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Abstract—This paper focuses on energy-efficient packet trans-
mission with individual packet delay constraints. The solution
presented herein is a generalization of Uysal–Biyikoglu et al.
(2002), which considered energy-efficient transmissions for a
group of M packets subject to a single transmission deadline.
First, the optimal offline scheduler (vis-à-vis total transmission
energy) for packet transmissions with individual packet delay
constraints is developed. It is shown that when packet inter-arrival
times are independent and identically distributed (i.i.d.), the op-
timal transmission durations of packetm and packetM �m+ 1,
m 2 [1; . . . ;M ], M � 1, are identically distributed. This sym-
metry property leads to a simple and exact solution of the average
packet delay for any i.i.d. inter-arrival times under the optimal
offline scheduling. In addition, the packet delay performance for
the single transmission deadline model is analyzed and shown to
grow monotonically with M and at a rate proportional to

p
M .

A heuristic online scheduler, which assumes no future arrival
information, is also studied and shown to achieve a comparable
energy performance to the optimal offline scheduler in a wide
range of scenarios. The flexible energy and delay tradeoff provided
by the individual delay constraint model is further illustrated via
simulations.

Index Terms—Individual delay constraint, majorization theory,
minimum energy transmission, optimal scheduler, single transmis-
sion deadline.

I. INTRODUCTION

THE fundamental tradeoff between packet delay and trans-
mission rate has been extensively studied for single-link

communications [18], [1], [6], [7], [9], [20], ad hoc networks
[8], [12], [16], [11], [15], and cellular networks [19], [5], [17].
The goal of energy-efficient scheduling is to transmit a set of
dynamically arrived packets with the least amount of energy,

Manuscript received January 30, 2007; revised June 2, 2007. This work
was supported in part by one or more of the following grants or organiza-
tions: the National Science Foundation (NSF) under Grant ANI-0087761,
the NSF Special Projects ANI-0137091, NSF ITR CCF-0313392, the NSF
under Grant OCE-0520324, and the DARPA IT-MANET program, Grant
W911NF-07-1-0028. The material in this paper was presented in part at
the 25th Annual IEEE Conference on Computer Communications (IEEE
INFOCOM 2006), Barcelona, Spain, April 2006, and the 26th Annual IEEE
Conference on Computer Communications (IEEE INFOCOM 2007), An-
chorage, AK, April 2007.

W. Chen is with Qualcomm Inc., San Diego, CA 92121 USA (e-mail:
wanshic@qualcomm.com).

M. J. Neely and U. Mitra are with the Department of Electrical Engineering,
University of Southern California, Los Angeles, CA 90089-2560 USA (e-mail:
mjneely@usc.edu; ubli@usc.edu).

Communicated by P. Viswanath, Associate Editor for Communications.
Color versions of Figures 2–13 in this paper are available online at http://

ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TIT.2008.920344

by exploiting the inherent packet delay constraints and the typ-
ical convex property of the energy-rate function. Energy effi-
ciency becomes particularly important for certain system sce-
narios and applications. For instance, energy-efficient packet
transmission is critical for wireless networks such as sensor net-
works in which network life is heavily dependent on the life of
each individual node.

In [18], the optimal energy-efficient scheduling algorithm for
minimizing the total transmission energy was developed for a
group of packets subject to a single transmission deadline. This
optimal algorithm assumed knowledge of the total number of
packets and the inter-arrival times of these packets before packet
scheduling. As a result, it is an offline scheduling algorithm.
An online algorithm, which assumed information of the cur-
rent scheduling backlog and a maximum packet arrival rate, was
also developed in [18]. Online scheduling for the single deadline
model is also treated in [20]. In particular, a stochastic optimal
control algorithm was developed.

The single transmission deadline model does not explicitly
consider individual packet delay performance. In fact, we show
in this paper that the scheduling algorithm based on the op-
timal algorithm may result in large per packet delays, especially
when the total number of packets to be transmitted is very large.
Such potentially significant individual packet delay is not desir-
able especially for delay-sensitive applications and for practical
implementations.

In this paper, we consider energy-efficient transmission
with individual packet delay constraints. A similar model
was independently studied in [14], [9], and [20]. Dynamic
programming was adopted in [14] to search for optimal online
scheduling under dynamic channels. It was proven in [9] that all
online scheduling can be expressed as a time-varying low-pass
linear filter. Upper and lower bounds on optimal online sched-
uling were presented, and a “water-filling” rule was proposed
to schedule packets in a slotted system. Offline scheduling with
general arrivals and quality-of-service (QoS) constraints was
considered in [20], where an optimal scheduling procedure was
developed. A special case of optimally flushing a static buffer
with individual delay constraints was also presented in [20]. In
this paper, we explicitly derive the optimal offline scheduling
algorithm for the individual delay constraint model under
dynamic arrivals and static channels. The optimal transmission
policy is expressed in a closed form, and its optimality is proved
using a technique alternative to that in [20].

Moreover, we investigate the properties associated with the
optimal offline scheduler for the individual delay constraint
model. It is shown that when packet inter-arrival times are
independent and identically distributed (i.i.d.), the optimal
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transmission durations of packet and packet ,
, are also identically distributed.

That is, the optimal transmission duration vector exhibits a
symmetric property. This important property makes it possible
to obtain a simple and exact solution to the average packet
delay (including queuing and transmission delays) for any
i.i.d. inter-arrival times under the optimal scheduling. In fact,
when is large, the expression for the average packet delay
converges to , where is the delay
constraint and is a random variable with the same distribution
as the packet inter-arrival time.

We also analyze packet delay performance for the single
transmission deadline model [18]. Under a Poisson packet
arrival model, we show that the average delay associated with
the scheme in [18] grows monotonically and at a rate close to

, where is the total number of data packets. In contrast,
the transmission scheme discussed in this paper provides a
bounded delay and a flexible tradeoff between transmission
energy and packet delay. A heuristic online scheduler, which
assumes no future arrival information, is also studied. This
online scheduler is shown to achieve a comparable energy
performance to the optimal offline scheduler in a wide range
of scenarios. Numerical results are provided to illustrate the
tradeoff under various individual packet delay constraints and
bandwidth efficiencies.

This paper is organized as follows. In Section II, the system
model is described. The optimal offline scheduling algorithm
for the individual delay constraint model is derived and its op-
timality is proven in Section III. The properties of the optimal
scheduling algorithm are analyzed in Section IV. The packet
delay performance for both models is presented in Section V.
The heuristic online scheduler is investigated in Section VI.
Numerical results are given in Section VII. Finally, some con-
cluding remarks are drawn in Section VIII. The proofs of the
optimality of the scheduler and its delay property are provided
in the Appendix.

II. SYSTEM MODEL

Suppose there are packets to be transmitted through an
additive white Gaussian noise (AWGN) channel, with packet
arrival times , . Without loss of generality, the
arrival time of the first packet is assumed to be , i.e.,

. The packet arrivals are assumed to be random, following a
known distribution function. Each packet has its own total delay
constraint, denoted by , such that by the deadline ,
the packet has to be completely delivered. This is illustrated in
Fig. 1. The packet size is assumed to be bits, .
Note that the individual delay constraints are not necessarily
the same for all packets. Similarly, different packets may have
different sizes. The end time of all packet transmissions is de-
noted by . In this particular model, , i.e., the
deadline of the last packet. Note that our system model can be
viewed as a generalization of [18], in which all the packets
have to be delivered successfully at or before the single deadline

. The deadline in [18] for all packets can be mapped to in-
dividual packet delay constraints by , .

Fig. 1. The individual delay constraint model.

The packet inter-arrival times,1 denoted by ,
, are random variables. In the case of Poisson ar-

rivals, the inter-arrival times follow an exponential distribution.
Each packet will be delivered over the channel with the

transmission duration denoted by . Obviously, has to
satisfy . The transmission durations of the
packets are denoted by a vector . Let
be the energy required to transmit a packet with a transmission
duration . The goal is to find the optimal transmission vector

such that the total transmission energy of the packets
, or equivalently, the average transmission

energy , is minimized subject to the satisfaction of
individual packet delay constraints. Similar to [18], we assume
the following:

• is nonnegative,
• is monotonically decreasing in ,
• is strictly convex in .

The above assumptions hold over a wireless link for many sce-
narios of interest, as shown in [18].

The offline scheduling algorithm for is assumed to have
knowledge of the inter-arrival time (hence the packet ar-
rival times), and the individual packet delay constraint ,

. As in [18], all schedulers are assumed to follow
the first-in-first-out (FIFO) service rule, the causality constraint,
and the nonidling condition whenever feasible. The FIFO rule
means that packets are transmitted in the same order they arrive.
The causality constraint ensures that a packet cannot be trans-
mitted before it arrives. The nonidling condition comes from
the assumption that the energy function is a decreasing func-
tion of the transmission duration , and subsequently, the total
transmission energy can always be reduced by increasing
the transmission duration for one or more packets. Note that,
however, different from the single transmission deadline model,
idling periods may be inevitable for any feasible schedulers for
the individual delay constraint model. That is, when the inter-ar-
rival time , , the amount of
time resource cannot be utilized and an idling period becomes
necessary. This issue will be discussed in more detail in the next
section.

In the sequel, unless explicitly specified, we will focus on
equal individual delay constraints, i.e., ,
and equal packet sizes, i.e., . Most
of the results presented herein can be extended to the unequal
scenarios.

1Although there is no so-called inter-arrival time for the last packet, for con-
venience of presentation, we still call d = T the inter-arrival time of packet
M .
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III. OPTIMAL OFFLINE SCHEDULE

We will start with a cursory review of the results in [18], fol-
lowed by the optimal algorithm for the new system model.

A. Summary of the Single-Transmission Deadline Scheduler

Here we briefly summarize the optimal offline scheduler for
the single-transmission deadline model [18]. The goal of min-
imizing is achieved by a scheme which tries to equalize
the transmission durations for all the packets as much as pos-
sible, subject to the following feasibility constraints [18]:

and (1)

where is the departure time of packet , while
is the arrival time of packet (recall the assumption that the
first packet arrives at time ). The first inequality indicates that
when packet arrives, packet either is still in transmis-
sion or just finished its transmission. The expression

means back-to-back transmissions and nonidling pe-
riods in between, as discussed in Section II.

A necessary condition for the optimal scheduling, , satisfies
[18]

for (2)

Thus, the transmission duration of an earlier packet will never
be less than that of a later packet. Otherwise, one can always in-
crease the transmission duration of the earlier packets, without
violating the feasibility constraints, to reduce the total transmis-
sion energy.

The optimal scheduler [18] selects the vector of transmission
duration such that

if (3)

where

and

For

and

with and varies between and . The above
procedure of obtaining the pairs is repeated until

for the first time.
It is worth emphasizing that the optimal solution by (3) does

not depend on a specific function. Hence, the optimal du-
rations , , are the same for any energy func-
tion that satisfies the nonnegative, monotonically decreasing,
and strictly convex properties as specified in Section II.

B. Optimal Offline Scheduler for the Individual Delay
Constraint Model

We now focus on the optimal offline scheduling algorithm
based on the system model detailed in Section II, with each
packet having its own transmission deadline. As a result, the
feasibility constraints in (1) must be modified.

First, note that if , the th packet has to be delivered
before (if ) or at (if ) the time when the next
packet arrives. As a result, the scheduling of packets with
indices and packets with indices can be decoupled.
For convenience, we introduce the following definition.

Definition: A scheduling separation interval is an interval
during which all packets, except possibly the last one, have

.

That is, packets belonging to different scheduling separation
intervals can be scheduled independently. Moreover, we ob-
serve the following.

Proposition 3.1: For the individual delay constraint model,
the optimal offline scheduler based on the original inter-arrival
vector is not affected by replacing with
the upper-bounded inter-arrival vector , where

.
Proof: We will first show that for any packet

, replacing with does affect the optimal
schedule. When , , we are done. Other-
wise, when , . Packets and packets

belong to two different scheduling separation
intervals, and hence the scheduling of and the sched-
uling of are independent. Note that the first
separation interval is not affected by replacing the inter-arrival
time of the last packet, i.e., , by , due to the indi-
vidual delay constraint . The second separation interval is not
affected either as the ( )th packet is treated as if it were
the first arrival anyway. Therefore, the optimal schedule is not
impacted by using instead of .

Now, repeating the same argument recursively, we can see
that and yield the same optimal offline scheduling algorithm
for the individual delay constraint model.

Therefore, in the following, we will focus on using for the
optimal schedule. Note that removes the inevitable idling pe-
riods when . Under optimal offline scheduling, although

and may result in different absolute packet arrival times and
departure times, the relative difference between the arrival and
the departure times for each packet remains unchanged. In other
words, can be viewed as left-shifting the packet arrival times
when necessary in order to remove the potentially inevitable
idling periods inherent in and .

Thus, similar to (1), we obtain the following feasible non-
idling scheduling constraints:

(i) and

(ii) (4)
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where in (ii) denotes the delay for packet , defined as
the difference between the packet departure time (completed
packet delivery) and the packet arrival time. Note that the
necessary condition in [18] for optimality for

, as in (2), is no longer necessarily true.
It can be easily proved via contradiction. This is due to the
introduction of the individual packet delay constraint —an
increase in transmission duration for one packet will cause
additional delay for later packets and hence may violate the
corresponding individual delay constraints.

In the sequel, we will first heuristically construct a transmis-
sion duration vector and then prove its optimality.

1) Optimal Transmission Duration of the First Packet: Re-
call that for the single transmission deadline model, the optimal
transmission duration of the first packet is given by [18]

(5)

That is, exploits future inter-arrival times as much as possible.
Assume that the first maximizing index2 in (5) is . Clearly,
packets to have the same transmission duration (recall that
we should try to equalize transmission durations as much as
possible).

For the individual delay constraint model, we have to observe
the delay constraints very closely. Future arrivals provide the
possibility of transmitting the first packet with a duration as
much as possible, as indicated by (5). On the other hand, in-
dividual delay constraints imply that the exploitation of future
arrivals can not be unlimited. Otherwise, delay violations will
occur. That is, the optimal transmission durations have to exploit
the two conflicting factors, namely, future arrival information
and the individual delay constraints, as much as possible. The
latter condition implies that some packets may necessarily ex-
perience a delay exactly equal to the individual delay constraint.

Now let us take a closer look at (5),3 which has already incor-
porated future arrival information, and see how we can also take
the delay constraint factor into account. If the first maximum
index in (5) and thus , we have and
there will be no delay violation. Similarly, when , if we
let , we have and . There
will be no delay violations as well. However, when , if

may be larger than , if , and a delay
violation occurs. Thus, has to be reduced. The maximum
value can take without a delay violation is . That
is, such that . Note that

, a property to be discussed
in more detail later. To summarize, when , has to be
such that

2There may exist multiple indices giving the same maximum value. From the
optimal scheduling perspective, it does not matter which index is chosen since
the resulting optimal transmission duration vector will eventually be the same
and unique.

3Note that for the individual delay constraint model, d in (5) needs to be
replaced by ^d based on Proposition 3.1.

Note that the above expression has exploited both future inter-
arrival times and the individual packet delay constraint as much
as possible.

This idea can be easily extended to the case when , i.e.,

(6)

where the subscript in the brackets of denotes the max
index in (5). Note that the first element on the right-hand side
(RHS) of (6) represents the exploitation of future arrivals up
to packet , while the remaining entries ,

, represent the maximum exploitation of the
individual delay constraint of packet . That is, if

, is the smallest element on the RHS of
(6), packet would have a delay exactly equal to .

Therefore, combined with all potential maximum indices
, the transmission duration of the first packet

can be explicitly written as
(7)

where , , and , is given
by (6). Compared with (5), the nested max/min structure in (7)
makes it much more difficult to analyze the properties of .

As discussed earlier, in the particular case when for
some , packet and packets
will belong to different scheduling separation intervals such that
packets have no impact on . This can be easily
verified by (6) and (7), if

for

Otherwise, we have the term that will become inac-
tive due to the minimization operation in (see (6)). In other
words, the effect of independent scheduling separation intervals
is implicitly incorporated by (7).

2) Optimal Transmission Durations of Subsequent Packets:
The same criterion as in (7) can be used to obtain the transmis-
sion durations of subsequent packets , where

, based on the inter-arrival times of the remaining packets and
the queuing delay, denoted by , introduced by the pre-
vious packets. Note that the delay-constraint factor for
packets now has to be modified by considering the
buffering delay . That is, instead of , should be used
in (6), which yields

(8)

3) The Recursive Optimal Scheduling Algorithm: Now we
can summarize the recursive scheduling algorithm and prove
its optimality. The optimal offline schedule is achieved by the
following steps.

1) Upper-bound the given set of inter-arrival times by ,
i.e., .

2) Initialize and .
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3) Find the max value of , where is
given by (8). Denote the max index as .4 Note that its
index in the entire set of packets is . Record
the pair , where is the max value. Let

, the queuing delay of packet .
4) Set . Go back to Step 3 until .

The optimal transmission durations for packets to are
stored in the pairs derived in Step 3. Suppose there
are in total pairs. Denote the indices as , and
let . The vector of transmission times is given by

(9)
Before proving the optimality of in (9), we first introduce

the following definitions.

Definition: A group is a collection of consecutive packets in
a given scheduling separation interval such that, if a scheduling
algorithm is applied to the entire set of packets of the scheduling
separation interval, the first packet of the group would begin its
transmission with an empty buffer, and the last packet of the
group is the packet when an empty buffer first occurs after its
transmission.

Definition: A delay-critical packet is a packet with a packet
delay equal to .

Definition: A subgroup is a collection of consecutive packets,
within a group, having the same transmission duration.

Note that from the definition, groups are formed by consecu-
tive and disjoint collections of packet indices. Each packet is as-
sociated with a distinct group. While the scheduling separation
intervals are determined purely by and the individual delay
constraint , groups are further determined by the particular
scheduling algorithm associated with and . Throughout the
paper, we will only consider groups resulting from the optimal
offline scheduling algorithm. Note also that the group definition
is applicable to the optimal scheduling algorithm for the single
transmission deadline model as well, in which the scheduling
separation interval consists of the entire set of packets.

Using (7), we can obtain the transmission durations of packet
1 to , where is the packet index at which achieves its
value by either or . Thus,

and packets to form a subgroup. Note that a
subgroup may end with either an empty buffer, i.e., ,
or a delay-critical packet, i.e., (see (7)). We dif-
ferentiate these two scenarios by the following two definitions.

Definition: A type-1 group is a group containing no delay-
critical packet, except possibly the last packet in the group.

Definition: A type-2 group is a group containing at least
one delay-critical packet, except possibly the last packet in the
group.

Correspondingly, we can also call a subgroup a type-1 (or
type-2) subgroup if it belongs to a type-1 (or type-2) group.

4Note that in case there exists more than one packet resulting in the same max-
imum transmission duration in the index finding process, from a performance
perspective, it does not matter which packet is selected. However, it is better to
choose the last one to expedite the search process.

From the previous discussion, we can see that when a set of
packets form a type-1 group, this set of packets are only driven
by the future arrival information factor. The delay-constraint
factor is inactive for a type-1 group since no packet in the group
experiences a delay violation if (5) is directly applied. Thus, it
is not necessary to reduce the transmission duration as governed
by the delay-constraint factor. On the other hand, a type-2 group
is created when a transmission duration reduction from (5) be-
comes necessary, in order to avoid delay violations (see (6)).
Under (5), (7), and (9), all packets in a type-1 group should
have the same duration, and thus, there is only one subgroup in a
type-1 group. In contrast, packets in a delay-constrained type-2
group may not have the same duration, and there are two or more
subgroups in a type-2 group. Due to the delay-constraint factor,
each subgroup, except the last one, in a type-2 group must end
with a delay-critical packet.

The above definitions are illustrated in Fig. 2 with ,
2 s, and 1 packets/s. As can be seen, packets 1 to 7

form a type-2 group, which consists of three subgroups. Packets
3 and 6 have packet delays equal to and hence are critical
packets. Similarly, packets 8 to 12 forms a type-1 group, while
the remaining packets form another type-2 group. Moreover, it
can be noticed that the transmission durations of subgroups in a
type-2 group are nondecreasing. In fact, we have the following
lemmas which characterize the transmission duration compar-
isons of subgroups and groups (similar observations are also
found in [20]).

Lemma 3.1: Under the optimal offline scheduling, the trans-
mission durations of any two adjacent groups in the same sched-
uling separation interval are nonincreasing. The transmission
duration of a type-2 group here refers to that of the last sub-
group in the preceding group and that of the first subgroup in
the subsequent group.

Proof: By contradiction. For any group other than the last
group in a given scheduling separation interval, there is no delay
critical packet in the last subgroup. If the transmission dura-
tions between two adjacent groups are increasing, the preceding
group can increase its transmission duration by exploiting ad-
ditional future arrivals from the subsequent group, such that a
better transmission efficiency can be achieved. Thus, the orig-
inal scheduling is not optimal.

Lemma 3.2: Under the optimal offline scheduling, the trans-
mission durations of the subgroups within a given type-2 group
are monotonically nondecreasing.

Proof: This is straightforward from (7) and (8). For
each , a type-2 subgroup is created only if the delay-con-
straint factor becomes active such that the transmission
durations driven by the future arrival information factor
has to be reduced. That is, in each , the first entry

in (8) is no less than
any other remaining entries, each of which might create a
type-2 subgroup. A type-2 subgroup is always created with the
minimum transmission duration in and all subsequent sub-
groups in the same group will thus have transmission durations
no less than the previous subgroup.
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Fig. 2. Illustration of groups, delay-critical packets and subgroups.

Theorem 3.1: The offline scheduling algorithm given by (9)
is optimal in minimizing the total transmission energy.5

Proof: We will use the concept of majorization [2] for the
proof, see Appendix A. An alternative proof can also be found
in [4].

As shown in Appendix A, the optimal transmission duration
vector by (9) is always majorized by (or more mixed than) any
other feasible vectors. This is also true for the optimal transmis-
sion duration vector in the single transmission deadline case,
as proven in Appendix A. This provides an alternative proof of
the optimal offline scheduling in [18]. We can also show that
given the same inter-arrival time vector , the optimal transmis-
sion duration vector for the individual delay constraint case, de-
noted as , always majorizes that of the single transmission
deadline case, denoted as , as in Appendix A. Hence, the
transmission energy of the individual delay constraint model is
always lower-bounded by that of the single transmission dead-
line case. This energy comparison is obvious since the single
transmission deadline model is a less constrained system.

Given an inter-arrival time vector and the individual delay
constraint , the optimal offline scheduling algorithm is unique.
This can easily be verified by the majorization approach as in
Appendix A. A similar observation was also found in [20].

It is straightforward to extend the optimal offline schedule to
the case when packets have different delay constraints

5The recursive algorithm of (9) is, in fact, optimal for any Schur-convex func-
tions [2]. In particular, if a function is convex and symmetric (i.e., the value of
the function does not depend on the order of the M -tuple of its arguments), it
is Schur-convex. If the function is also strictly convex, the optimal algorithm
is unique. However, in this paper, we will focus on the following energy func-
tion: w(~x) = w(x ), where w(x) is convex and thus is by construction
Schur-convex.

. It is natural to assume that the transmission deadline
is monotonically nondecreasing, i.e., , such
that the packets still follow the FIFO rule. The optimal offline
schedule still follows the exact procedure as discussed above.

The extension of the optimal offline schedule to unequal
packet sizes can be similarly done as in [18]. That is, instead of
trying to equalize per packet transmission duration, we should
now try to equalize per bit packet transmission duration [18].

IV. PROPERTIES OF THE OPTIMAL OFFLINE SCHEDULING

It would be desirable to be able to analytically show the
total transmission energy resulting from the optimal offline
schedule given a specific set of arrivals and an energy-rate
function. However, this appears to be intractable. Thus, we
will rely on numerical results to show the transmission en-
ergy performance of the optimal offline schedule. However,
we are able to analytically derive the average packet delay
performance. Herein, we will first analyze the properties of
the optimal transmission duration vector by presenting the
symmetry property. This important property not only provides
insight into the optimal scheduling algorithm, but also makes it
possible to analyze the average packet delay performance into
a very compact form, as will show in Section V. In addition
to the symmetric property, we will also present the statistical
trend of the optimal transmission vector as a function of packet
indices toward the end of this section.

A. The Symmetry Property

The following theorem summarizes the symmetry property.
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Theorem 4.1: For any , when the inter-arrival times
, , are i.i.d.,6 under the optimal offline sched-

uling, the optimal transmission durations and are
identically distributed. In particular, ,
where denotes expectation.

The proof essentially relies on a time reversal argument,
where we compare a sample path trajectory of the forward run-
ning system to a corresponding time reversed system. Consider
the original forward system with the individual delay constraint

and a realization of the inter-arrival time vector

(10)

where the superscript denotes the forward system. The abso-
lute arrival times and packet deadlines are thus given by

Now define the reversed system as a system with the inter-
arrival time vector:

(11)

where the superscript denotes the reversed system. This
system can be visualized by relating the arrival time of packet

in the reversed system to the deadline of packet
in the forward system. Likewise, the deadline of packet in
the reversed system corresponds to the arrival time of packet

in the forward system. Specifically, the reversed
system has arrival and deadline times given by

(12)

(13)

where is the total time duration of
the scheduling algorithm in the forward running system. Thus,
the first arrival of the reversed system is indeed at time (cor-
responding to time on the time axis of the forward system).

The optimal offline scheduling algorithm can be viewed
as a function of an -dimensional inter-arrival time
vector to a unique -dimensional
service time vector . Let represent
this function (for a given individual deadline constraint ).
Thus, is the unique optimal transmission duration
vector for a given inter-arrival vector , where
for . Note that is indeed measurable,
as the optimal algorithm in Section III involves only simple
summation, multiplication, and max/min operations on the
vector.

Now, we are ready to prove Theorem 4.1.

Proof: (Theorem 4.1) The theorem follows from the fol-
lowing two claims.

6The result also holds for any inter-arrival times where [d ; . . . ; d ] and
[d ; . . . ; d ] are identically distributed. However, for practical interest, we will
only focus on the i.i.d. inter-arrivals in this paper.

Claim 1: and are identically distributed.
Consequently, if and , then
and are identically distributed for any .

Claim 2: For any particular inter-arrival time vector , if
is the unique optimal transmission time

vector for the forward system, is the
unique optimal transmission time vector for the reversed system.

The proof of Claim 1 follows directly from the fact that since
and are identically distributed, any function of them

are identically distributed as well. To prove Claim 2, let
be the optimal transmission duration vector for the

forward system, yielding total energy expenditure

For each packet , let , , ,
and represent the time packet arrives, begins its
transmission, ends its transmission, and reaches its deadline, re-
spectively, under the optimal scheduling of the forward system.
Clearly, we have

Note that the reversed system can emulate the same trans-
mission durations of the forward system, in the following
sense: For each packet in the forward running system,
schedule packet in the backward running system
according to times ,
and , where

(14)

Note that this scheduling policy transmits no more than one
packet at any time, and that it satisfies the feasibility constraints
of the reversed system. Specifically, the causality constraint of
the forward running system implies packet cannot begin its
service until it has arrived, so that . It follows
that

(15)

Applying the definitions of and in
(14) to the inequality by (15) yields

This ensures that packet of the reversed system ends
its service time on or before its deadline constraint. Likewise,
the deadline constraint for packet under
the forward system implies the causality constraint for packet

in the reversed system. This is illustrated in Fig. 3.
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Fig. 3. Illustration of the forward system and the reversed system. The packet departure curve in the forward system, due to the optimal transmission duration
vector ~� , is also feasible and optimal in the reversed system.

Further note that this policy schedules packet in the
reversed system for a service time exactly equal to , the ser-
vice time of packet in the forward system. It follows that this
emulation achieves exactly the same energy expenditure as
the forward system. Therefore, the optimal energy expenditure
of the reversed system is less than or equal to that of the forward
system. However, because the forward system can be viewed as
a “reversed” reversed system, it likewise follows that the op-
timal energy expenditure of the forward system is less than or
equal to that of the reversed system. Hence, both the forward
and reversed systems have exactly the same optimal energy ex-
penditure, with (unique) optimal transmission duration vectors
given by and , respectively.

The two claims above immediately imply the theorem be-
cause, for any , we have that is identically
distributed to (Claim 1), and (Claim 2).
Thus, and are identically distributed.

When the inter-arrival times are deterministic and symmetric,
the symmetry property of also holds. This is summarized in
the following corollary.

Corollary 4.1.1: Given a total of packets, if the inter-
arrival time vector is symmetric, i.e.,

, (note that is fixed at ), the
optimal transmission duration vector under the op-
timal offline scheduling is also symmetric, i.e., ,

.

Note that for the single transmission deadline model [18],
the optimal transmission duration vector exhibits a monotoni-
cally nonincreasing property for each realization of inter-arrival
times. This is different from the statistically symmetric property
for the individual delay constraint model discussed here. In fact,

we can show that for the single transmission deadline model,
given an inter-arrival time vector , the optimal
transmission duration of packet is given by

(16)

This is due to the nonincreasing property of optimal transmis-
sion durations (see (2)) such that packet can only be in a
group which has the minimum transmission duration.

On the other hand, from the reversal process in Theorem 4.1,
the optimal transmission duration of the last packet for the indi-
vidual delay constraint model can be explicitly written as

(17)

where , is given by

(18)

Note that after simplifications, and
. That is, while the future

arrival factor is more visible at the beginning of a set of packets
(see (7)), its effect slowly diminishes toward the end, where the
delay-constraint factor gradually takes over (see (17)).

B. A Trend of
This subsection presents a statistical trend of . In fact, we

have the following.

Lemma 4.2: For any , when the inter-arrival times
, are i.i.d., under the optimal offline sched-

uling, is nonincreasing when , and nonde-
creasing when .
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Proof: Here we provide a sketch of the proof. A detailed
version can be found in [3]. Recall the two factors in deter-
mining the optimal transmission durations, namely, the future-
arrival factor and the delay-constraint factor. While the former
provides a nondecreasing property, the latter yields a nonin-
creasing property of the optimal transmission durations. Before
around , the former is more prevailing, while after ,
the latter takes over. This results in the statistical trend as de-
scribed above.

The following corollaries are straightforward (proofs
omitted).

Corollary 4.2.1: ,
.

Corollary 4.2.2: When is odd, ,
, but .

Corollary 4.2.3: When is even,
, , but .

It is worth noting that the trend of the optimal transmission
duration vector discussed in Lemma 4.2 is averaged over all
possible realizations of inter-arrival times. For a given realiza-
tion of inter-arrival times, the optimal transmission duration
vector may not follow the same trend. Instead, the general prop-
erties described in Lemmas 3.1 and 3.2 will apply.

V. PACKET DELAY ANALYSIS

In this section, we will analyze the packet delay performance
of the optimal scheduler for both the single-transmission dead-
line model and the individual delay constraint model. The av-
erage packet delay is defined as

where is the delay experienced by packet under the op-
timal offline schedule with a particular realization of the inter-
arrival time vector (see (4)), and the expectation is taken over
all realizations of packet inter-arrival times.

A. Packet Delay Performance for the Individual Delay
Constraint Model

As discussed in Section IV, the optimal transmission duration
vector exhibits a symmetry property under i.i.d. inter-arrivals,
equal delay constraints and equal packet sizes. This property
leads to a simple yet exact expression of the average packet
delay performance under the optimal offline scheduler for the
individual delay constraint model.

Lemma 5.1: For any , when the inter-arrival times ,
, are i.i.d., under the optimal offline schedule,

the average packet delay is given by

(19)

where and . When ,
.

Proof: First, from Proposition 3.1, we know that yields
the same optimal transmission duration vector as , and subse-
quently, the same packet delay performance. From (4), the delay
for packet is . Thus

where holds by counting the number of occurrences of each
item, the first term of comes from the symmetry property

, , and equivalently,
there are copies of each , and the first term
of is due to the fact that ,
i.e., the nonidling scheduling.

Corollary 5.1.1: The average queuing delay (excluding the
transmission time), i.e., , is given by

When , .
Proof: This comes directly from Lemma 5.1 and the fact

that .

Lemma 5.1 indicates that under the i.i.d. assumption of , the
average packet delay is roughly half of the delay constraint when

is sufficiently large and . This is illustrated in Fig. 4
for different individual delay constraints, under a Poisson arrival
model of rate (thus, is equal to ). As can be
seen, when increases, the average packet delay decreases and
converges to a fixed value. Under typical scenarios, is roughly
equal to (without being upper-bounded by ), and hence .
From Little’s theorem [10], the average number of packets is
approximately under the optimal scheduling for the
individual delay constraint model.

Let us now look at on average how packet delay performance
evolves with packet index . While the optimal transmission
duration vector is statistically symmetric and monotonically
nonincreasing to the middle index, followed by a monotonically
nondecreasing property, the average queuing delay exhibits a
different property. Denote as the queuing delay for packet

, excluding the transmission delay (i.e., ).
Clearly, , and for

(20)
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Fig. 4. The average packet delay versus M for the individual delay constraint model, � = 1.

where denotes the queuing delay contributed by
each packet. We have the following lemma.

Lemma 5.2: For any , when the inter-arrival times
, are i.i.d., under the optimal offline sched-

uling, the average queuing delay is monotonically non-
decreasing with .

Proof: see Appendix B.

The following corollary is directly from Lemma 5.2 and (20).

Corollary 5.2.1: , .
Since , we have the following.

Corollary 5.2.2: , , where de-
notes the average inter-arrival time after being upper-bounded
by the individual delay constraint.

In other words, under the optimal offline scheduling, the
average transmission duration of any packet is no less than
the average inter-arrival time. This is different from the single
transmission deadline model, in which the average transmission
duration is monotonically nonincreasing, and the last packets
may have the average transmission durations below the average
inter-arrival time (to be shown below). It is worth emphasizing
that the property in Corollary 5.2.2 is the statistically averaged
behavior. As discussed in Appendix A, under a specific realiza-
tion of inter-arrival times, the transmission energy associated
with the single transmission deadline model is always no more
than that of the individual delay constraint model.

B. Packet Delay Performance for the Single-Transmission
Deadline Model

Now let us study the packet delay performance under the
optimal offline scheduling for the single-transmission deadline
model. Similar to [18], we will focus on a Poisson arrival model
such that inter-arrival times follow the exponential distribution
(including ).

It has been shown in [18] that the average transmission dura-
tion for the first packet is given by

where we have added an in the subscript to indicate a total
of packets. As , .

For any packet , the following can be shown.

Lemma 5.3: When the inter-arrival times are exponentially
distributed, the average transmission durations for packets

, , under the optimal offline scheduling for the
single-deadline model, are

(21)

where denotes “ choose .” When , it can be sim-
plified to

(22)

Proof: see Appendix C.

The average individual packet delay is thus given by

(23)

Fig. 5 shows the average packet transmission duration
and delay as a function of packet indices with and

. It can be seen that the average packet transmission
durations decrease as the packet index increases. The transmis-
sion duration decreasing rate is high at the beginning and to-
ward the end of the packet indices, and is relatively flat in the
middle of the packet indices. At approximately , the packet
transmission duration is roughly equal to . The transmis-
sion delay follows a concave curve and peaks at about packet
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