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Abstract— When transmitting data over fading channels there
is an inherent trade-off between the average transmission power
and the average queueing delay of the data. This trade-off can
be exploited by appropriately scheduling data transmissions over
time. We study the behavior of the optimal power-delay trade-
off for a single user in the regime of asymptotically small delays.
In this regime, we lower bound the average power required as
a function of the average delay. The rate at which this bound
increases as the delay becomes asymptotically small is shown to
depend on the behavior of the fading distribution near zero and
the arrival statistics. We characterize this rate for two broad
classes of fading distributions. For both classes, it is shown that
this rate can essentially be achieved by a sequence of simple
“channel threshold” policies.

I. I NTRODUCTION

In many wireless communication scenarios energy manage-
ment is an important issue for reasons such as extending a
device’s usable life-time. Often, transmission power is one of
the main energy consumers in wireless devices; consequently,
there has been much interest in approaches for efficiently
utilizing this resource. A basic technique for accomplishing
this is through controlling the transmission rate and powerover
time, for example by using adaptive modulation and coding.
Such approaches exploit the well-known fact that the energy
per bit needed for reliable communication is decreasing in the
number of degrees of freedom used to send each bit; for fixed
bandwidth and packet-size, the available degrees of freedom
per bit increase with a lower transmission rate. In a fading
channel, another benefit of adapting the transmission rate and
power is that it enables the transmitter to be “opportunistic”
and send more data during good channel conditions, which
again reduces the average energy per bit.

A number of energy-efficient transmission scheduling ap-
proaches have been studied in which transmission rate and/or
power are adjusted over time based in part on the offered
traffic as well as any available channel state information,
including [1]–[7]. In each case, the goal is to effectively trade-
off some cost related to packet delay (e.g. average queueing
delay or a deadline by which all packets must be transmitted)
with some cost related to power or energy (e.g. total energy
over a finite horizon or long-term average power).

In this paper, we re-visit the model for energy-efficient
transmission scheduling over a fading channel from [7]. In this
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Fig. 1. System Model.

model, randomly arriving data is placed into a transmission
buffer as shown in Fig. 1. Periodically, some data is removed
from the buffer, encoded and transmitted over the fading
channel. The transmitter can vary the transmission power
and rate based on both the channel state and the buffer
occupancy. As in [7], we consider the optimal power/delay
trade-off,P ∗(D). This characterizes the minimum long-term
average power under any scheduling policy as a function of the
average queueing delay, for a given arrival process and channel
fading process. When the channel and arrival processes are not
both constant,P ∗(D), will be a strictly decreasing, convex
function of D. In [7], the behavior ofP ∗(D) was studied in
the asymptotic regime of large delays (low power). In this
regime,P ∗(D) approaches a limiting value ofP(Ā) at rate
of Θ

(

1
D2

)

. In [7] it was shown that this rate can be achieved
with a sequence of “buffer threshold policies” whose only
dependence on the buffer occupancy is via a simple threshold
rule. Moreover, this weak dependence on the buffer occupancy
is required for a sequence of policies to be order optimal.

Here, we focus on the behavior ofP ∗(D) in the asymptotic
regime of small delays (high power). Specifically, we study
the optimal rate at which the average delay decreases to its
minimum value as the average power increases. The analysis
of the large delay asymptotics in [7] is based, in part, on
using large deviation bounds on the buffer occupancy, which
are asymptotically tight for large buffer sizes. In the small
delay regime, these bounds are not very useful and we instead
take a different approach. In this regime,P ∗(D) will be
shown to behave quite differently from the large delay regime.
In particular, the convergence rate depends strongly on the
behavior of the fading distribution near zero. We focus on two
broad classes of channels: one class (“type A”) that requires



infinite power to minimize the queueing delay, and one class
(“type B”) for which the queueing delay can be minimized
with finite power. These classes include most common fading
models, such as Rayleigh, Ricean and Nagakami fading. For
each class, we lower bound the convergence rate in the small
delay regime that can be achieved by any transmission policy.
We then show that this bound is achievable for both classes
when using a sequence of “channel threshold policies,” under
which the transmission rate only depends on the channel
gain through a simple threshold rule. This demonstrates an
interesting duality with the large delay regime, where instead
buffer threshold policies were order optimal. For type A
channels, we then show that an even simpler fixed-rate channel
threshold policy is also order optimal. However, such policies
are not order optimal for type B channels. Due to space
considerations, we omit the proofs; these can be found in [11].

II. PROBLEM FORMULATION

We begin by describing our model for the system in Fig-
ure 1. The channel is modeled as a discrete-time, block-fading
channel with additive white Gaussian noise and frequency-
flat fading. Over each block ofN channel uses, the channel
gain stays fixed. Let

√
Hn denote the magnitude of the

base-band channel gain during thenth block. Let Xn =
(Xn,1, . . . ,Xn,N ) and Yn = (Yn,1, . . . , Yn,N ) be vectors in
C

N which denote, respectively, the channel inputs and outputs
over thenth block. These are related by:

Yn =
√

HnXn + Zn. (1)

Here the additive noiseZn is a complex, circularly symmetric
Gaussian random vector with zero mean and covariance matrix
σ2I, whereI denotes aN ×N identity matrix. The sequence
{Zn} is independent and identically distributed (i.i.d.). The
sequence of channel gains,{Hn}, is also a assumed to be i.i.d.,
i.e. the time for one block ofN channel uses is on the order
of one coherence-time. For alln, Hn takes values inH = R

+

and have a continuous probability density functionfH(h) and
cumulative distributionFH(h). We assume thatfH(h) > 0 for
all h > 0, which is true for most channel models of interest.
This implies thatFH(h) is strictly increasing overH. Both the
transmitter and receiver have perfect channel state information
(CSI), i.e., during thenth block, the transmitter and receiver
know the value ofHn.

We consider a discrete-time “fluid” model for the buffer
in which time is slotted and the length of each time-slot
corresponds to a block ofN channel uses.1 Let An be the
number of bits that arrive between timen andn − 1, and let
Sn be the buffer size at the start of thenth time-slot. Denote by
Un the number of bits removed from the buffer at the start of
each time-slot and transmitted over the fading channel during
the time-slot. The resulting buffer dynamics are

Sn+1 = max{Sn + An+1 − Un, An+1}, (2)

1This is a fluid model because we do not restrict the amount of “bits” that
arrive to or depart from the buffer during a time-slot to be an integer.

which ensures that the arriving data (An+1) waits in the buffer
for at least one time-unit. The buffer size is assumed to be
infinite and we denote the buffer state space byS = R

+. We
consider the case where the arrival process{An} is a sequence
of i.i.d. random variables taking values in a compact setA =
[amin, amax] ⊂ R

+ with probability distributionFA(a) and
meanĀ. Here, amax and amin are, respectively, upper and
lower bounds on the amount of data that can arrive per time-
unit. This process is independent of both the channel fading
process and the noise process.

We assume a functionS(r) specifies the received signal-
to-noise ratio (SNR) required for the transmitter to reliably
transmit at a rate ofr bits per channel use during a given
time-slot. The main example we consider is

S(r) = 2r − 1, (3)

which is the received SNR required for the Gaussian channel
in (1) to have a capacity ofr bits per channel use. More
generally, the following analysis will hold for any function
S(r) that satisfies the following regularity property:

Definition 1: A SNR function S(r) is regular if S(r) is
increasing, differentiable, and strictly convex withS(0) = 0,
S′(0) > 0, and limr→∞ S′(r) = ∞.

In addition to (3), most practical modulation and coding
schemes will satisfy this definition. In a time-slot when the
channel gain ish, the received SNR ishP

σ2 , whereP is the
transmission power. Thus, the required transmission powerto
sendu bits during this time-slot isP (h, u) := σ2

h S(u/N). In
the case of (3),

P (h, u) =
σ2

h

(

2u/N − 1
)

, (4)

which is the power required so that the mutual information
rate in the given block is equal tou/N . Provided thatN
is large enough, this choice will give a reasonable indication
of the power needed to reliably transmit at rateu/N . One
may question the reasonableness of modeling the required
power using (4) when we are analyzing the performance of
a system in the regime of small delays, since to communicate
reliably at rates near capacity typically requires the use of long
codes and subsequently long delays. The main justification for
this is that we are measuring delays on the time-scale of the
queue dynamics in (2); within each time-step of this model, we
assume that there are sufficient degrees of freedom available
to use sophisticated coding.

Let µ : S × H 7→ R
+ denote a stationary (Markov)

transmission policy that indicatesUn as a function ofSn and
Hn. Under such a policy,{Sn} will be a Markov chain. Under
policy µ, the time-average transmission power is

P̄µ := lim sup
m→∞

1

m

m
∑

n=1

E(P (Hn, µ(Sn,Hn))),

and the time-average delay is

D̄µ := lim sup
m→∞

1

m

m
∑

n=1

E(Sn)

Ā
.
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Fig. 2. Examples ofP ∗(D) for two different channels. In the type A channel,
the optimal power grows without bound as the delay approaches1. In the type
B channel the optimal power converges to the limit ofP ∗(1).

Assuming that{Sn} is ergodic, it follows that thatP̄µ =
ES,HP (S,H) and D̄µ = ES

Ā
, which is equal to the average

queueing delay by Little’s law.2 For a given channel and arrival
process, the optimal power/delay trade-off is

P ∗(D) := inf{P̄µ : µ such thatD̄µ ≤ D}.
This will be a decreasing, convex function as shown in Fig. 2.
As D → ∞, P ∗(D) converges toP(Ā) at a rate ofΘ

(

1
D2

)

[7]. The asymptotic value,P(Ā) corresponds to the minimum
power required to send at average rateĀ, ignoring any delay
constraints. WhenP (h, u) is given by (4), this is the minimum
power so that the channel has athroughput capacityof Ā/N
bits per channel use [8].

It will also be useful to define theoptimal delay/power
trade-off,

D∗(P ) := inf{D̄µ : µ such thatP̄µ ≤ P}.
Clearly, if P ∗(D) is strictly decreasing, thenD∗(P ) will
simply be its inverse. From (2), all data must spend at least one
time unit in the buffer, henceD∗(P ) ≥ 1 for all P . The only
way thatD∗(P ) = 1 is if µ(Sn,Hn) ≥ An for all n, i.e. every
bit is transmitted the time-slot after it arrives. The minimum
power required by such a policy isP ∗(1) = EA,HP (H,A).
For a constant arrival rate of̄A and whenP (h, u) is given
by (4), P ∗(1) represents the minimum power needed for the
channel to have adelay-limited capacityof Ā/N bits per
channel use [9].

Depending onfH(h), P ∗(1) may or may not be finite. Since
the arrival and channel processes are independent,P ∗(1) =
σ2

EH

(

1
H

)

EAS(A/N). Since{An} is bounded,P ∗(1) will
be finite if and only ifEH

(

1
H

)

< ∞. Therefore, every fading
distribution can be classified as either having apositive delay-
limited capacity, if EH

(

1
H

)

< ∞, or otherwise having azero

2Here and in the following, given an ergodic process,{Xn}, we denote by
X (without an index), a random variable with the corresponding steady-state
distribution.

delay limited capacity. We focus mainly on the following two
types of distributions:

Definition 2: A channel is defined to betype A if Hn has
a finite mean andfH(0) > 0.

Definition 3: A channel is defined to betype B if Hn has
a finite mean andfH(h) = Θ(hγ) ash → 0 for someγ > 0.

It can be seen that type A channels have zero delay-limited
capacity and type B have positive delay-limited capacity.
Examples of type A channels include Rayleigh and Ricean
fading channels. A Nakagami fading channel will also be type
A if the Nakagami fading figure,m is less than 1. It will be
type B whenm ≥ 1; in this caseγ = m − 1. A Rayleigh
channel withm > 1 independent diversity branches will also
be type B withγ = m− 1, when either selection diversity or
maximal ratio combining are used.

For a given fading density, letG(h) :=
∫ ∞

h
1
h̃
fH(h̃) dh̃. As

h → 0, G(h) → E
(

1
H

)

, which is infinite for any channel with
zero delay-limited capacity. LetG−1(x) denote the inverse of
the functionG(h). Since, by assumptionfH(h) > 0 for all
h > 0, G(h) will be strictly decreasing and approach zero as
h → ∞ and henceG−1(x) is defined forx ∈ [0, G(0)].

III. L OWER BOUNDS

Next, we give a lower bound onD∗(P ) that applies for any
channel and arrival processes satisfy the previous assumptions
and becomes tight asP → P ∗(1). We then use this to bound
the rate at whichD∗(P ) → 1 for type A and B channels.

Proposition 1: Consider a system with a regular SNR func-
tion S(r). For anyP ≤ P ∗(1),

D∗(P ) − 1

≥ FH

[(

S′(0)

S′(amax/N)

)

G−1

(

P

σ2EA(S(A/N))

)]

.

Note thatσ2
EAS(A/N) is the value ofP ∗(1) for a channel

in which Hn = 1 for all n. In a channel with positive delay-
limited capacity, this satisfies P∗(1)

σ2EAS(A/N) = G(0), and so
for P = P ∗(1) this bound equals zero and is tight. Likewise,
for a channel with zero delay limited capacity,P ∗(1) = ∞.
Hence, asP → ∞, the bound approaches zero and is once
again tight.

The proof of this proposition is based on considering a
“fictitious system,” which is identical to the original system
except that all arriving data can be transmitted after waiting
for 2 time-units without requiring any power. However, to
transmit the data after one time-unit still requires the same
power as in the original system (recall that all data must
wait at least one time-unit). Therefore, the maximum delay
in the fictitious system will be no more than 2 time-units. Let
D̂(P ) be the minimum average delay in this fictitious system
under any transmission policy with average power no greater
than P . Clearly, for the same arrival and channel processes,
D̂(P ) ≤ D∗(P ) for all P . Using this, we then lower bound
D∗(P ) by lower boundingD̂(P ).

In the fictitious system, clearly, an optimal policy will set
Un ≤ An, since any other data in the buffer will leave the



system anyway without requiring any power. It follows that
an optimal policy for the fictitious system can be expressed as
function of the current channel state,Hn and the number of
arrivalsAn, and must be a solution to the convex program:

maximize
ζ:H×A7→R+

EH,Aζ(H,A)

subject to:EH,A
σ2

H
S(ζ(H,A)/N) ≤ P (5)

0 ≤ ζ(h, a) ≤ a, ∀h ∈ H, a ∈ A.

Using standard Lagrangian techniques, the solution to thiscan
be characterized.3 Using this policy, we can derive the bound
in Proposition 1.

The next two corollaries to Proposition 1 bound the rate at
which D∗(P ) → 1 for both type A and type B channels.

Corollary 1: For a type A channel, asP → ∞, D∗(P ) −
1 = Ω(e−αP ), for any α > (σ2fH(0)EA(S(A/N)))−1.

The result of this corollary can equivalently be expressed in
terms of the power/delay trade-off, i.e. for a type A channel,
P ∗(D) = Ω(ln( 1

D−1 )) as D → 1. Note that in this case the
constantα is not needed.

Corollary 2: For a type B channel with parameterγ > 0, as
P → P ∗(1) (from below),D∗(P )−1 = Ω((P ∗(1)−P )

γ+1

γ ).

The exponentγ+1
γ is decreasing inγ, and so this bound

will approach1 slower in channels with larger values ofγ.

IV. OPTIMAL AND SUB-OPTIMAL SEQUENCES OF

TRANSMISSIONPOLICIES

In the previous section, we boundedD∗(P ) by studying an
optimal transmission policy for a fictitious system. Next, we
study several transmission policies for the actual system and
compare their performance to the bounds.

A. Channel Threshold Policies

The first type of policies we consider arechannel threshold
policies in which transmission occurs only when the channel
gain is greater than a given threshold; when this occurs the
transmitter empties the buffer. More precisely,µk : H×S →
R

+ is a channel threshold policy with threshold,hk ≥ 0,
if µhk

(h, s) = s1{h>hk}, where 1A denotes the indicator
function of the eventA.

We define adecreasing sequenceof channel threshold
policies{µk} to be a sequence where the associated thresholds
hk are decreasing withlimk→∞ hk = 0. Clearly, the average
delay will decrease withD̄µk → 1 as k → ∞. Next, we
characterize the rate at which this converges as a function of
the average power for type A and B channels. For this we
make one additional assumption on the SNR functionS.

Definition 4: A regular SNR functionS(r) has exponen-
tially bounded growthif there exists non-negative constants
M andκ such that for allr ≥ 0, S(r) ≤ Mκr.

For example, whenS(r) is given by (3), it satisfies this
definition with M = 1 and κ = 2. This ensures that the

3Indeed, in the case whereP (h, u) is given by (4), the optimal policy can
be related to a combination of the well-known “water-filling”power allocation
and a “channel inversion” policy.

expected SNR required to transmit all of the data which arrived
in n time-slots grows at most exponentially inn.

Proposition 2: For a type A channel, if the SNR function
has exponentially bounded growth, then for any decreasing
sequence of channel threshold policies{µk}, as K → ∞,
P̄µk → ∞ and D̄µk − 1 = O(exp(−αP̄µk)), for any α <
(σ2fH(0)EAS(A/N))−1.

This proposition implies that any decreasing sequence of
channel threshold policies is nearly order optimal in the sense
that the exponentα can be arbitrarily close to the bound in
Corollary 1. If instead we consider the power/delay trade-off,
then Proposition 2 implies that for any decreasing sequence
of channel threshold policies,̄Pµk = O(ln( 1

D̄µk−1
)). In other

words, in terms of the power/delay trade-off, these policies
are order optimal. Therefore, in the small delay regime, the
optimal convergence rate ofP ∗(D) for type A channels is
Θ(ln( 1

D−1 )). Note that this is a much faster rate of change
than the 1

D2 behavior in the large delay regime.
Proposition 3: For a type B channel with parameterγ > 0,

if the SNR function has exponentially bounded growth, then
for any decreasing sequence of channel threshold policies
{µk}, as K → ∞, P̄µk → P ∗(1) and D̄µk − 1 =

O(
(

P ∗(1) − P̄µk
)

γ+1

γ ).

Comparing to Corollary 2, it follows that for a type B
channel, decreasing sequences of channel threshold policies
are order optimal. Therefore,D∗(P ) − 1 = Θ((P ∗(1) −
P )

γ+1

γ ) as P → P ∗(1) from below. Equivalently,P ∗(1) −
P ∗(D) = Θ((D − 1)

γ
γ+1 ) as D → 1. As noted previously,

γ+1
γ is decreasing to1 as γ increases. This implies that

in a Rayleigh fading channel as the number of independent
diversity branches are increased,D∗(P ) will approach 1 at a
slower rate. For a large number of diversity branches, the rate
will be approximately linear inP ∗(1)− P . Of course,P ∗(1)
also decreases with additional diversity branches.

B. Policies with bounded transmission rates

Under a channel threshold policy, since the transmitter
empties the buffer whenever it transmits, the required trans-
mission rate can be arbitrarily large. Next, we look at a
sequence of policies with bounded transmission rates. For
example, such limits may be due constraints on the available
coding and modulation schemes. We considerbounded rate
channel threshold policieswhere the transmitter once again
only transmits when the channel gain is larger than a threshold
hk. When transmitting, these policies setUn = An + δ,
i.e. they transmit at mostamax + δ bits. We denote such
a policy by φk(h, a) = (a + δ)1{h>hk}. Note that when
sn/N < An + δ, there is not enough information in the buffer
to transmit. In this case we assume the transmitter sends extra
“dummy” bits. This is clearly a poor choice from the view of
saving power, but is sufficient for our purposes.4

4Note that these policies do not base the transmission decision on onlyHn

andSn, but can be viewed as using the past history ofSn andUn. Such a
dependence is not needed for an optimal policy.



We again consider a decreasing sequence of policies{φk},
where the thresholdshk decrease to 0. To study the perfor-
mance of these policies, we use the following lemma which
applies to any policy for whichUn −An is an i.i.d. sequence.
This is the case here, sinceUn − An depends only onHn.

Lemma 1:For any policy where∆n = Un −An is an i.i.d.
sequence, the average buffer occupancy is bounded by

E{([−∆]+)2}
2E(∆)

≤ ES − Ā ≤ σ2
∆

2(E∆)
,

where[−∆]+ = max(−∆, 0) andσ2
∆ is variance of∆n.

This Lemma follows from noting that the buffer dynamics
in (2) is similar to the evolution of a Lindley process which
models the delay in a continuous-time GI/G/1 queue. These
bounds are essentially the same as Kingman’s bounds on the
average delay for such a GI/G/1 system [10].

Proposition 4: For a type A channel, let{φk} be a decreas-
ing sequence of bounded rate channel threshold policies. Then
ask → ∞, P̄φk → ∞, andD̄φk − 1 = O(exp(−αP̄φk)), for
any α < (σ2fH(0)EA{S(A/N)})−1.

This implies that for type A channels, bounded rate channel
threshold policies can achieve the same order of convergence
as a channel threshold policy, which we have seen is essen-
tially order optimal. Next, we define afixed-rate, channel
threshold policy φ̃k(h) to be a policy that transmits at a
fixed rateã/N , whenever the channel gain is greater thanhk,
and sends nothing otherwise. This differs from the previous
bounded rate policies in that the rate does not depend onAn.

Corollary 3: For a type A channel, let{φ̃k} be a decreas-
ing sequence of fixed-rate, channel threshold policies with
ã > amax. As k → ∞, P̄ φ̃k → ∞ and D̄φ̃k − 1 =
O(exp(−αP̄ φ̃k)) for any α < (σ2fH(0)S(ã/N))−1.

In Corollary 3, the constraint onα is smaller than in
Proposition 4, unless the arrival process is constant. Thus,
in general this does not imply than these policies are order
optimal in terms of the delay/power trade-off. However, in
terms of the power/delay trade-off, we can ignore theα
parameter so that these policies are order optimal in this sense.
These policies do not depend on the buffer occupancy at all;
this illustrates a significant difference between the smalldelay
and large delay regimes; in the large delay regime some buffer
dependence is required for any order optimal policy [7].

Next we turn to type B channels. For a type B channel
or any other channel with a positive delay-limited capacity,
a decreasing sequence of{φk} of bounded rate channel
threshold policies, with a fixed parameterδ > 0, will satisfy

lim
k→∞

P̄φk = EA,HP (H,A + δ) > P ∗(1).

Therefore, any such sequence is clearly not order optimal in
the small delay regime. The problem here is that in the small
delay limit the power wasted on transmitting extra “dummy”
bits becomes significant for type B channels, while we could
ignore this in type A channels.

A better approach for such channels is ask increases
to reduce bothhk as well as the parameterδ = δk, with

limk→∞ δk = 0. In this way, ask → ∞, P̄φk → P ∗(1).
However, as the following proposition states, such a sequence
of policies still do not achieve the optimal convergence rate
for type B channels. Here, for simplicity, we restrict ourselves
to the case whereS(r) is given by (3).

Proposition 5: For a type B channel with parameterγ >
0 and S(r) given by (3), letφk be a decreasing sequence
of bounded rate channel threshold policies with decreasing
parametersδk, whereδk → 0. If as k → ∞, P̄φk → P ∗(1)

from below, thenD̄φk − 1 = Ω((P ∗(1) − P̄φk)
1
γ ).

Note that sinceγ > 0, 1
γ is strictly less than the optimal

exponent ofγ+1
γ given by Corollary 2, and so these policies

are not order optimal for type B channels. This illustrates a
basic difference between type A and B channels.

V. CONCLUSIONS

We have analyzed the optimal power/delay trade-off for a
single user fading channel in the regime of small delays and
large power. In this regime, the optimal trade-off was shown
to strongly depend on the behavior of the fading distribution
near zero. For two broad classes of channels, we bounded
the asymptotic rate at which the average delay approaches
its minimum power as the average power increases. This
bound was shown to be achievable when using a sequence of
simple channel threshold policies. Here we have focused on a
single user communicating over a memoryless fading channel
with only a long-term average power constraint. Potential
directions for future work include relaxing these modeling
assumptions, e.g. considering multi-user systems or channels
with memory. Another possible direction is to consider models
with imperfect channel knowledge, in which case outages may
occur requiring data to be retransmitted.
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