
may deviate signi�cantly from the expectedvalue obtained
from a large-scalepath lossmodel,usuallyof the form d� , a
phenomenonreferredto asfading.While it is widely acknowl-
edgedthatsmall-scalefadingshouldbemodeledstochastically
(at leastuntil a propertrainingsequenceis receivedin theslow
fading case),the distanced is usuallyassumedto be known.
However, in an ad hoc network, only statistical information
on the nodes' positionsmay be available. Consequently, the
geometryof the network, in particularthe internodedistances,
shouldalsobe modeledstochastically.

We proposeand investigatesucha geometry-inclusive fad-
ing modelfor networkswhosenodesaredistributedaccording
to a Poisson point process(PPP) and whose small-scale
fading is Rayleigh. This assumptionhas two advantages;it
is analytically tractableon the one hand, and it constitutes
a worst or extremecaseon the other hand,in the sensethat
mostfadingmodelsaremorebenignthanRayleighfading,and
all (homogeneous)point processeshavea smallerentropy than
thePPP. For the large-scalepathloss,we employ thecommon
power law mentionedabove, well awareof its shortcomingat
small distances[1].

To complete the link model, we assumea transmission
is successfulif the signal-to-noiseratio exceedsa certain
threshold,or, equivalently, thepathgainbetweena transmitter
anda receiver exceedsa certainvalues. Then,assumingthe
path gain is given by Q and the link distanceby D, the
probability of successfulreceptionis

pr (s) = P[Q(D) > s] = E[e� D � s ] : (1)

Notation. We use capital symbols (e.g., Q, L , D ) or
sans-seriflower-casesymbols(e.g., x, n) to denoterandom
variables.As for the distributions E(a) and Po(b) refer to
the exponential distribution with parametera (mean 1=a)
and the Poissondistribution with meanb, respectively, and
U[0; a] refersto the uniform distribution in the interval [0; a].
For probability distributions and densities,we useF and f ,
respectively.

NodeDistribution: The Poissonpoint process. A well ac-
ceptedmodel for the nodedistribution1 is the homogeneous
Poissonpoint processof intensity� . For the simplicity of our
exposition,wewill focuson in�nite networks,andwithout loss
of generality, we can assume� = 1 (scale-invariance).From
the Poissonproperty, the following result can immediately
be derived [2]: For an m-dimensionalnetwork, the distance
Dn betweena nodeandits n-th neighborhasthe generalized
gammaprobability densityfunction (pdf)

f D n (r ) = e� cm r m m (cm r m )n

r (n � 1)!
; (2)

wherecm := � m= 2=�(1 + m=2) suchthatcm r m is thevolume
of the m-dimensionalball of radius r . In particular, in two
dimensions,the distanceto the nearestneighboris Rayleigh
distributedwith mean1=2, and the squaredordereddistances
D 2

n areErlangwith parameter1=� , i.e., E[D 2
n ] = n=� .

Fig.1 shows a PPP of intensity 1 in a 16 � 16 square,
with the nodesmarked that can be reachedfrom the center,
assuminga path gain thresholdof s = 0:1. The disk shows
the maximumtransmissiondistancein the non-fadingcase.

I I . A FADING MODEL FOR n -TH NEAREST-NEIGHBOR

COMMUNICATION

A. Distribution of path gain

Theorem 1 Considera node in a Rayleigh fading network
whose nodes are distributed according to a Poisson point
processin R2 with intensity 1. Let Qn denotethe (power)
path gain betweenthe nodeand its n-th nearestneighborfor
a path lossexponentof 2. Thecdf of Qn is

FQn (x) = 1 �
� n

(� + x)n : (3)

1In particular, if nodesmove around randomly and independently, or if
sensornodesaredeployed from an airplanein large quantities.
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Fig. 1. A Poissonpoint processof intensity 1 in a 16 � 16 square.The
reachablenodesby the centernodeareindicatedby a bold � for a pathgain
thresholdof s = 0:1. The disk indicatesthe transmissionin the non-fading
case,i.e., its radiusis 1=

p
s � 3:16.

Proof: Given the distancedn , the received power Qn is
exponentiallydistributedwith meanD � 2

n dueto the Rayleigh
fadingassumption,andD 2

n is Erlangasmentionedpreviously.
Let A := D 2

n . We obtain for the cdf P[Qn < x]

FQn (x) = EA [1 � e� Ax ]

=
Z 1

0
(1 � e� ax )

�
� n an � 1

�( n)
e� � a

�
da

= 1 �
� n

(� + x)n :
�

Note that Qn = Qf
n =Qd

n , where Qf
n (the fading part) is iid

exponentialwith mean1 andQd
n := D 2

n (the distancepart) is
Erlang. In particular, for n = 1, (3) is the cdf of the ratio of
two exponentialrandomvariableswhosemeanshavea ratio � .
Also, 1 � FQn (s) is the moment-generatingfunction of � D 2

n
(see(1)). The pdf of Qn is

f Qn (x) =
n� n

(� + x)n +1 ; (4)

and the �rst andsecondmomentsof Qn are

EQn =
�

n � 1
for n > 1 (5)

EQ2
n =

2� 2

(n � 1)(n � 2)
for n > 2: (6)

Generally, given n, the highest existing (�nite) moment
is EQn � 1

n = � n � 1. The variance is decreasingquickly:
Var(Qn ) = O(1=n2).

Entropy. The differential entropy h(Qn ) :=
E[� ln f Qn (Qn )] is

h(Qn ) =
n + 1

n
+ ln

� �
n

�
; (7)

which is (as expecteddue to the decreasingvariance)mono-
tonically decreasingwith increasingn.

B. Distribution of path loss

Insteadof consideringthe pathgain, we may be interested
in the pathloss. Let L n = Qd

n =Qf
n = Q� 1

n be the pathlossto
the n-th nearestneighbor. For the cdf we obtain

FL n (x) =
(� x)n

(� x + 1)n ; (8)

and the pdf is

f L n =
n
x

(� x)n

(� x + 1)n +1 : (9)

So EL n doesnot exist for any n. In particular, for n = 1,
both the meanpath gain and the meanpath loss are in�nite.
The differentialentropy is

h(L n ) = ln � � 
 � 	 n ; (10)

where 
 is the Euler-Mascheroni constant and 	 is the
digamma function (i.e., the logarithmic derivative of the
gamma function). Since 	 n � ln n for n � 1, this is
essentiallythe sameas(7).

C. Dependence

TheRVs Qn (or L n ) arenot independent.Considerthejoint
pdf of the Qd part. Let xi = D 2

i , i.e., considerthe squared
ordereddistances.Sincexi forms a one-dimensionalPPPof
intensity� , thedifferencesxi +1 � xi areE(� ), thusthesquared
ordereddistancesof the �rst n nodeshave the joint pdf

f x1 ::: xn (x1; : : : ; xn ) = � n e� � x n 10<x 1 <::: <x n ; (11)

where 10<x 1 <::: <x n denotesthe (positive) order cone (or
hyperoctant)in n dimensions.For n = 2, the joint cdf is

Fx1 x2 (x1; x2) = 1 � e� � min (x 1 ;x 2 ) � � min(x1; x2)e� � x 2 :

For x1 > x2, this reducesto thecdf of theErlangdistribution,
sincex1 is smaller than x2. Clearly, dividing the xi by fi iid
E(1) doesnot make themindependent.

So, the ordering createsdependence.To obtain a set of
independentRVs, we may condition the PPP on having a
certainnumberof nodesn = n within a given interval [0; a].
Equivalently, we may�x thepositionof then+ 1-th node,i.e.,
set xn +1 = a. Then, the n nodesinside [0; a] are iid U[0; a].
With x � U[0; a] and f � E(1), the cdf of x=f is

Fx=f (x) =
x
a

�
1 � e� a=x

�
: (12)

Again,dueto thedivision by anexponential,this RV doesnot
have any �nite moments.To obtainresultsfor the actualPPP,
the expectationover n � Po(a� ) is to be taken.

I I I . CONNECTIVITY

Assumethat a path gain of at least s is neededfor two
nodesto be connected,i.e., to be able to communicate(at a
given rate with a certain desiredreliability). Here we focus
on the node at the origin and denoteby nc the numberof
nodesthat are connectedto the origin. Let Ck be the event
that the origin is connectedto its k-th nearestneighbor, i.e.,



P[Ck ] = P[Qk > s] = � k =(� + s)k . Sincethis is a geometric
series,

Enc =
1X

k=1

P[Ck ] =
�
s

: (13)

Note that this is valid despitethe dependenceof the events
Ck , andthat this expectednodedegreeis exactly the sameas
in the disk graphmodel.More canbe said:

Lemma 1 Let f xc
i g � f xi g be the set of connectednodes,

with xi := D 2
i thesquaredordereddistances.Thenf xc

i g is an
inhomogeneousPPP with intensity � (x) = � e� xs (x > 0),
and the probability of the origin being isolatedis e� � =s.

Proof: Let f � E(1). The probability that a point at
positionx hasa path losssmallerthan1=s is

P[x=f < 1=s] = P[f > sx] = e� xs : (14)

So the set of connectednodesis obtainedby thinning the
originalhomogeneousPPPby e� xs . It follows thatthenumber
nc of connectednodesis Poissondistributedwith parameter

Enc = �
Z 1

0
e� xs dx = � =s; (15)

and thusP[nc = 0] = e� � =s. �

The fact that Rayleighfadingdoesnot changethe connec-
tivity of a single node in a network with � = 2 was also
derived in [3]. They also showed that for � > 2, Rayleigh
fading is harmful, althoughnot signi�cantly.

We may also use (12) to derive this result: Given n = n
nodesin the interval [0; a], they are iid U[0; a], andeachone
is disconnectedwith probability

1 � Fx=f (1=s) = 1 �
1
as

(1 � e� as ) : (16)

independentlyof the other n � 1. So the (unconditioned)
probabilitythatall nodesin the interval [0; a] aredisconnected
is

P[nc
a = 0] = En

� �
1 �

1 � e� as

as

� n �
(17)

= e� �
s (1 � e� sa ) : (18)

As expected,lima!1 P[nc
a = 0] = e� � =s. Further, setting

a = 1=s yields e� � =s(1 � 1=e) , which is the probability that
all nodesthat are connectedunder the disk model become
disconnectedunderthe fadingmodel.

IV. FADING AS A STOCHASTIC MAPPING

In this section,we interpretthe Rayleighfadingprocessas
a stochasticmappingof the points xi := D 2

i to � i := xi =fi ,
wherefi � E(1).2 So, f xi g are the points in the geographical
domain(they indicatedistance),whereasf � i g are the points
in the path loss domain, since � i is the actual path loss
including fading.This mappingis visualizedin Fig.2. In the
path loss domain, the connectednodesare simply given by

2Hencethe � i correspondto the L i in SectionII.

1/s

x

x

Fig. 2. The pointsof a Poissonpoint processxi aremappedandreordered
accordingto � i := xi =f i , wheref i is iid E(1) . In the lower axis, the nodes
to the left of the threshold1=s areconnectedto the origin (pathlosssmaller
than1=s).
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Fig. 3. Illustration of the Rayleigh mapping.200 points x i are chosen
uniformly randomly in [0; 5]. Plottedare the points (x i ; x i =f i ), where the
f i are drawn iid E(1) . Considerthe interval [0; 1] (i.e., assumea threshold
s = 1). Pointsmarkedby � arepointsthatremaininside[0; 1], thosemarked
by o remainoutside,the onesmarked with left- and right-pointing triangles
are the onesthat moved in and out, respectively. The node marked with a
doubletriangle is the furthestreachablenode.On averagethe samenumber
of nodesmove in andout. Note thatnot all pointsareshown, sincea fraction
e� 1 is mappedoutsideof [0; 5].

f � c
i g = f � i g \ [0; 1=s]. Note that while we assumedxi to be

ordered,this no longerholdsfor � i , sincefadingis quite likely
to reorderthe nodes.

A. Path lossdistribution of connectednodes

How are the connectednodesf � c
i g distributed in the path

loss domain? We have establishedthat nc = jf � c
i gj �

Po(� =s). Sincethis is true for arbitrarys, we mayconjecture
that the connectednodesare homogeneousin the path loss
domain.This is indeedthe case:

Theorem 2 Theconnectednodesf � c
i g in thepathlossdomain

form a homogeneousPPP of intensity� on [0; 1=s].

Proof: We need to show homogeneityof � c
i inside

[0; 1=s]. To that endwe determinethe conditionaldistribution



P[� < x j � < 1=s] for a node � := x=f with x � U[0; a].
Applying (12),

P[� < x j � < 1=s] = sx
1 � e� a=x

1 � e� as ; 0 6 x 6 1=s: (19)

As a ! 1 , this is sx, so indeedthe distribution is uniform.
�

Remark.The Mapping Theorem[4, Sect.2.3] statesthat an
inhomogeneousPPPin onedimensioncanbetransformedto a
homogeneousPPPby meansof a continuousmonotonictrans-
formation. If the inhomogeneousPPP has an exponentially
decreasingdensity, thenthetotal numberof nodesis �nite, and
thesupportof the“homogenized”processis necessarily�nite.
In our case,wherethe supportis [0; 1=s], the transformation
is 1

s e� sx .
An immediateconsequenceis the following:

Corollary 1 Thepath lossto the connectednodesis uniform
in [0; 1=s], irrespectiveof whetherthere is Rayleighfading or
not. Thus the node at the origin cannot decidewhetherthe
networkis subjectto Rayleighfading or not.

B. Impactof fading

First we addressthe questionabout the probability that a
node from inside [0; 1=s] (geographicaldomain) is mapped
to the outside (path loss domain), and vice versa, i.e., the
probability that a nodeis (dis)connectedonly due to fading.
A nodeat positionx will be mappedoutsidethe interval with
probability 1 � e� xs . Conditionedon having n nodesinside,
thesen nodesareuniformly randomlyplaced.Theprobability
that oneof thesenodesendsup outside[0; 1=s] is

Ex [1 � e� xs] = e� 1 : (20)

So, out of n nodes, ne� 1 will becomedisconnecteddue
to fading. Unconditioningon n, we seethat the numberof
nodesmoving out (i.e., becomingdisconnectedby fading), is
Po(� =(se)) .

On the other hand,we expect the samenumberof nodes
moving into the interval [0; 1=s] from outside, i.e., getting
connectedby fading. The probability of a node at x to end
up inside is e� xs . Considerthe interval [1=s;(1 + a)=s], and
assumethe numberof nodesin this interval be �x ed to n.
Thesen nodesareagainuniformly randomlydistributed,and
the probability of a nodemoving inside [0; 1=s] is

Ex [e� xs ] =
Z (1+ a)=s

1=s

s
a

e� xs dx (21)

=
1
ae

(1 � e� a): (22)

En = � a=s, so that on average� (1 � e� a)=(se) nodesmove
in. As a ! 1 , this is exactly compensatingfor the nodes
moving out. Note that this holdsfor any threshold1=s.

Fig.3 illustratesthe situationfor 200 nodesrandomlycho-
sen from [0; 5] with a thresholds = 1. Before fading, we
expect 40 inside. From these,a fraction e� 1 is moving out

(right triangles),the rest stays in (marked by � ). From the
onesoutside,a fraction (1 � e� 4)(ae) � 9% moves in (left
triangles),the reststaysout (circles).

What is the probability that all nodeswithin [0; 1=s] move
out?Given n nodes,that probability is e� n . So

P[� i > 1=s 8i 2 f i j xi < 1=sg] = En[e� n] = e� � =s(1 � 1=e) :
(23)

What is the probability that no node outside[0; 1=s] moves
in? Consider an interval [1=s;(1 + a)=s]. Given n nodes,
the probability of none moving inside [0; 1=s] is (1 � (1 �
e� a)=(ae))n . Since n is Poissonwith parameter� a=s, we
have

P[f i j � i < 1=sg \ f i j 1=s < xi 6 (1 + a)=sg = ? ] (24)

= En

� �
1 �

1 � e� a

ae

� n �
= e� �

se (1 � e� a ) :

(25)

So,asa ! 1 , this probability is e� � =(se) . The probabilityof
both events,all nodesinside the interval moving out and no
nodeoutsidemoving in, is the product,which equalse� � =s,
asexpected.

C. Reordering

What is the probability that noden + m hasa smallerpath
loss thannoden?

P[xn =fn > xn + m =fn + m ] = P
�

xn

xn + ym
>

fn
fn + m

�
(26)

xn is Erlangwith parametersn and� , ym is thedistancefrom
xn to xn + m and thus Erlang with parametersm and � , and
the cdf of z := fn =fn + m is Fz(x) = x=(x + 1). Hence

Pn;m = En;m

�
xn

2xn + ym

�

=
Z 1

0

Z 1

0

x
2x + y

� n + m xn � 1ym � 1

�( n)�( m)
e� � (x + y)dxdy :

Closed-formexpressionsincludeP1;1 = 1� ln 2 � 0:307, and
P1;2 = 3 � 4 ln 2 � 0:227. GenerallyPk ;k canbe determined
analytically. For k = 1; 2; 3; 4, we obtain 1 � ln 2; 12ln 2 �
8; 167=2 � 120ln 2; 1120ln 2 � 776. For k = 10, this is
0:3298. Further, lim k !1 Pk ;k = 1=3, which is theprobability
that an RV � E(1) is larger thana RV � E(2).

In the limit, asn ! 1 , we have Pn;m = 1=(m + 1), which
is theprobability thata nodehasthe largestfadingcoef�cient
amongm + 1 nodesthat areat the samedistance.Indeed,as
n ! 1 , xn + m < xn (1 + � ) a.s.for any � > 0 and �nite m.

V. MAXIMUM TRANSMISSION DISTANCE AND

PROBABIL ISTIC PROGRESS

In this sectionwe explore thebene�ts of fadingin termsof
transmissiondistanceandaddressthe questionwhich nodeto
transmitto.
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Fig. 4. Expectedmaximumtransmissiondistancesfor s 2 [0:05; 1:00].

A. Maximumtransmissiondistance

Theprobabilitythatanodeoutside[0; 1=s] canbereachedis
1� e� � =(se) . But how far is thefurthestnodethatis connected,
on average?

Themaximumof x̂ of n exponentialRVs with n � Po(� =s)
is given by the Gumbeldistribution Fx̂ (x) = exp(� �

s e� sx ).
This is not0 atx = 0, however, sincethereis noguaranteethat
thereis at leastoneconnectednode.Conditioningon n > 0,
we obtain

Fx̂ (x) =
exp( �

s (1 � e� sx )) � 1
exp( �

s ) � 1
; (27)

which is a properdistribution on [0; 1 ). Sincetheexpectation
can only be evaluatednumerically, we resort to �nding a
tractableapproximation.

FromLemma1 follows thatthesquareddistanceof anarbi-
trarily chosenconnectednodeis E(1=s). Let x̂ = maxi f xc

i g.
Then the cdf of x̂ is P[x̂ < x] = (1 � e� xs )n, and the mean
(given n) is

Ex̂jn =
1
s

�
	( n + 1) + 


�
'

1
s

�
ln n + 


�
: (28)

We replacen by its expectation� =s (invoking Jensen's in-
equality) to obtain the approximation

Ex̂ �
1
s

�
ln

� �
s

�
+ 


�
: (29)

The expectedmaximumdistanceof transmissionis approxi-
mately the squareroot of this quantity. It turns out that this
approximationis actuallya tight upperbound,seeFig.4. Also
comparewith Fig.1, where the most distant node is quite
exactly 6 units away (s = 0:1).

B. Probabilistic progress

De�ne theprobabilisticprogressastheproductof expected
link distanceand successprobability. The expectedlink dis-
tancewhentransmittingto noden is

p
n=2.

Pn =
p

n
2

�
�

� + s

� n

(30)

What is the optimum n? If n were real, this would be max-
imized for 2 log(1 + s=� )) � 1. Roundingand lower bounding
by 1 yields the estimate

n̂opt = max
�

1; d(2 log(1 + s=� )) � 1c
	

: (31)

For small s and large s, we have

nopt = d
�
2s

e: (32)

In particular, for s > � (
p

2 � 1), the nearestneighborhas
the largestprobabilisticprogress.For s = � (

p
2 � 1), P1 =

P2 = 1=
p

2. For smallers, the optimumn is larger than1. In
general,Pn = Pn +1 for s = � (

p
1 + 1=n � 1). So

nopt = n ( )
n + 1

n
<

� s
�

+ 1
� 2

<
n

n � 1
: (33)

Finally,
nopt = d

�
(s=� + 1)2 � 1

� � 1
e: (34)

VI . CONCLUDING REMARKS

We have proposeda novel fading model that incorporates
the two main typesof uncertaintyin the channelsof wireless
adhocnetworks,namelythefadingstateandthelink distance.
The model is characterizedby the distribution of the path
gain. We discussedseveral applicationsthat demonstratethe
analytical tractability of the model, at least for a path loss
exponentof 2. For other path loss exponents,the cdf can be
written in pseudo-closed-form,as it includeshypergeometric
functions.

Theeffect of fadingis thinningin thegeographicaldomain.
In the path loss domain,the distribution of connectednodes
is uniform. Interpretingfadingasa stochasticmappingyields
additionalinsightson its effect.

We expecttheproposedmodelto provide betterinsight into
the behavior of large ad hoc networks and to provide a tool
to derive new analyticalresults,e.g., in throughputandoutage
analyses,connectivity, the designof �ooding algorithms,and
RSSI-basedlocalization.
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